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Outline

A. Introduction
(1) Linear waves in one-dimensional (1d) dust crystals;
(i) Nonlinearity: Origin and modeling.

B. Nonlinear effects on transverse dust-lattice waves (TDLW s):
amplitude modulation, transverse envelope structures.

C. Nonlinear effects on longitudinal dust-lattice waves (LDLW s):
modulation, longitudinal envelope excitations.

D. Longitudinal localized excitations : relation to soliton theories.
E. 1d Discrete Breathers (Intrinsic Localized Modes) : — poster.

F. Conclusions.
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A. Intro.: Linear modes ina 1-dimensional plasma crystal.
[1 Longitudinal Dust Lattice (LDL) mode:

— Horizontal oscillations (~ z): cf. phonons in atomic chains;
— Acoustic mode: w(k = 0) = 0;
— Restoring force provided by electrostatic interactions.

(] Transverse Dust Lattice (TDL) mode: el TR \
— Vertical oscillations (~ 2); e
— Optical mode:

w(k =0) =wy # 0

eshed electrode rectangular electrode

(center of mass motion); -

Ilw.ill rode.

— Single grain vibrations (propagatlng ~ T for k ;é O)
Restoring force provided by the sheath electric potential
(and interactions).
[1 Transverse (~ g, In-plane, optical) d.o.f. suppressed.
Also: No transverse shear- acoustic mode (cf. 2d lattices).

* Figure from: S. Takamura et al., Phys. Plasmas 8, 1886 (2001).
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Model Hamiltonian:

o Z (d) S Uini(ram) + Peaa(r)

m£n
where:

— Kinetic Energy (1st term);

— U;nt(rnm ) is the (binary) interaction potential energy;

— &_,.+(r,,) accounts for ‘external’ force fields:
may account for confinement potentials and/or sheath electric

forces, i.e. Fypearn(z) = —22.

Q.. Nonlinearity: Origin: where from ?
Effect. which consequence(s) ?
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Nonlinearity: Where does it come from?

[I (1) Interactions between grains: Electrostatic character
(e.g. repulsive, Debye), long-range, anharmonicity :

Expanding U, (7n»,) near equilibrium:
INGy L et o Bl = T INZ el 2 SRR )
one obtains:

1 1
A §Mw%7O(Axn)2—|—-§Mw%7O(Azn)2

1 1 |
—|—§U30(Aajn)3 + ZU4O(AZCTL)4 g Zu04(Azn)4 T
1 1
—|—§U12(A£En)(AZn)2 LE Z’UQQ(AQZTL)Q(AZ”)Z il oy
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Nonlinearity: Where from?  (continued ...)

[1 (i) Mode coupling also induces non linearity:
anisotropic motion, not confined along one of the main axes
(~ z, 2).

[cf. A. Ivlev et al., PRE 68, 066402 (2003)]
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Nonlinearity: Where from?  (continued ...)
LI (i) Sheath environment: anharmonic vertical potential:
D(z) ~ P(z9) + %ng((Szn)Q + %M@ (62n)° + iMﬂ (Ot
cf. experiments [Iviev et al., PRL 85, 4060 (2000); Zafiu et al., PRE 63 066403 (2001)];

0zn = 2zn — 2(0); @, 3, w, are defined via E(z), [B(z)]" and Q(z);
(in fact, functions of n and P) [ V. Yaroshenko et al., NJP 2003; PRE 2004]

+ 1'\. Fhae¥ MR o

Pa G5 ovar
L B
= o]
Figure 3: (a) Forces and (b)) trapping potential profiles U7(z) as function of distance
from the electrode for: ng = 2 % 108em 2 (solid line). no = 3% 108cm 3 (dashed line).
Ty | % 10%em 3 (dotted line). The parameters are: P LG mtorr, T [ eV,
Ty =Ty =005 eV, R =25 jum, pg — L3 gem g, — 6 V. Source: Sorasio et al. (2002).
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Part 1: Transverse nonlinear oscillations
The vertical n—th grain displacement 6z,, = z,, — z(o) obeys

d252n+ d(0zy,)
%
dt? dt

+ w%)o (02na1+ 02n1—202,) + ws dzn
ta (62,)* + B (62,)° = 0.
*wro = [—qU'(ro)/(M70)]"? = W, exp(—k) (1 + &)/s3 D

(1) (for Debye interactions); k = 79/Ap is the lattice parameter;
*wpr = [¢?/(MMX3)]1/2; \p is the Debye length;

* Optical dispersion relation
(backward wave, v, < 0) T:
w? = w; — 4wt sin” (kro/2)

g
0.2 0.4 0.6 0.8 1

*Rem.: w, and «, 3: see ®(z) above.
wavenumber k nocrm.

