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PerÐlhyh

Sthrizìmenoi se basikèc arqèc thc Statistik c Mhqanik c Ektìc IsorropÐac,

parousi�zoume th mejodologÐa pou akoloujeÐtai gia th melèth enìc fortismènou

swmatidÐou anafor�c (test-particle) se allhlepÐdrash me èna omogenèc upìstrwma

(pl�sma) se isorropÐa, euriskìmeno mèsa se omogenèc exwterikì pedÐo. H statisti-

k  perigraf  me b�sh thn exÐswsh Liouville odhgeÐ se mÐa oloklhrwtik  `kurÐarqh'

exÐswsh (master equation) pou qarakthrÐzetai apì qronik  mn mh, dhlad  qwrÐc qro-

nikì entopismì (idiìthtaMarkov). H �Markobian � prosèggish pou proteÐnoume odh-

geÐ sthn kataskeu  miac nèac grammik c diaforik c exÐswshc tÔpou Fokker-Planck.

Oi suntelestèc se aut  th nèa kinhtik  exÐswsh exart¸ntai apì tic mikroskopikèc

metablhtèc (taqÔthta tou swmatidÐou), apì fusikèc paramètrouc (puknìthta, jer-

mokrasÐa) kai - kurÐwc - apì to exwterikì pedÐo, gegonìc pou bebai¸nei h arijmhtik 

melèth pou akoloujeÐ.

1SqoleÐo Fusik c kai TeqnologÐac SÔnthxhc, Panepist mio JessalÐac, Bìloc, 16-21 MaÐou 2002.
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1 Eisagwg 

* Pl�sma = SÔsthma N fortismènwn swmatÐwn pou allhlepi-

droÔn:

- metaxÔ touc (me allhlepidr�seic meg�lhc embèleiac)

- me exwterik� H/M pedÐa

1.1 Statistik  Mhqanik 

* Puknìthta pijanìthtac (sun�rthsh katanom c) �N , sto suno-

likì q¸ro twn f�sewn �N .

* ExÐswsh Liouville gia N swm�tia:

@�N

@t
= LN �N (1)

* Genik  lÔsh thc exÐswshc Liouville :

�N (t) = eLN (t�t0) �N(t0) (2)

* eLN (t�t0): telest c qronik c exèlixhc - h pl rhc gn¸sh tou

isodunameÐ me th gn¸sh thc lÔshc tou probl matoc kÐnhshc (N swm�twn !)

* Sun�rthsh katanom c gia 1 swm�tio: �1(�1 ) = f

* ExÐswsh Kinhtik c Exèlixhc (gia 1 swm�tio)

@f

@t
= T ffg (3)

* T : telest c kinhtik c exèlixhc.
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1.2 Makroskopik  perigraf :

parathr simo mègejoc A(t) = mèsh tim  a:

A =
Z
dx dv a f

H exèlixh tou A sto qrìno ja upakoÔei mÐa sqèsh thc morf c:

@A

@t
=

@

@t

Z
dx dv af =

Z
dx dv

@a

@t
f =

Z
dx dv a

@f

@t
=

Z
dx dv a T f = :::

! Magnhtoôdrodunamik  JewrÐa tou Pl�smatoc

1.3 Kinhtik  ExÐswsh - Telest c kroÔsewn:

Genik  morf :
@f

@t
+ v

@f

@x
+ m�1

F
@f

@v
= Kffg (4)

ìpou f = f(x;v; t).
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Sq ma 1: AllhlepÐdrash metaxÔ shmeiak¸n swmatidÐwn - diafor� metaxÔ (a) shmeia-

k¸n allhlepidr�sewn metaxÔ afìrtistwn swmatidÐwn (sfair¸n) kai (b) hlektrostatik¸n

allhlepidr�sewn meg�lhc embèleiac metaxÔ fortismènwn swmatidÐwn.

...

