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Abstract

We present the derivation from first principles of a kinetic equation for a test-particle
in weak interaction with a reservoir in thermal equilibrium. Both subsystems are subject
to an external force field. From the generalized master equation a Fokker-Planck-type
equation follows as a “markovian” approximation. Such an equation does not preserve the
positivity of the distribution function. By applying techniques developed in the theory of
quantum open systems, a correct Fokker-Planck equation is derived. Explicit expressions
for the diffusion and drift coefficients, depending on the external field, are obtained.

The formalism is applied in two typical cases of interest, namely (i) an electrostatic
plasma in a uniform magnetic field and (ii) a 1-dimensional lattice of linear oscillators.
By explicitly taking into account both field effects and collisions, a new kinetic equation
is derived. Comparison is made to kinetic equations of similar form presented in the past.

This work aims in pointing out:

(i) the forementioned mathematical discrepancy which characterises a widely used kinetic
evolution operator, once one takes into account inhomogeneity effects and

(ii) the necessity of explicitly taking into account the magnitude of the external force field
(if such a field exists) when deriving analytic expressions for diffusion coefficients related

to a specific system.
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1 Introduction

1. A number of works in Non-Equilibrium Statistical Mechanics have been devoted to the study
of relaxation of a small subsystem close to (but not at) equilibrium weakly interacting with a
heat bath. A common aim of such studies is the derivation of a kinetic equation, describing the
evolution in time of a phase-space density function.

2. As a starting point one takes either the BBGKY hierarchy of equations for reduced
distribution functions (rdf) or formal projection-operator methods. In a generic manner, both
approaches rely on a (‘non-markovian’) generalized master equation (GME), obtained in
2nd order in the interaction. A Fokker-Planck-type equation is then derived from the GME as
a “markovian” approximation.

3. In general, such an equation does not preserve the positivity of the distribution function

f(x,v; t). This problem is in fact generic - regardless that is of the particular dynamical prob-
lem considered; it was first been pointed out in the theory of open quantum-mechanical systems
and possible remedy to the situation was suggested [1]. An analytical procedure introduced
therein [2], which essentially amounts to time-averaging with respect to free-particle motion,
was recently tested in the magnetized plasma case and a modified plasma kinetic equation
was obtained [3]. All coefficients in the equation are explicit functions of the dynamical vari-
ables {x,v} and the external field; this fact suggests that the external field should a priori be
explicitly taken into account when deriving a collision term, in one way or another.

4. In this paper, the problem is exposed in a general manner and then bed-tested in the
case of two systems interest, namely (i) a charged particle moving in a uniform magnetic field
against a Maxwellian background and (ii) a 1-dimensional chain of linear oscillators.

Explicitly taking into account the details of single particle motion we have derived a Landau-
type kinetic equation and pointed out the positivity (non-)preservation nuisance. Then, apply-
ing the forementioned averaging formalism a new kinetic equation is obtained and discussed.

Analytic expressions for all coefficients are obtained.

2 The model

We consider a test-particle (t.p.) ‘X’ surrounded by (and weakly coupled to) a homogeneous
reservoir R = {1,2,...,N}; X = (x,v) = (xx(t), vx(t)) and Xgr = {X;} = (xj(t), vj(t)) will
denote the coordinates of the test- (¥—) and reservoir- (R—) particles respectively. In principle,
the whole system is subject to an external force field.