I Cf. experiments: T. Misawa et al., PRL 86, 1219 (2001); B. Liu et al., PRL 91, 255003 (2003).
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Large amplitude oscillations - envelope structures

A reductive perturbation (multiple scale) technique, viz.
e {to,tl = Gt,tg = Ezt, }, L — {330,$1 —= Cl Ko — 62213, }
yields (e <« 1; damping omitted):

. 2 :
0zn = (AP L ce) + € [—% o <A—2 e2tPn | C.C.)] e A

g 3wg
(¢, = nkro — wt); the harmonic amplitude A(X,T):
— depends on the slow variables { X, T} = {e(x — v,t), €t} ;
— obeys the nonlinear Schrodinger equation (NLSE):

DA _B2A
e il ) A (R ALY (2)

YA KR

— Dispersion coefficient: P = w”(k)/2 — see dispersion relation;
— Nonlinearity coefficient: @ = [10a?/(3w?) — 3 3] /2w.

[I. Kourakis & P. K. Shukla, Phys. Plasmas, 11, 2322 (2004); also PoP, in press (Aug. 2004).]
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Modulational stability analysis & envelope structures
[1 PQ > 0. Modulational instability of the carrier, bright solitons:

M,\nnﬂﬂf A |

s AN
-20 -10 10 20
4

— TDLWSs: possible for short wavelengths i.e. k.. < k < 7 /7.

Rem.: ) > 0 for all known experimental values of «, £.
[Ivlev et al., PRL 85, 4060 (2000); Zafiu et al., PRE 63 066403 (2001)]

T T T T T T T
2.6+ (a) =
'-—-1
S 2.4y -
E .
[
]
225 .
Figure 9 Dust grain oscillations induced by a 1% Auctuation in plasma density 2 . L L L . . L
[he simulation parameters arve: ' — 0.9 mtorr. ng — 0.8 » 108 em 3, T I eV, 'ﬂ 2 'd. ﬁ , 3 ‘“:r ‘FE 14 fﬁ
Ty =T =005 eV, R =25 um, pg = 1.5 gem >, dyy — 6V, ¢ = 0.06 p= 1%ng time IS}

Source: Sorasio et al. (2002).
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Modulational stability analysis & envelope structures
1 PQ > 0. Modulational instability of the carrier, bright solitons:

i 2
o v"v“uﬂﬁnvﬂvnvnuf A JﬂUﬂUﬂ A - z
J COTyV

— TDLWs: possible for short wavelengths i.e. k.. < k < 7/rg.
[ PQ < 0: Carrier wave Is stable, dark/grey solitons:

I i T T e
AL

AV S T TR

— TDLWSs: possible for long wavelengths i.e. k < k...

Rem.: Q > 0 for all known experimental values of «,

[Ivlev et al., PRL 85, 4060 (2000); Zafiu et al., PRE 63 066403 (2001)]
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Part 2. Longitudinal excitations.
The nonlinear equation of longitudinal motion reads:
L(oz,)  d(ow,)
1%

dt? dt
~050 |(0Zn1— 0n)? = (025 — 0Tp_1)’

a0 Tn41 Ln Ln Ln—1

+ aso [(0zn41 — 6xp)° — (0 — 029 —1)”)]

= wg,L (0xpy1 + 0xp_1 — 202,)

- dx,, = r,, — nro. longitudinal dust grain displacements

— Acoustic linear dispersion relation:
W 4w%’0 sin” (kr0/2) = w%(k)
_wOL_U//(frO)/M)—QwDL exp( )(1+/{+K/2/2)//{,3 (%)

(*) for Debye interactions; Rem.: wpr = [¢%/(MN3,)]/2.
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Longitudinal envelope structures.
The reductive perturbation technigue (cf. above) now yields:

0Ly, = € |ug S (u(l) in 4 cc.)] + € (u( ) e2i6n 4 gL,

[Harmonic generation; Cf. experiments: K. Avinash PoP 2004.

