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1 Introduction - Motivation of the problem

- Plasma: long - range interactions;

Landau description for homogeneous, electrostatic plasma 2:

∂f(v; t)

∂t
+

1

m
Fmf

∂f(v; t)

∂v
= CLandau{f}

Fmf should be the mean-field (Vlasov) force 3.

1st Question:

What if an external force field is present ?

(e.g. Lorentz forces in plasma)

- Anti-paradigm 1:

Extrapolation: F may represent an external force (“by the hand”) - NOT

rigorously considering the influence of the field on the collision term:

∂f(v; t)

∂t
+

1

m
Fexternal

∂f(v; t)

∂v
= CLandau{f}

2nd Question:

What if the d.f. is NOT uniform i.e. f = f (x,v; t) ?

- Anti-paradigm 2:

Phenomenological generalizations of the Landau equation:

∂f(x,v; t)

∂t
+ v

∂f(x,v; t)

∂x
+

1

m
F

∂f(x,v; t)

∂v
= CLandau{f}

(same rhs, no field)

2up to λ2 (in the interaction).
3The Vlasov term cancels in our model; see below.
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- thus, we’re after a plasma kinetic equation in the form:

∂f(x,v; t)

∂t
+ v

∂f(x,v; t)

∂x
+

1

m
F

∂f(x,v; t)

∂v
= C{f ; interactions; field}

2 The model

Two subsystems, weakly coupled to each other:

- a ‘tagged’ test-particle Σ

and

- a heat bath (the “reservoir” R): N particles (species αj)

AND

+ an external magnetic field:

B = B ẑ

(uniform & stationary)
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2.1 Equations of motion for the test-particle

ẋ = v

v̇ =
1

m
[Fext(x,v; t) + λFint(x,v;XR; t)] (1)

* Fext(x,v; t) is due to the external field; e.g. for a uniform magnetic field

along the z-axis:

Fext(x,v; t) =
e

mc
(v ×B)

* Fint(x,v;XR; t) denotes the “stochastic” force due to interactions of the

test-particle with the reservoir particles surrounding it i.e.

Fint(x,v;XR; t) =
N∑

j=1
Fintj(|x(t)− xj(t)|)

= −
N∑

j=1

∂V (|x(t)− xj(t)|)
∂x(t)

The “random” force Fint(t) is thus described by a Gaussian process,

determined by a vanishing mean-value:

〈Fint(t)〉R ≡ IE{Fint(x,v; t)} = 0

and the two-time correlation function:

C = C(x,v; t1, t2) = 〈Fint(t1) Fint(t2)〉R ≡ IE {Fint(t1) Fint(t2)}

≡
∫
ΓR

dXR σR(XR)Fint(t1)Fint(t2)

* The interaction potential V is assumed to be a long-range electrostatic

potential V (r).
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2.2 Solution of the dynamical problem for the “free” particle

* Simple case: B = B ẑ

d

dt

x(t)

v(t)

 =

 v

e
mc (v ×B)

 ≡
 v

Ω (v × b̂)



(known) exact solution (helicoidal motion):

x(t) = x + Ω−1 vxsinΩt + s Ω−1vy(1 − cosΩt)

y(t) = y − s Ω−1 vx (1 − cosΩt) + Ω−1 vy sinΩt

z(t) = z + vz t

vx(t) = vx cosΩt + s vx sinΩt

vy(t) = − s vx sinΩt + vy cosΩt

vz(t) = vz = const.

i.e. x(t)

v(t)

 =

 I N(t)

0 R(t)


x

v

 (2)

that is:

M(t) = I, M′(t) = 0

N′(t) = Rα(t) =


cos Ωt s sin Ωt 0

−s sin Ωt cos Ωt 0

0 0 1



N(t) =
∫ t

0
dt′ Rα(t) = Ω−1


sin Ωt s (1− cos Ωt) 0

s (cos Ωt− 1) sin Ωt 0

0 0 Ωt

 (3)

* Definitions: Ω = Ωj ≡ |eα|B
mαc , sj = sgn(ej) = ±1.
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3 Statistical description - the Generalized Master Equa-

tion

* weak-coupling approximation: the mutual interaction between particles

is taken to be very small), as compared to their average kinetic energy (i.e.

λ (λ � 1).

* (Non-markovian) “Generalized Master Equation” (GME) to 2nd order

in the interaction:

∂tf(X; t) = L0 f(X; t)

+ λ2 ∑
α′

nα′

∫ t

0
dτ

∫
Γ
dX1 L′Σ1 U 0(τ) L′Σ1 φα′

eq(X
α′

1 ) f(X; t− τ)

(4)

* U 0(τ) = eL0τ

* Rem.: the mean-field (Vlasov) term, in order λ1, disappears once we

take the reservoir state to be homogeneous);

* L0 is the “free” Liouville operator defined previously;

the binary interaction Liouville operator L′Σ1 is given by:

L′Σ1 = −Fint(|xΣ − x1|)
( 1

mΣ

∂

∂vΣ
− 1

m1

∂

∂v1

)

≡ ∂V (|x− x1|)
∂x

( 1

m

∂

∂v
− 1

m1

∂

∂v1

)
(5)

* Problem: (‘Which’) Markovian approximation (?)