The Hamiltonian of the system is:

H = Hp+ Hy, + \H; (1)



where Hp (Hy) denotes the Hamiltonian of the reservoir (t.p.) alone:

N N
Hp =2 Hj+ 3 > Vin
j=1

j<nn=1

while H; stands for the interaction (weak) between the two subsystems:

N
Hr = Z Ven
n=1

(‘tagged’ by A < 1). Vi; =V (|xi —x5]) (4,5 = 1,2,..., N,X) is a (typically long-range) binary-

interaction potential. The resulting equations of motion for the test-particle are:
X = \& v = FO(Xa V) + )‘Fint(xvv; XRat) (2)
The force Fg is due to the external field. The interaction force

0
Fint(x, Vi XR:1) = T ox ZVUX - Xj|)

is actually the sum of interactions between ¥— and R— particles surrounding it; it may be
viewed as a random process, as the reservoir is assumed to be in equilibrium 2.
We will assume that the zeroth-order (‘free’) problem of motion (i.e. (2) for A = 0) in d

dimensions (d = 1,2, 3) yields a known analytic solution in the form:

v(t) = M (t)x+N'(t)v

1.e.

O _ (M) NOY (x| _ o (x
o) = (e N ) () =50 () ®
3 with the initial condition {x,v} = {X(O)(O),V(O)(O)} (implying E(0) = I). The form of the

d x d matrices {M(t), N(t)} depends on the particular aspects of the dynamical problem taken

into consideration; For the sake of clarity, a few explicit examples are given in the following.

QFint actually comes out to be described by a stationary Gaussian process, determined by a vanishing
mean-value.
3In a d—dimensional problem, {M(#),N(¢)} are d x d matrices whose form depends on the particular aspects

of the dynamical problem taken into consideration; properly speaking, one has

(1) 2z (1)

Mij(t) Ni;(t) _ Ox; v
) Nyt ) T\ e e
890]- (9’[)]'

thus (3) may be viewed as a linearized (in x;,v;) solution of the - possibly nonlinear - ‘free’ (i.e. collisionless)

motion problem.



2.1 Example 1: Free motion

F(O) =0 (Cf (2)) SO {sz(t),’l)z(t)} == {IZ -+ Uz‘t,’Ui} (’L — 1, s ,d) i.e. A[ZJ — 5ij;Nz'j — 6Z]t (SO
M = 0, N (1) = &)
2.2 Example 2: Harmonic oscillator in 1d
The force reads:
FO = —mwpr
so the single-particle equation of motion ((2) for A = 0) yields the solution (cf.(3)):
<$(0)(t) ): ( cosi,uot wo_lsinwot>(x)EE(t)(x>
vO(¢) —wosinwet  coswyt v v
2.3 Example 3: Gyrating motion of a charged particle
4 ... moving in a uniform magnetic field (along 2): F() is now the Lorentz force:
F, = ea(v x B) = sQm(v x 2)
c
(Q is the gyroscopic frequency Q% = % and s = ‘E—Z = +1); the well-known (helicoidal)
solution reads: 1) I NG
x\ (T t X x
0) = = E(t) (4)
v(O(t) 0 R(t)) \v v
where
cos )t s sinQt 0
R*(t)=| —s sinQt  cosQt 0
0 1
. sin Qt s (1—cos2t) 0
= / d' R*(t) =Q 7" | s (cosQt — 1) sin Q¢ 0 (5)
" 0 0 o

2.4 Group properties

Notice that the 2d x 2d matrix E(¢) in (3) satisfies the group property:
EQE(l)=E(t+1t) Vt,t'e®R

implying

4(particle species a € {e,1, ...}, mass m,, charge e,)



as well as a number of relations for the d x d sub-matrices; in particular, if M(¢) =T as in cases
in §2.1, §2.3, we have:

N(t)N'({t) = N'(t+1) N(')+ NN (') = Nt +1t') Vit e®R
thus, setting t/ = —t:

N Yt = N(—t) , N(=t) = -NON'(=t) £N"Y(t)  WeR

3 Statistical formulation

The test-particle’s reduced distribution function is f(x,v;t) = (I, p)r = Jr, dXR p, Where
p=p{X,Xgr};t) (F = F(XRr)) denotes the total (reservoir) phase-space distribution function
(d.f.), which is normalized to unity: [dXp=1 ([dXgrF =1).

