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Outline

1. Bose-Einstein Condensates (BECs): preliminaries.

2. BEC modelling: the Gross-Pitaevskii Equation (GPE).

Focus: Scattering length – role and sign control via Feshbach resonance.

3. Excitations in single BECs: a brief overview.

4. Coupled BECs (cBECs): notions and ideas.

5. Stability of cBECs.

6. Conclusions.
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1. Intro.: Preliminaries on Bose-Einstein Condensates (BECs).

o Louis de Broglie hypothesis on wave - particle duality (1924, Nobel 1929):

The wave nature of matter is manifested via the de Broglie wave length λdB

λdB = h/mv

(h: Planck’s constant; m: mass; v: velocity, e.g. vth ∼ T 1/2/m1/2).

* For macroscopic particles (dimension L), in room T , λdB ≈ 10−9L.
* For atoms (radius r), in room temperature, λdB ≈ r (or smaller).
* What should one expect for atoms (∼ wavepackets) at very low T?

o Boson condensation occurs (in sophisticated experiments) at ultra low T
(< Tc ∼ nK), where λdB ≈< r >≡ n−3 or larger (n: particle density);

→ wave packets are superposed & individual particles indistinguishable!
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Bose - Einstein condensation: a historical review

o 1924: Theoretical prediction by Satyendra Nath Bose and Albert Einstein;

* Statistical approach to the photon spectrum of black-body radiation
* Publication (with A.E.) in Zeitschrift für Physik, and subsequent

generalization to particle ensembles (by A.E.).
* B.E. statistics permit the occupation of the ground state by a large

number of particles at ultra low (but finite) temperature.
* A.E.: “From a certain temperature on, the molecules condense without

attractive forces, that is, they accumulate at zero velocity.
The theory is pretty, but is there also some truth to it?”

www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)



I. Kourakis, Dynamics of coupled Bose-Einstein condensates 4

Bose - Einstein condensation: a historical review (cont.)

o 1924: Theoretical prediction by Satyendra Bose and Albert Einstein.

o 1995: Experimental confirmation by E. Cornell & C. Wieman (Boulder, CO),
W. Ketterle (Cambridge, MA) and R. Hulet (Rice Univ., Houston, TX):
the first BECs are formed in atom gases ( 87Rb, 23Na, 7Li ).
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Bose - Einstein condensation: a historical review (cont.)

o 1924: Theoretical prediction by Satyendra Bose and Albert Einstein.

o 1995: Experimental confirmation by E. Cornell & C. Wieman (Boulder, CO),
W. Ketterle (Cambridge, MA) and R. Hulet (Rice Univ., Houston, TX):
the first BECs are formed in atom gases ( 87Rb, 23Na, 7Li ).

o 2001: Nobel Prize (E. Cornell, C. Wieman and W. Ketterle);
the work by Hulet et al. was “inconclusive” (Phys. World, Nov. 2001) ...

o Today:

More than ∼40 experimental groups, working on various alcali gases (Rb,
Na, Li, K, H, Cs, Cr),

and

more than ∼500 theoretical articles on BECs every year!
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BEC experiments: concept and realization – prerequisites

o Experimentally BEC realization: “freezing” (parts of) boson gases;

o Below Tc , all of the atoms in the boson gas occupy the same quantum
state (ground energy level);

o A collective wave is formed: atomic wave functions oscillate in phase;
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Theoretical prerequisites to BEC experiments.
o Phase coherence is only due to quantum BE statistics,

unlike in superfluidity or superconductivity (Cooper pairing, BCS etc.)
where interactions play the major role.

o For an energy state density ∼ E1/2, the atoms N0 in a BEC formed at
temperature T below the critical temperature Tc are given by

N0 = N
[
1−

(
T/Tc

)3]
.

o Magnetic trap-imposed length scale a0 vs. Gaussian width (T > Tc)

a0 = [~/(mωosc)]1/2 < RG = [kT/(~ωosc)]1/2 a0

(ωosc = (ωxωyωz)1/3: characteristic trapping potential frequency) unlike e.g.
superfluid He (where inhomogeneity scale is fixed by interatomic spacing).

[F. Dalfovo et al., RMP 71, 463 (1999); A.J. Leggett, RMP 73, 307 (2001)].
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Boson gas density vs. T : theory meets experiment

[F. Dalfovo et al., RMP 71, 463 (1999); A.J. Leggett, RMP 73, 307 (2001)].
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The first (Boulder) BEC experiment (1995): concept & procedure
[Anderson et al., Science, 269, 5221 (1995)]

o A 87Rb source in vacuum (10−6 mbar) is heated, so that atoms are
“evaporated” at v ∼ 100 cm/s;

o Part of the atom flux is isolated and slowed down by a laser beam 1, to a
velocity as low as v ∼ cm/s (i.e. T ∼ µK);

o Further cooling is achieved by magnetic trapping, down to 170 nK;

o A 10 µm -sized BEC is thus formed, consisting of ∼2000 Rb atoms.

o The BEC was sustained for more than 15 seconds.