Two methods to be tested in the following...

(see Poster for formal details)
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4 Quasi-markovian approximation: the Θ- operator

4.1 Quasi-markovian master equation

“WILD” Markovian assumption:

f(t− τ) ≈ U 0(−τ) f(t)

so (4) becomes the ‘quasi-markovian’ Master Equation:

∂f

∂t
+ v

∂f

∂x
+

1

m
Fext

∂f

∂v
=

nα′

∫ t

0
dτ

∫
Γ
dX1 L′Σ1 U(τ) L′Σ1 U(−τ) φα′

eq(v
α′

1 ) f(x,v; t)

= L0f(X) +
∫ t

0
dτ K(τ) f(X) ≡ Θ2(t) f (6)

* Rem.: the interaction Liouville operator LI is the binary interaction

operator LΣ,1 (cf. definition (5)).

* Important ! The propagator has to be evaluated by taking into account

the external field; U(t) does not commute with the velocity gradient ∂
∂v .

Indeed, if we define:

DVi
(t) ≡ U(t)

∂

∂vi
U(−t) i = Σ, 1R

(note that DVi
(0) = ∂

∂vi
)

we find:

DVi
(t) = Ni

T(t)
∂

∂xi
+ N′

i
T
(t)

∂

∂vi
(7)

(obviously: DV1
(t) φ(v1) = N′T(t) ∂φ(v1)

∂v1
);

(cf. [Misguich et al.1975]).
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4.2 “Quasi-markovian” Fokker-Planck equation

The following PDE is obtained:

∂f

∂t
+ v

∂f

∂x
+

1

m
Fext

∂f

∂v
=

∂

∂v
[A(x,v)

∂

∂v
+ B(x,v)

∂

∂x
+ µ a(x,v)] f

(8)

(f = f(x,v; t); µ ≡ m/mα′

1 ).

* After an algebraic manipulation, the QMFPE (8) takes the form:

∂f

∂t
+ v

∂f

∂x
+

1

m
Fext

∂f

∂v
= − ∂

∂q
(FO f) +

∂

∂q

∂

∂q
: (DO f) (9)

where q ≡ (x,v).

The 6x6 diffusion matrix is:

DO(x,v) =

 0 1
2B

T

1
2B A

 (10)

and the 6d dynamical friction vector FO reads: FO = (0,F)T where F is

the 3d vector defined by:

Fi = −µ ai +
∂Aij

∂vj
+

∂Bij

∂xj
i, j = 1, 2, 3

* In the homogeneous case:

∂f

∂t
+

1

m
Fext

∂f

∂v
=

∂

∂vi

∂

∂vj
(Aij f) − ∂

∂vi
(Fi f)

(9-HOM)

(f = f(v; t))
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4.3 Coefficients


A(x,v)

B(x,v)

 =
n

m2

∫ ∞

0
dτ

∫
dx1

∫
dv1 φeq(v1)

Fint(|x− x1|)⊗ Fint(|x(−τ)− x1(−τ)|)


RT(τ)

NT(τ)


=

n

m2

∫ ∞

0
dτ C(x,v; t, t− τ)


RT(τ)

NT(τ)


a(x,v) = − n

m2

∫ ∞

0
dτ

∫
dx1

∫
dv1 φeq(v1)

Fint(|x− x1|)⊗ Fint(|x(−τ)− x1(−τ)|)N′T
1 (τ)

∂φ(v1)

∂v1

= − n

m2

∫ ∞

0
dτ d(x,v; t, t− τ) (11)

4.4 Problem: The positivity issue !

* Properties: The K.E. should preserve (i) the reality, (ii) the normalization

and (iii) the positivity of the (probability) distribution function.

Furthermore, (iv) an H-theorem should be satisfied.

* The diffusion matrice D should be positive definite, i.e. one should have,

for any a ∈ <6 :

(a,Da) = aTDa = aTDSY Ma ≥ 0

This criterion is definitely not satisfied here, as detDO = −(detC)2 ≤ 0.

* Consequense: the Quasi-Markovian F.P. equation (8) does not guarantee

the preservation of the positivity of the probability distribution function f.
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5 Towards a “Markovian” kinetic equation...

* Consider the operator Φ:

Φ = lim
T→∞

1

2T

∫ T

−T
dt′ U(−t′)OU(t′) (12)

5.1 (i) the homogeneous case

* The “old” O- and the “new” Φ-operators coincide in this case!