The equation of continuity in phase space reads:

0 0 0 1
O 00 D

ot ox; o, Fyp) =0 (6)

m

where a summation over j (= 1,2,..., N, X) is understood.

3.1 Reduction of the Liouville equation - BBGKY hierarchy

The standard procedure consists in defining appropriate ‘s-body’ reduced distribution functions
(rdf), among which the (1—body-) test-particle rdf:

flxvit) = (I pn = | dXrp

and then appropriately integrating the N—particle Liouville equation in order to obtain a
hierarchy of coupled equations of evolution of the rdf’s. This is more or less a standard procedure
[4] and details will be omitted here. In order to obtain an equation of evolution for f(t), the
BBGKY hierarchy of equations thus obtained can be truncated to 2nd order in A by assuming

interactions to be weak (i.e. A < 1). One thus obtains the system:

(0 — L) f(X:t) = A2 / dX1 L; 9(X, X1:1) + ON?)
(0, — L7 — L) g(X, Xq;t) = ALy F1(X1) f(X) + O(\?) (7)

where L} is the “free” Liouvillian in the field:

, 0- 1 0
J.— e T .
Lo Vi 0x;  my Ovj (Fo -) (8)

and L; = Ly is the binary interaction operator L; = Lyx; where:

Lo 10y

Lij = —Fine (|x; — xj]) (E@T e Dv,
i OVi 7 OVj



(1,7 € {3,1%}). As obvious, f = f(X*;t), FI(X%’) and fo(X, X¢';t) denote the X —1-body,
R—1-body and (1% + %*)—2-body rdf’s respectively and g = g(X, X§';t) is the ‘two-body’

(1% + ) correlation function:
9(X, Xu;t) = fo(X*X751) = F(X§) f(X1)

Note that the mean-field (Viasov) term, in order !, disappears since we have assumed the

. . o1 . /
reservoir to be in a homogeneous equilibrium state F' = ny¢g, (v1).

3.2 Solution of the problem in )\’
Formal solution of the “free” (collisionless) Liouville equation:
f(t) = e f(0)=U®) f(0)
Note that:
Ut) fx,v) = U(1) f(x,v;0) = f(x,vit) = f(x(=t),v(=1);0) = f(x(=t),v(=1))  (10)

(actually a consequence of Liouville’s theorem) °.

(Most) important for the following: The influence of the propagator on any function of the

dynamical variables {x, v} has to be evaluated by taking into account the external field. Note

that, in fact, U(t) does not commute with I'-space gradlents in general, by applying the

v BX’

principle of (10), one may show that © :

0 0
- _T v 1T v C R
aVIU( )y = N; ()8XI+N (1) o, i=%, 1 (11)

3.3 The Generalized Master Equation

By assuming the interactions to be weak, the BBGKY hierarchy of equations is truncated to 2nd
order in \; by neglecting initial correlations, f is found to obey a Non-Markovian Generalized
Master Equation (G.M.E.):

O f(x,vit) = Lo f(x,v;t) + A n /Ot dT/Xm dvi Ly U(T) Ly ¢eg(v1) f(x, vt —7)  (12)

Remember that f = f(x,v), F(x1,v1) (= ¢(v1) here) denote the distributions functions of
the test-particle and one (any) particle from the reservoir; n = V is the particle density; finally
Ly = Lg) ) is the “free” Liouville operator defined previously (see (8)) and L, is the binary

interaction Liouville operator Ly (cf. (9)).