where the amplitudes now obey the coupled equations:

au(l) 524 (1) 1 4 pok : 8u(1)
YT/t 8X2 +QO‘“§)|2“§)+2QJL uy T
g pok™ 0 @y 0 1 (1)
L e k 2
0X?2 Vit G SO, A ) )aX ]

2 2
o QO ey (q kQ 2p02> 3
£ Tldt

—v, 1 =wi'(k); {X,T} are slow variables (as above);
—po = —rgU"(rg) /M = 2a2078 , qo = U""(ro)rg/(2M) = 3azors.
— R(k) > 0,since Yk  v,5 <wporo=cr (sound velocity).
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Asymmetric longitudinal envelope structures.

— The system of Eqs. for ugl), uél) may be combined into a
closed (NLSE) equation (for A = u§1>, here);

+QIAIPA=0

—P=PFP, =wi(k)/2<0;
— @ > 0 (< 0) prescribes stability (instability) at low (high) &.

www.tp4.rub.de/  ~ioannis/conf/2004-EPS31-oral.pdf 31st EPS Conference on Plasma Physics, London 2004
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Asymmetric longitudinal envelope structures.

— The system of Eqs. for ug ) (1) may be combined into a
closed (NLSE) equation (for A = u§1>, here);

A
+ QAP A =

—P=P, =wj(k)/2 <0;
— @ > 0 (< 0) prescribes stability (instability) at low (high) &.
— Envelope excitations are now asymmetric:

ull wvs. ul0 asymmetric bright envelope

o

o 1

0

© ‘U
0 A

w

o

)
-6 -4 -2 0 2 4 6 “6 -4 -2 0 2 4 6 h h
pesition x position x a_ Ig

amplitude

total displ ment ul
L

-]
b "
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— The system of Egs. for u( )

Asymmetric longitudinal

4 m

15

envelope structures.

ay be combined into a closed

(NLSE) equatlon, which ylelds asymmetric envelope solutions.

- > 0(<0) prescrlbes stab

1

0.5

P = P =)
ull vs. ulo0
7|\
/
/ \
-~ ~

amplitude

displacement ul

-0

o

0
.5
1

—

| ' '
= o o =

-6 -4 -2 0

pesiti

2 4 6
on X

Grey envelope

T TrryooY

Y

il

-7.5-5-2.50 2.5 5 7.5 10
positic

n x

—

otal displacement u

displacement ul

|I|ty (mstablllty) at low (high) .

-

o e NS B )
S TpeTrrYY
AL 11111

UL (atlow k)

[I. Kourakis & P. K. Shukla, Phys. Plasmas, 11, 1384 (2004).]
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Part 3. Longitudinal soliton formalism.

Q.: Alink to soliton theories: the Korteweg-deVries Equation.

— Continuum approximation, viz. éx,(t) — u(x,t).

— “Standard” description: keeping lowest order nonlinearity,

2
20 o 2 CL 2 i
U+VU_CLumx_Erouwxxx — —PoUg Ugy

cp, =wroro, wro and pg were defined above.

— For near-sonic propagation (i.e. v = cy,), slow profile evolution

In time 7 and defining the relative displacement w = u¢, one
obtains

Wy — awwe+bweee = 0

(forv=0); (=x—vt; a=po/(2cy)>0; b=crrs/24 > 0.

— This KdV Equation yields soliton solutions, ... (— next page)

16
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The KdV description
The Korteweg-deVries (KdV) Equation

Wrdr [ A W b Weee /= 0
yields compressive (only, here) solutions, in the form (here):

wi(¢,7) = —wimsech? | (¢ —v1 — o)/ Lo

— This solution Is a negative pulse for w = u,,
describing a compressive excitation for the displacement 6x = u,

l.e. a localized increase of density n ~ —u,.

EdvV-—Talated poluticons, a=4 1

L
"] Ty
':; Gt My
o K
- U —-'ﬂ:.-‘,\q\_‘_‘_ f.-:.n_
: ‘a*-."\,' '-1 )
- _5 ] '."' el ol ':.' Mew
-E- o I-I"w._, =
g e
4 2 1] 2 4
poaition x
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The KdV description
The Korteweg-deVries (KdV) Equation

W+ — awwg—i—bwggg 24 4))
yields compressive (only, here) solutions, in the form (here):

wi(¢,7) = —wy msech? | (( — v — o)/ Lo

— Pulse amplitude: w1.m = 3v/a = 6vvg/|pol;
— Pulse width: Lo = (4b/v)"? = [202r2 / (vv)]V/2;
— Note that: w1, L = constant (cf. experiments)T.