{

Magnetic field lines

e-

�
�

�

�
//

B

L

e-

�
�

�
//

�
L

�

�

Sq ma 2: Sqhmatik  apeikìnish thc troqi�c sugkrouìmenwn fortÐwn, kat� thn parousÐa

megnhtikoÔ pedÐou. SugkrÐnete thn tupik  klÐmaka allhlepÐdrashc (m koc Debye rD) me

thn tupik  klÐmaka peristrofik c kÐnhshc (aktÐna Larmor �L) se treic peript¸seic: (a)

�L � rD, (b) �L � rD kai (c) �L � rD.
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2 To montèlo

Sustatik�:

- Dexamen  (`reservoir' R)

- Swm�tio anafor�c (test-particle: �)

- Exwterikì pedÐo B, to opoÐo jewroÔme ìti eÐnai omogenèc kai

statikì, me dieÔjunsh kat� ton �xona z: B = Bẑ.

3 Qamiltonian  - exis¸seic kÐnhshc

H = HR +H� + �Hint (5)

HR =
NX
j=1

Hj +
X
j<n

NX
n=1

Vjn (6)

- Hj: ìroc 1 swmatidÐou: (j = 1; 2; :::; N kai �):

Hj(xj;pj) =
1

2
mjjpj � ej

c
A(xj)j

2

� 1

2
mjv

2
j

(Iakwbian : J = m3
j)

ìpou A(xj) eÐnai to dianusmatikì magnhtikì pedÐo:

B(xj) = r�A(xj)

- Hint: allhlepÐdrash an�mesa sta dÔo uposust mata:

Hint =
NX
n=1

V�n

ìpou Vij � V (jxi � xjj) (i; j = 1; 2; :::; N; �)

(� << 1)
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3.1 Exis¸seic kÐnhshc

_x = v ; _v =
1

m
[F0 + �Fint(x;v;XR)] (7)

- F0 = FL: Exwterik  dÔnamh (Lorentz )

FL =
e

c
(v �B) (8)

- Fint: DÔnamh allhlepÐdrashc:

Fint = � @

@x

X
V (jx� xjj) (9)

`Stoqastik ' fusik  diergasÐa!

- LÔsh gia � = 0:

v(0)(t) = v +
1

m

Z t
0
dt0 F0(t

0) = x +N0(t)v

x(0)(t) = x +
Z t
0
dt0 v(t0) = N(t)v (10)

N0�(t) = R�(t) =

0
BBBBBBBB@

cos 
t s sin 
t 0

�s sin 
t cos 
t 0

0 0 1

1
CCCCCCCCA

kai

N�(t) =
Z t
0
dt0R�(t) = 
�1

0
BBBBBBBB@

sin 
t s (1� cos 
t) 0

s (cos 
t� 1) sin 
t 0

0 0 
t

1
CCCCCCCCA


 = 
� =
je�jB
m�c

; s = s� =
e�

je�j = �1

- Sto ìrio 
! 0: eleÔjerhc kÐnhshc

fxi(t); vi(t)g = fxi + vit; vig i = 1; 2; 3
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4 Statistik  perigraf 

4.1 ExÐswsh Liouville

L = LR + L� + �Lint (11)

Oi telestèc orÐzontai wc ex c:

LR =
NX
n=1

L(0)
n +

X
j<n

NX
n=1

Ljn; Lint =
NX
n=1

L�n (12)

- L(0)
j telest c Liouville 1 swmatidÐou parousÐa tou pedÐou:

L
(0)
j = �vj @

@xj
� 1

mj

F
(0)
j

@

@vj
(13)

- Lij: ìroc amoibaÐac allhlepÐdrashc:

Lij = Fint(jxi � xjj)
� 1

mi

@

@vi
� 1

mj

@

@vj

�

� @V (jxi � xjj)
@xi

� 1

mi

@

@vi
� 1

mj

@

@vj

�
(14)