®See about the propagator formalism in [4], [5].
Scf. [5]; note that Dy (0) = 52—, Dx_(0) = 5%7).
i i i i



4 A ‘quasi-Markovian’ approximation - the ©—operator

The standard ‘markovianization’ method consists in substituting with the zeroth-order solution,
i.e. assuming that f(t—7) ~ e %7 f(t) = U (—7) f(t), and then evaluating the kernel asymp-
totically i.e. taking the upper integration limit ¢ to be oo, one obtains the quasi-markovian
master equation:

of(X;t) = Lof(Xit)
+n /0 dr /F dXy Ly U(r) Ly U(—7) eo(X1) f(X:1)

= LX)+ [Tarkn fX) = 6at)] (13

4.1 “Quasi-markovian” Fokker-Planck equation

By explicitly recalling definitions (8), (9) and then using (10), (11) to evaluate the kernel in
(13), we obtain an equation of the form:

of of 1 of 9 9 9
G0 T Vo T Fexg = o (AR V) -+ GV o palx v f o (14)

(f = f(x,v;t); p=m/m$). After an algebraic manipulation, (14) takes the form of a 6-d
‘diffusion’ equation:

of [ Of tn Of 90 e, 99 e
ot + Vox + mFeXté?v N 8q<£ f)+8q8q'(2 /)

(14-bis)

T
) (15)

where ¢ = (x,v). The 6x6 diffusion matriz is:

N

1> (16

and the 6-d 7 vector F© reads: F© = (0,F)".

4.2 Coefficients

{ ég::; } - % oOC dT/dXI/dvl Peg(V1)

N (r)
Fint(|x — x1]) @ Fing(|x(=7) — x1(=7)]) { ET(T) }

"i.e. in a 3-d problem; in the general - d-dimensional - case, read ‘2d—’ (‘d—’) instead of ‘6—’ (‘3—").



T
_ %/Oocdrg(x,v;t,t—ﬂ{ %_T((TT) }
alx,v) =~ [Tar [ax [ avieu(vy)
i = 1)) © Pan(x(—7) — s (7)) N (1) 251
_ —%/Ooode(x,v;t,t—T) (16)

Remark: Explicit appearance of the correlation function in the diffusion coefficients, explicit
dependence on the external force field through the N(¢), N’(¢) matrices and - implicitly - through
Fint-

4.3 The positivity issue

A kinetic equation should possess a number of properties; namely, it should preserve (i) the
reality, (ii) the normalization and (iii) the positivity of the (probability) distribution function.
Furthermore, (iv) an H-theorem should be satisfied.

In order for the probability distribution to be positive at any instant ¢ under the action of
an evolution operator e.g. O(t), the diffusion matrix D should be positive definite, i.e. one
should have, for any a € R6 :

(a,Da) =a’Da =a’D*""a > 0

This criterion is definitely not satisfied here (note that det D® = —(detC)? < 0).

As a consequense,

the Quasi-Markovian F.P. equation (14) does not guarantee preservation of the positivity
of the probability d.f. f.

Comments:

1. The problem of positivity preservation has not been noticed in the past as the effect of
spatial inhomogeneity of the plasma on the collision term has always been neglected, through
one argument or another, or even plainly omitted 8.

2. In fact, inhomogeneity effects in the collision term have been considered in certain works,
yet the second (inhomogeneity) term in the RHS of eq.(14) has always been neglected - often
by assuming on physical grounds that it is negligible - or even plainly omitted.

3. The existence of the problem was however pointed out in [6] where the authors used
formal operator methods to show that the problem was due to the very construction of the
kinetic equation and actually suggested possible “therapy” (mainly for systems with a discrete
spectrum of the zeroth-order Liouville operator). That point of view is the formal basis of the

analysis that follows.

8This problem does a priori not arise in the homogeneous case.



5 Towards a Markovian kinetic equation - the ®—operator

In search for a correct markovian approximation, we have considered an evolution operator
which was first suggested by E.B.Davies in the theory of open quantum systems [1], [2] ?,
and was later re-formulated with respect to classical systems [6] 1°. Tt essentially amounts to

considering the averaging operation:
1
Ay - = lim — at'u(—t") - U(t)) (17)

which is applied to the 7hs of eq.(14).
In the following, we shall explicitly construct (and compare) the ©— and ®— operators

(defined by (14) and (17) respectively) in two typical cases of interest.