— This solution is a negative pulse for w = wu,,
describing a compressive excitation for the displacement éx = u,

l.e. a localized increase of density n ~ —u,.
— This is the standard treatment of dust-lattice solitons today ... T

" F. Melandsg 1996; S. Zhdanov et al. 2002; K. Avinash et al. 2003; V. Fortov et al. 2004.
www.tp4.rub.de/  ~ioannis/conf/2004-EPS31-oral.pdf 31st EPS Conference on Plasma Physics, London 2004
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Characteristics of the KdV theory

The Korteweg - deVries theory presented above:

— provides a correct qualitative description of compressive
excitations observed in experiments;

— draws benefit from the KdV “artillery” of analytical know-how
obtained in the past: integrability, multi-soliton solutions,
conservation laws, ... ;

www.tp4.rub.de/  ~ioannis/conf/2004-EPS31-oral.pdf 31st EPS Conference on Plasma Physics, London 2004



|. Kourakis, P. K. Shukla & B. Eliasson, Theory of nonlinear excitations in dusty plasma crystals 20

Characteristics of the KdV theory

The Korteweg - deVries theory presented above:

— provides a correct qualitative description of compressive
excitations observed in experiments;

— benefits from the KdV “artillery” of analytical know-how
obtained throughout the years: integrability, multi-soliton
solutions, conservation laws, ... ;

but possesses a few drawbacks:

— approximate derivation: (i) propagation velocity v near
(longitudinal) sound velocity ¢y, (ii) time evolution terms omitted
‘by hand’, (iii) higher order nonlinear contributions omitted,;

— only accounts for compressive solitary excitations (for Debye
Interactions); nevertheless, the existence of rarefactive dust
lattice excitations is, in principle, not excluded.

www.tp4.rub.de/  ~ioannis/conf/2004-EPS31-oral.pdf 31st EPS Conference on Plasma Physics, London 2004
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Longitudinal soliton formalism (continued)

Q.. What if we also kept the next order in nonlinearity ?
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Longitudinal soliton formalism (continued)

Q.. What if we also kept the next order in nonlinearity ?

— “Extended” description: :

2
@
o . 2 4y =2 ?,
U + VU — C[, Ugy — 19 7o Ugzzx = — Po Uz Uzz + 40 (Ua:) Uy

cr, =wroTo, WwWro, Po~ —U"(r) and gy ~ U""(r) (cf. above).

=i:'m:m.'l.:I.r:.&a.:|.‘:I.‘..::|.r coeff. po0 va kappa

nonlinearity coeff. gb vs kappa

30
17,50
is; © 25
13.5 20
R 10 815
7.5
5 14
2.5 -]
Gab Ol e dad e 0.6 0.8 1 1.z 1.4
kappa kappa
(b (b
Flg 4. (a) The nonlinearity coefficient py (normalized over Fig. 5. (a) The nonlinearity coefficient gy (normalized over
Qz;,- (MAp)) is depieted against the lattice constant & for N = Qg;l_- (M F.J ) is depicted against the lattice constant & for N —
L {first-neighbor interactions: —), N = 2 {second-neighbor 1 (first-neighbor interactions: —), N = 2 (second-neighbor
interactions: - - -), N = =¢ (infinite-neighbors: — — -}, from interactions: - - -), N = =~ (infinite-neighbors: — — —), from
bottom to top. (b} Detail near « = 1. bottom to top. (b) Detail near s = 1.

RQ.: go Is not negligible, compared to py! (instead, gy ~ 2py practically!)
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Longitudinal soliton formalism (continued)
Q.. What if we also kept the next order in nonlinearity ?
— “Extended” description: :

4 : 2 C% 2 ¥ 2
(e Vu—cLuaca:_l_Qrouxwxw 771 _pOuacua:x—'_QO (uac) Uy

cr, =wroTo, Wro, Po and gy were defined above.