R se mia kat�stash isorropÐac: �(v1) = �eq(v?; vk), ìpou:

@�eq

@t
= 0

- (tupik�) kat�stash Maxwell :

��
0

Max(v1) =
Y

i=1;2;3
�
(i;�0)
0 e�v

2
1;i=�

�0

i (15)

ìpou

�
(i)
0 = (

m�0

2�T
(i)
�0

)
1=2 � 1r

���
0

i

kai

��
0

i � 2 v�
0

i;th

2 � 2T �0

i

m�0

(i 2 f1; 2; 3g) � fx; y; zg
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4.2 Anagwg  thc exÐswshc Liouville - jewrÐa diataraq¸n

- ExÐswsh Liouville : m�llon dÔsqrhsth !

- Sun�rthshc katanom c enìc swmatidÐou f = f(x;v; t):

f(��) =
Z
d�R �(� ) (16)

- H mèjodoc:

1. orÐzoume �anhgmènec� sunart seic katanom c fp gia p sw-

matÐdia (p = 1; 2; 3; :::; N) (bl. p.q. (16) gia thn f1)

2. oloklhr¸nontac kat�llhla thn (1), pern�me se èna sÔsthma

N suzeugmènwn exis¸sewn gia tic fp

3. ekfr�zoume tic exis¸seic autèc se seir� wc proc �

4. èqontac jewr sei ìti � << 1, krat�me mìno touc pr¸touc

ìrouc, èwc kai �2, thc ierarqÐac aut c exis¸sewn, kai

5. sundu�zoume ta dÔo pr¸ta mèlh thc ierarqÐac, pou t¸ra

èqoun aposuzeuqjeÐ apì ta upìloipa, ¸ste na p�roume mÐa klei-

st  exÐswsh wc proc th sun�rthsh f .
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Telik�:

(
@

@t
� L(0)

� ) f� = �2
X
�0

Z
d3x1

Z
d3v1LI g��0 +O(�3)

(
@

@t
� L(0)

� � L
(0)
1 ) g��0 = �LI �

�0

eq f
� +O(�2) (17)

- g = g��0(x;v;x1;v1; t): sun�rthsh susqètishc (correlation

function):

g��0 = f��
0

2 � ��
0

f�

- Gia mh allhlepidr¸nta swm�tia (opìte f2 = f1 f1): exÐswsh

Vlasov se t�xh �1

4.3 Telest c kroÔsewn - "kurÐarqh exÐswsh�

LÔnontac th deÔterh exÐswsh kai antikajist¸ntac sthn pr¸th:

K =
X
�0
n�0

Z t
0
d�

Z
dx1

Z
dv1LI e

L0 � LI �
�0

eq(v1) f
�(x;v; t� � )

(18)

(master equation)

Epirro :

(a) tou dunamikoÔ allhlepÐdrashc V (r), mèsw tou telest  LI

(b) twn fusik¸n qarakthristik¸n tou pl�smatoc (puknìthta, jer-

mokrasÐa), mèsw thc sun�rthshc kat�stashc isorropÐac �eq - kai,

idiaÐtera:

(g) tou magnhtikoÔ pedÐou B, mèsw tou eL0 � = eL
(0)
� � eL

(0)
1 � .

9



5 MÐa �yeudo-Markobian � prosèggish

- Upìjesh:

f(t� � ) � e�L0 � f(t) (19)

- Asumptwtik  sumperifor�: t!1 wc �nw ìrio sto qronikì

olokl rwma thc (18).