5.2 M-FP equation: (ii) the general (inhomogeneous) case

* The Markovian FPE reads:

∂f

∂t
+ v

∂f

∂x
+

e

mc
(v ×B)

∂f

∂v
=

=
∂2

∂vi∂vj
[ASY M

ij (v)f(x,v; t)]

+2
∂2

∂vi∂xj
[DV Xij(v)f(x,v; t)]

+
∂2

∂xi∂xj
[DXXij(v)f(x,v; t)]

− ∂

∂vi

[
F (Φ)

(V )(v)
]
f(x,v; t)

−
[
F (Φ)

(X)(v)
] ∂

∂xi
f(x,v; t)

(13)

(see Poster).

*
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6 Coefficients

The diffusion coefficients in the FPE are defined by:



D⊥

D 6

D
(XX)
⊥


D‖


=

∑
α′

1

m2
α′

∫ t

0
dτ


{
Cα,α′

⊥

}
Cα,α′

‖







1
2 cos Ωατ

(−sα) 1
2 sin Ωατ

(1 + 1
2 cos Ωατ)


1


(14)

where Cα,α′

{⊥,‖}(v⊥, v⊥; Ω) are elements of the (diagonal) force-correlation ma-

trix C(τ) = 〈Fint(t) Fint(t− τ)〉R; they are given by:

C{⊥,‖} = nα′(2π)3
∫

dv1 φα′

eq(v1)
∫

dk Ṽ 2
k eiknNα

nm(τ)vm e−iknNα′
nm(τ)v1,m k2

{⊥,‖}

(15)

(a summation over n,m is understood) where vi (v1,i), i = 1, 2, 3 denote

the velocity coordinates of the test- (R-) particle and Ṽk stands for the

Fourier transform of V (r).

Remember that V = V (|r|) = V (r) implies V = Ṽ (|k|) ≡ Ṽk. The

dynamical friction terms in (3) are given by:

Fx = (1 + µ) (
∂D⊥

∂vx
+

∂D 6

∂vy
) Fy = (1 + µ) (−∂D 6

∂vx
+

∂D⊥

∂vy
)

Fz = (1 + µ)
∂D‖

∂vz
(16)

(µ = mα/mα′) [1]. Note the explicit dependence on the magnetic field as

well as on the form of the reservoir equilibrium d.f. φeq = φeq(v⊥, v‖) and

the interaction potential V (r).
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6.1 Non-dimensional expressions

6.1.1 Correlations

Notice that the above relations imply a set of expressions for the force

correlation functions Cα
{⊥,‖} (τ), readily obtained by comparing (9), (10)

to (5). The integration variable k⊥ therein can be re-scaled to the non-

dimensional variable: x = k̃⊥
kD

= (1 + k2
⊥

k2
D
)1/2; relation (6) thus becomes:

Cα
{⊥,‖} (τ) = 4 n e4 kD

∫ xmax

1
dx eλ2 (1−x2) sin2 Ωτ

2

(
1− 1

x2

){1,0}

JO(2λ
√

x2 − 1 ṽ⊥ sin
Ωτ

2
) F̃{⊥,‖}

(17)

F̃ = F̃ (φ(x, τ), ṽ‖) is given by:

F̃ α′

{⊥,‖} = ±
√

π φ +
π

4

∑
s=+1,−1

[
(1∓ 2 φ2 ∓ s2 φ ṽ‖) e(φ+s ṽ‖)2 Erfc(φ + s ṽ‖)

]
(18)

where

φ =
1√
2

ωp,α τ x , ṽ‖ = v‖/
√

σ

ṽ⊥ = v⊥/
√

σ , λ =
√

σ
kD

Ω
= · · · =

√
2

ωp

Ω

(having set σ⊥ = σ‖ = σ for simplicity). Remember that σα = 2 kB Tα/mα =

2 v2
th,α is related to the thermal velocity (i.e. the temperature), Ωα =

eα B/mα c is the cyclotron (gyroscopic) frequency, kD = 4πe2
αnα

kBTα
is the Debye

wave-number and ωp,α = (4πe2
αnα

mα
)1/2 is the plasma (Langmuir) frequency (so

ωp =
√

σ kD/2). Notice the interplay of collision and magnetic field scales

through λ ≈ Tgyro

Tcoll
≡ vthermal

vAlfven
.
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6.1.2 Diffusion coefficients

As we saw, the final formulae for the diffusion coefficients can be simpli-

fied by rescaling the integration variables k⊥ (Fourier wave-number) and τ

(time) therein to the non-dimensional variables x ≡ k̃⊥
kD

= (1 + k2
⊥

k2
D
)1/2 and

τ ′ = Ωτ . The diffusion coefficients D∗(t) are thus given by:



D⊥

D6

D
(XX)
⊥


D‖


=

2
√

2 n e4

m2
√

kBT
λ

∫ t

0
dτ ′

∫ xmax

1
dx eλ2 (1−x2) sin2 τ ′

2

(
1− 1

x2

){1,0}
e−ṽ2

‖

JO(2λ
√

x2 − 1 ṽ⊥ sin
τ ′

2
) F̃{⊥,‖}





1
2 cos τ ′

(−sα) 1
2 sin τ ′

(1 + 1
2 cos τ ′)


1


(19)

where all quantities in the rhs except 2
√

2 n e4

m2
√

kBT
≡ D0 are non-dimensional;

J0 is a Bessel function of the first kind; F̃ = F̃ (φ(x, τ ′), ṽ‖) is given by:

F̃ α′

{⊥,‖} = ±
√

π φ +
π

4

∑
s=+1,−1

[
(1∓ 2 φ2 ∓ s2 φ ṽ‖) e(φ+s ṽ‖)2 Erfc(φ + s ṽ‖)

]
(20)

where

φ =
1

2
λ τ ′ x , λ =

√
2

ωp

Ω
, ṽ∗ = (

mv2
∗

2kBT
)1/2 , ∗ ∈ {⊥, ‖}

Remember that kD = (4πe2
αnα

kBTα
)1/2 is the Debye wave-number and ωp,α =

(4πe2
αnα

mα
)1/2 is the plasma (Langmuir) frequency. Notice the interplay of

collision and gyration scales through λ ≈ Tgyro

Tcoll
≡ vthermal

vAlfven
.
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7 A numerical parametric study

(cf. Poster)

Typical values:

temperature T = 10 KeV

particle density n = 1014 cm−3 = 1020 m−3

implying a ωp,e = 5.64 · 1011 s−1

Ωe = 1.76 1011 ×B s−1,

(B being expressed in Tesla).

* Correlations are found to decrease quite fast in time. The magnetic field

seems to enhance correlation, since the higher its magnitude B (∼ Ω), the

higher the value of C⊥(τ); see figure 1.

Physically speaking, this fact reflects particle confinement by the mag-

netic field, since particles ‘stick’ to their helicoidal trajectory around the

magnetic field lines and thus ‘feel’ each other for longer periods of time.

* Diffusion coefficient D⊥(t):

The asymptotic value D(∞) depends on the field Ω.

* Relaxation times: Remember that the diffusion coefficients D⊥,‖(t)

are related to the inverse of the time needed for relaxation towards equi-

librium [8]. We therefore see that the magnetic field favours thermalization

(i.e. relaxation of the distribution function towards a maxwellian state).

This seems to agree with physical intuition (the more ‘confined’ the par-

ticles, the more they influence each other and the more efficient collisions

are towards relaxation).
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8 Influence on moment equations

Defining the moments:

Particle density: ∫
dv f(x,v; t) = nα(x, t)

Mean velocity:

∫
dv vr f(x,v; t) = nα(x, t) uα

r (x, t)

Pressure: ∫
dv (vr − ur)(vm − um) f(x,v; t) = P α

rm(x, t)

etc. we obtain a set of modified evolution equations:

∂nα

∂t
=

∂

∂xr
(nα uα

r )

∂

∂t
(mα nα uα

r ) =
∂

∂xm
(mα nα uα

r uα
m + Prm) + eα nα (Er +

1

c
εrmn um Bn) + Rα

r

nα
∂Tα

∂t
= −nαuα

r

∂Tα

∂xr
− 2

3
nαTα

∂uα
r

∂xr
− 2

3
πα

mn

∂uα
n

∂xm
− 2

3

∂qα
m

∂xm
+

2

3
Qα

(21)

where the collisional terms Rα
r , Qα now contain space diffusion terms:

Friction vector:

Rα
r = mα

∫
dv vrK{f(x,v; t)}

Collisional heat-exchange rate:

Qα =
1

2
mα

∫
dv |v − uα|2K{f(x,v; t)}

etc. (K{f} is our new cylindrical-symmetric collision term !)
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9 Conclusions

* Agreement with: [Ghendrih 1988] (influence of the magnetic field)

yet

* contradiction with the standard description used in the past, where

the influence of the magnetic field on the collision term is either under-

estimated [Montgomery et al. 1974 +] or neglected [Ghendrih 1987] when

discussing the transport properties of plasma.

In conclusion, we have reported new exact formulae for the diffusion

coefficients in magnetized plasma. These formulae suggest an explicit de-

pendence on both particle velocity and physical parameters such as plasma

temperature, density, and - the point we wanted to focus upon - the mag-

nitude of the magnetic field. A more extended study will be reported soon.

(References: see Poster)
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