— For near-sonic propagation (i.e. v = cy,), and defining the
relative displacement w = u¢, one has

Wy — awwg+dw2wg—|—bwcgg = 0 (4)
(forv=0); (=z—vt; a=po/(2c) >0; b=cpré/24 > 0;

a = qo/(2cr) > 0.
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Characteristics of the EKdV theory

The extended Korteweg - deVries Equation:

— accounts for both compressive and rarefactive excitations;
D —_ ERAY va. KAV, a=+1
g 4 IEKd"irlvn. xav, nl=+1 . '”‘ [ : . .
o 3 A Xoal | T
T : E af T~ N 4
g ; H‘} T B o
Ej: RN P g-z VAR o
-g-z- .1;.' -4 "
F; ” _;Hitﬂim xz -"E - -zpnnitc!i.un I'Ez :

(horizontal grain displacement u(x,t))

— reproduces the correct qualitative character of the KdV
solutions (amplitude - velocity dependence, ... );

— IS previously widely studied, in literature;
Still, ...
— It was derived under the assumption: v = cy,.

~ioannis/conf/2004-EPS31-oral.pdf 31st EPS Conference on Plasma Physics, London 2004
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One more alternative: the Boussinesq theory
The Generalized Boussinesq (Bq) Equation (for w = u,):

23
'lD i C% Wyey = 611/;0 Werexr — % (wz)a:x _|_ % (wg)xaz

— predicts both compressive and rarefactive excitations;

— reproduces the correct qualitative character of the KdV
solutions (amplitude - velocity dependence, ... );

— has been widely studied in literature;

and, ...
— relaxes the velocity assumption, i.e. isvalid V v > ¢y,.
Ed¥ va. Boussineaq, M = 1.1 KAV va. Bougalnesqg, M = 1.25
4 0.4 2 onal
E 0.3 == - E 0.&p-----mrmmmmemeoo e _ J,-"I
o o
i o [ —
S S
positicn x positicon =
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Conclusions
We have seen that:

— Energy localization via modulational instability leading to the
formation of envelope excitations Is possible in both transverse
and longitudinal directions ;

— Solitary waves can be efficiently modeled by existing soliton
theories (e.g. KdV, EKdV, MKdV; more accurately: Boussinesq,
EBQ) ;

— Compressive and rarefactive excitations are predicted ;
— Urge for experimental confirmation (technical constraints?) ;

— Future directions: include dissipation (dust-neutral friction, ion
drag); particle-wake effects;, mode coupling effects; ... (Realism!)
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Appendix I: Solutions of the NLSE
Localized envelope excitations 1:  bright solitons

(] The NLSE accepts various soliton solutions: ¢ = pe'® ;
the total wavepacketis then: wu =~ ep cos(kx — wt + ©) where
the amplitude p and phase correction © depend on (, 7.

[1 Bright—type envelope soliton (pulse):

" Xl st Ay i
p—pgsech( 3 ), @_QP ue X + (Q 2ue)T}. (5)
L=.,/2BL i
17 il 5 I
(om0 e
©1-0 "y
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Propagation of a bright envelope soliton (pulse)

This envelope modulated wavepacket is essentially a
propagating (and oscillating) localized pulse, confining the carrier

1 1r 1r
0.75 0.75F 0.75}
0. 0.5 0.5}
0.2[5 0.25 n 0.25 ﬂ
UJﬂl ﬂl.-‘ m"ll.ﬂ ﬂvn ||“| pl.nuﬂvn
-5 g U 5 10 15 20 25 -5 VY10 15 20 25 -5 5 “U Jﬂ 1s 20 25
-0. 48 -0.25} -0.25f
-0.3 -0.5¢ —0.5f
—0.74 ~0.75} —0.75f
-1 -1t -1t
1p 1f
.75} 0.75}
0.5 0.5f
0.25 n 0.25
UL AL
-5 5 10 WE U 20 25 -5 5 10 157 Y|IRV2s
—0.25} -0.25¢
—0.5F —0.5¢
-0.75} -0.75¢}
_1- _1_
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Localized envelope excitations 2:

[1 Dark—type envelope solution (hole soliton):

X — U,

Y —eEb] [1— Sech2<
1 L 5 5
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dark/grey solitons (continued...)

[1 Grey—type envelope solution (void soliton):

X —u.T 4
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