- Apotèlesma:

@f

@t
+ v

@f

@x
+

1

m
Fext

@f

@v
=

@

@v
[A(v)

@

@v
+G(v)

@

@x
+

m

m1
a(v)] f

(20)

- pl�sma qwrik� omogenèc, dhl. f = f(v; t):

exÐswsh tÔpou Fokker-Planck (F.P.):

@f

@t
+ m�1F(0)@f

@v
= � @

@vi
(Fi f) +

@2

@vi@vj
(Dij f) (21)

- tropopoihmènh exÐswsh di�qushc

(3� 3 tetragwnikìc pÐnakac di�qushc D = A)

- ìro �olÐsjhshc� (drift): to 3-di�stato di�nusma ~F (V ):

F (V )
i = (1 +

m

m1
)
@Dij

@vj
(22)

= Dunamik  trib !

(bl. perÐptwsh mh-magnhtismènou pl�smatoc)
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Sq ma 3: ApeikonÐzontai (a) o suntelest c di�qushc kai (b) to di�nusma trib c (mètro)

Fi = ��(v) vi (sunodeuìmeno apì to suntelest  dunamik c trib c �(v)), wc proc thn

taqÔthta tou swmatidÐou v (kanonikopoihmènh epÐ thc taqÔthtac  qou) gia hlektrostatikì

pl�sma mh magnhtismèno (qrhsimopoi¸ntac stoiqeÐa apì to [7]).

5.1 Intermezzo: H exÐswsh Fokker-Planck - kÐnhsh Brown

An:

D = const: F = �� v

(� = const: 2 <)
ExÐswsh Fokker-Planck (F.P.)(basik  morf ); se 1d p.q.

@f

@t
=

@

@v
(� v f) +D

@2f

@v2
f (23)

(D = � kB T
m

).

- KÐnhsh Brown

- A.Einstein / P.Langevin (melèth kÐnhshc Brown )

- Kramers (perigraf  q¸rou f�sewn)

- S. Chandrasekhar sthn AstronomÐa k.�.
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5.2 ExÐswsh Fokker-Planck se 6 diast�seic

@f

@t
+ v

@f

@x
+m�1FL

@f

@v
+

1

m
Fext

@f

@v
= � @

@vi
(Fi f)+

@2

@vi@vj
(Dij f)

- 6� 6 pÐnakac di�qushc D:

D�(x;v) =

0
BBBBB@
0 1

2
GT

1
2
G A

1
CCCCCA

- 6� d di�nusma trib c: ~F = (0; ~F (V ))T

5.3 Majhmatikèc idiìthtec - prìblhma jetikìthtac

- h puknìthta pijanìthtac f prèpei na paramènei

(a) pragmatik ,

(b) kanonikopoihmènh sth mon�da, kai

(g) jetik 

en¸ exelÐssetai sto qrìno k�tw apì th dr�sh tou telest ,

(d) prèpei na teÐnei monotonik� proc mÐa kat�stash isorropÐac

(�je¸rhma-H�).

- o pÐnakac di�qushc D prèpei na eÐnai jetik� orismènoc, dhl.

prèpei, 8a 2 <6:

(a;Da) = aTDa = aTDSYMa � 0

Autì to krit rio saf¸c den ikanopoieÐtai ed¸!

detD� = �(detC)2 � 0
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6 MÐa diaforetik  prosèggish

- �Daneizìmaste� èna telest  apì thn Kbantik  Kinhtik  JewrÐa:

At0 � = lim
T!1

1

2T

Z T
�T

dt0U (0)(�t0) � U (0)(t0) (24)

- Markov-ianìc telest c: ap¸leia fainomènou �mn mhc�

6.1 Omogenèc sÔsthma

E�n f = f(v; t):

@f

@t
+

e

mc
(v �B)

@f

@v
=

�� @2

@v2x
+

@2

@v2y

��
D?(v)f

�
+

@2

@v2z
[Dk(v)f ]

� @

@vx

�
Fx(v) f

�
� @

@vy

�
Fy(v) f

�
� @

@vz

�
Fz(v) f

�

6.2 Genik  perÐptwsh: mh-omogenèc sÔsthma

- E�n f = f(x;v; t):

@f

@t
+ v

@f

@x
+

e

mc
(v �B)

@f

@v
=

�� @2

@v2x
+

@2

@v2y

��
D?(v)f

�
+

@2

@v2z
[Dk(v)f ]

+2 s
�1
� @2

@vx@y
� @2

@vy@x

��
D?(v)f

�

+
�2 [D
(XX)
?