5.1 Case of interest 1: a 1d lattice of linear oscillators

Let us consider the case of a chain of linear oscillators (cf. §2.1).
Equation (14) together with definitions in §4 lead to:

e = 2 oor] + o - 2o s
(1

where f = f(z,v;t). It can be checked that the solution of equatlon 8) is ill-defined, since
the second-order diffusion matrix is not positive-definite (cf. §4.3) . It is interesting to see
that this problem does not arise in the homogeneous case (i.e. if f = f(v)), since the second
term in each side cancels and the diffusion coefficient Dy is a positive quantity.

By applying the ®— operator, we obtain the equation:
0?
+ — {D@) (v)f

0 0 0 o2 o2
Pl —wadh = D Io@wi] + 5o [D8@1] + o

ot tv 8$ “o c% T 2
AW ] - S [F e ] 9

Note the space-diffusion term in the RHS.
All coefficients in this paragraph have been explicitly computed and can be found elsewhere

[7]; nevertheless, they were omitted here for brevity.

9The ®—operator appears as ‘Davies’ device’ in the quantum case in [2]; however, curiously enough, the

classical case is not adressed therein.
10The implementation of this operator seems to be well defined for classical subsystems possessing a discrete

spectrum of eigenvalues of the corresponding Liouville operator. Yet, this is not the case for free particle motion
(cf. §2.1 above); indeed, coefficients obtained through the ®— operator appear to be ill-defined. In the case
of helicoidal motion in a magnetic field (cf. §2.3), it was therefore expected (and indeed verified) that such a
problem would arise in the z-direction, as the magnetic field does not confine motion along z (the Lorentz force
yields no component along the field). In the following section §5.2, we shall therefore only consider distribution

functions which do not depend on z (actually looking into the plane L B).
" This point can be illustrated quite elegantly - yet not so rigorously - by assuming for a while that all

coefficients are constant € .. Contrary to the correct FPE without cross-velocity-position derivative (i.e. for
Dy x = 0) this equation has no solution. Indeed, as one may check analytically, the corresponding Green’s

function develops a singularity at some instant of time.



5.2 Case of interest 2: 3d magnetized plasma

Let us consider the case of a charged particle moving in a uniform magnetic field against a
Maxwellian background plasma (cf. §2.3).

In the homogeneous case i.e. f = f(v;t), both operators coincide. The kinetic equation
obtained is of the form [3]:

ot (e 2] - s
—&{fx(v) f] - ;}y{fy(v) f] - 8(11 {fz(V) f] (20)

The explicit form of the coefficients 2 in (20) is presented in [3], [8] (provided in the Appendix);
it will be omitted here. Eq. (20) is in agreement with earlier works [10].

In the general case, i.e. f = f(x,v;t), the change is dramatic; The ®—operator yields the

equation:

of af of o2 92 92

o Vet %(v xB) o= = Ka_vg + 8—%2) DL(V)f} T gz DI/l
o2 0?
+2SQ_1{8U dy  Ov,0x DL(V)f}
—2 1 (XX) 0 A
+02 (DEOW) (5 + 52
d d 0
g P = g [F 1] = g ]
+sQ 1 F,(v) %f — sQlﬂ(v)a%f (21)

whereas in the case of the ©— operator, typically of the form of (14), the 3rd (space-diffusion)

and 5th lines are missing, where the 2nd line (cross-V-X term) is strongly modified [3].

6 Conclusion

In conclusion, we have reported two (linear) kinetic evolution operators and presented the
corresponding Fokker-Planck-type kinetic equations, obtained to second order in the (weak)
interaction.
We have pointed out:

(i) a mathematical discrepancy characterising the widely used kinetic evolution operator defined
by (13), once one takes into account inhomogeneity effects and

(ii) the necessity of explicitly taking into account the magnitude of the external force field
(if such a field exists) when deriving analytic expressions for diffusion coefficients related to a

specific system.

2Note that all coefficients are functions of v (actually of {v1,v|}) only.
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