(v)](
@2

@x2
+

@2

@y2
)f

� @

@vx

�
Fx(v) f

�
� @

@vy

�
Fy(v) f

�
� @

@vz

�
Fz(v) f

�

+ s
�1Fy(v)
@

@x
f � s
�1Fx(v)

@

@y
f
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7 Suntelestèc di�qushc

7.1 Genik  morf 

- Suntelestèc di�qushc:8>>>>><
>>>>>:

A(x;v)

G(x;v)

9>>>>>=
>>>>>;

=
n

m2

Z t!1
0

d�
Z
dx1

Z
dv1 �eq(v1)

Fint(jx� x1j)
 Fint(jx(�� )� x1(�� )j)

8>>>>><
>>>>>:

N0T (� )

NT (� )

9>>>>>=
>>>>>;

=
n

m2

Z
1

0
d� C(x;v; t; t� � )

8>>>>><
>>>>>:

N0T (� )

NT(� )

9>>>>>=
>>>>>;

(25)

- Di�nusma trib c:

Fi = (1 +
m

m1
)
@Dij

@vj
(26)

- Sunart seic qronik c susqètishc (correlations) twn dun�mewn

allhlepÐdrashc

- sÔndesh tou mhqanismoÔ twn kroÔsewn me touc mikroskopi-

koÔc nìmouc kÐnhshc twn swmatidÐwn, gia èna dedomèno dunamikì

prìblhma.

7.2 Upologismìc thc aneptugmènhc morf c gia to pl�sma

Upìjesh ergasÐac:

- 1. R se katanom  Maxwell (bl.(15) )

- 2. allhlepidr�seic V (r) tÔpou Debye
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- apotèlesma (se adi�stath morf ):
8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

8>>>>>>>>>><
>>>>>>>>>>:

D?

D6

D
(XX)
?

9>>>>>>>>>>=
>>>>>>>>>>;

Dk

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

= D0 �
Z t
0
d� 0

Z xmax

1
dx e�

2 (1�x2) sin2 � 0

2

�
1� 1

x2

�
f1;0g

e
�~v2

k

JO(2�
p
x2 � 1 ~v? sin

� 0

2
) ~Ff?;kg

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

8>>>>>>>>>><
>>>>>>>>>>:

1
2
cos � 0

(�s�) 1
2
sin � 0

(1 + 1
2
cos � 0)

9>>>>>>>>>>=
>>>>>>>>>>;

1

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ìpou

x �
~k?

kD
= (1+

k2
?

k2D
)1=2 � 0 = 
� D0 � 2

p
2n e4

m2
p
kBT

(suqnìthta kroÔsewn pl�smatoc - Spitzer).

- Oi sunart seic ~F = ~F (�(x; � 0); ~vk) eÐnai:

~F �0

f?;kg = �p� �+�
4

X
s=+1;�1

�
(1�2�2�s2� ~vk) e

(�+s ~v
k
)2 Erfc(�+s ~vk)

�

ìpou

� =
1

2
� � 0 x ; � =

p
2
!p



; ~v� = (

mv2
�

2kBT
)
1=2

; � 2 f?; kg

kD = (
4�e2�n�

kBT�
)
1=2

!p;� = (
4�e2�n�

m�

)
1=2

Erfc(x) = 1�Erf(x) � 1� 2p
�

Z x
0
e�t

2

dt
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8 Parametrik  melèth twn suntelest¸n di�qushc

Gia èna pl�sma hlektronÐwn me

- jermokrasÐa T = 10KeV

- puknìthtac n = 1014 cm�3 = 1020m�3

- !p;e = 5:64 � 1011 s�1

- 
e = 1:76 1011 �B s�1 (B se Tesla ).

Susqètish C?(� ); bl. sq ma 4.

Sq ma 4: Sto pr¸to sq ma èqoume anaparast sei to k�jeto mèroc thc sun�rthshc su-

sqètishc allhlepÐdrashc C?(� ; v?; vk; B) wc sun�sthsh tou qrìnou � (metroÔmenou se

periìdouc peristrof c Tc = 2�=
), gia diaforetikèc timèc tou B (� 
). 'Eqoume jew-

r sei timèc v? = vk = vth = (T=m)1=2. ParathreÐste tic korufèc (aposbenìmenec), k�je

perÐodo T .

- Ex�rthsh apì to pedÐo!

- Periorismìc twn swmatidÐwn apì to pedÐo - ta swmatÐdia �kol-

loÔn� sthn elikoeid  touc troqi�.
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- ex�rthsh apì thn taqÔthta.
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Sq ma 5: ApeikonÐzontai (a) o suntelest c di�qushc D? kai (b) to di�nusma trib c (mè-

tro) F? (kanonikopoihmèna kat�llhla) wc sunart seic thc taqÔthta tou swmatidÐou v?

k�jeta sto pedÐo (kanonikopoihmènh epÐ thc taqÔthtac  qou) gia hlektrostatikì pl�sma

magnhtismèno. H tim  ìlwn twn suntelest¸n aux�netai me to pedÐo.
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- ex�rthsh apì to pedÐo.
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Sq ma 6: O egk�rsioc suntelest c di�qushc D? wc sun�rthsh thc adi�stathc paramè-

trou � (� 1=
 - bl. orc. sto keÐmeno). H asumptwtik  tim  (grammoskiasmènh eujeÐa)

antistoiqeÐ sto ìrio � ! 1, dhlad  sth mh-magnhtismènh perÐptwsh (� ! 1 shmaÐnei


 ! 0). Sto sq ma (b), èqoume esti�sei sthn perioq  gÔrw apì to � � 1. Kai sta

dÔo sq mata èqoume jewr sei v? = vk = vth = (T=m)1=2. Oi diaforetikèc kampÔlec tou

sq matoc (a) antistoiqoÔn se diaforetikèc timèc tou �nw orÐou t sth qronik  olokl rwsh

- bl. (??).
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Rem: � (� 1=
).

- perioq  ìpou � >> 1: kont� sth mh-magnhtismènh perÐptwsh

- ikanopoihtik  h perigraf  Landau (gia 
! 0).

- perioq  gÔrw apì to � � 1: èntonh ex�rthsh apì to pedÐo -

epomènwc den dikaiologeÐtai h par�leiy  tou ston ìro kroÔsewn!

9 Sumpèrasma

Sthrizìmenoi stic basikèc arqèc thc Statistik c Mhqanik c Ektìc

IsorropÐac, parousi�same mÐa mèjodo gia th swst  perigraf 

enìc pl�smatoc mèsa se èna omogenèc exwterikì pedÐo. Esti�sa-

me kurÐwc, pèra apì th mejodologÐa, se dÔo shmeÐa:

1on) sth qwrik  ex�rthsh thc sun�rthshc katanom c, h opoÐa

prèpei na perigrafeÐ swst� ¸ste na diathroÔn oi sunart seic pi-

janìthtac to fusikì touc qarakt ra,

kai

2on) deÐxame ìti, se antÐjesh me thn eurèwc diadedomènh antÐlhyh

ìti o ìroc kroÔsewn den exart�tai �kai polÔ� apì to pedÐo (kai �ra

h paradosiak  perigraf  Landau gia thn a-magn tisth perÐptwsh

arkeÐ), mporeÐ se mÐa perioq  tim¸n twn fusik¸n mac paramètrwn

h ex�rthsh aut  na eÐnai shmantik .
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