1Laser cooling: cf. Nobel Prize 1997 awarded to Steven Chu, Claude Cohen-Tannoudji and William Phillips.
www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)
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First BEC experiment (continued)
[Anderson et al., Science, 269, 5221 (1995)]
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The Boulder experiment (rubidium gas, 87Rb) by Wiemann, Cornell et al.
[Anderson et al., Science, 269, 5221 (1995)]
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The MIT experiment (sodium gas, 23Na) by Ketterle et al.
[Davis et al., PRL, 75, 3969 (1995)] ; fig. from: Nobel lecture [Ketterle et al., RMP, 74, 1131 (2002)] ; cf. movie 1.
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2. BEC modelling: the Gross-Pitaevskii Equation (GPE)

Mean Field Theory for BE condensation → Gross-Pitaevskii Eq. (GPE):

i~
∂ψ

∂t
=

[
− ~2

2m
∇2ψ + V (r) + g|ψ|2

]
ψ (1)

which takes into account:

o − ~2

2m∇
2 ≡ − ~2

2m

(
∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2

)
: a kinetic term;

o V (r): the trapping potential, e.g. V (r) = 1
2m(ω2

xx
2 + ω2

yy
2 + ω2

zz
2);

o g|ψ|2: interatomic interactions, with g = 4π~2a/m; these may be either

* repulsive: g > 0 (a > 0: positive scattering length); BEC stability
or

* attractive: g < 0 (a < 0: negative scattering length); BEC collapse.
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Scattering length: tuning via Feshbach resonance

The strength of atomic interactions varies strongly near a Feshbach
resonance, at some specific value of an external magnetic field.

Thus,
the scattering length may be controlled via external magnetic fields
(experiments on 23Na gases) [Inouye et al. (MIT + Ketterle), Nature 392, 153 (1998)]:

www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)
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Scattering length: sign inversion ....

2002: a negative scattering length is realized experimentally (a < 0), ...

(→ g < 0: repulsive → attractive interaction; focusing nonlinearity)
[Strecker et al. (Rice U. + Hulet), Nature 417, 150 (2002)]
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Scattering length: sign inversion ....

→ formation of bright soliton trains! [Strecker et al. (Rice U. + Hulet), Nature 417, 150 (2002)]
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Scattering length: sign inversion bis ....: Paris - Texas: 1-0
2002 (one month earlier!): a similar experiment is carried out in Paris
[Khaykovich et al. (ENS, Paris + Salomon), Science 296, 1290 (2002)]
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3. (Linear and) nonlinear excitation in BECs

o Scattering length a tuning has boosted nonlinear analysis of BECs.

o A plethora of excitations have been predicted (and realized in appropriate
designed experiments).

These include ...

(→ next slide)
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Propagating linear oscillations (waves)

reprinted from [F. Dalfovo et al., RMP 71, 463 (1999)]
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Bright soliton trains (for attractive interactions)

reprinted from [Strecker et al. (Rice U. + Hulet), Nature 417, 150 (2002)]
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Stable Dark solitons (for repulsive interactions) ...

i.e. void regions versus a finite density background:

reprinted from [Denschlag et al., Science 287, 97 (2000)]
www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)
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Stable Dark soliton ensembles (interacting)

reprinted from [Denschlag et al., Science 287, 97 (2000)]
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Stable Dark solitons decaying into vortices
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Vortices & vortex lattices

reprinted from [Abo-Shaeer et al., Nature 292, 476 (2001)]
www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)
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Vortices & vortex lattices (continued...)

reprinted from [Abo-Shaeer et al., PRL 88, 070409 (2002)]
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4. Coupled BECs: History and modelling

o Coupling among BECs was considered and realized very early.
Interference patterns were observed, motivating further investigation:
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4. Coupled BECs: History and modelling

o Coupling among BECs was considered and realized very early.

o A number of experiments were devoted to coupled boson gases, either of
similar nature (symmetric BEC pairs) ... :
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4. Coupled BECs: History and modelling

o Coupling among BECs was considered and realized very early.

o A number of experiments were devoted to coupled boson gases, either of
similar nature (symmetric BEC pairs)...

o ... or distinct ones (asymmetric BEC pairs), e.g. 87Rb-23Na, 87Rb-85Rb:

from: Hall et al., PRL 81, 1539 (1998)
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4. Coupled BECs: History and modelling

o Coupling among BECs was considered and realized very early.

o A number of experiments were devoted to coupled boson gases, either of
similar nature (symmetric BEC pairs) ...

o ... or distinct ones (asymmetric BEC pairs), e.g. 87Rb-23Na, 87Rb-85Rb, or ...

o ... or, more recently, optical lattices (beyond the dilute, weakly interacting
boson gas limit), i.e. chains consisting of N BECs, realized via appropriate
magnetic traps.
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4. Coupled BEC (cBEC) modelling (at the bottom of the trapping well)
→ coupled Gross-Pitaevskii Eqs. (cGPE):

i~
∂ψ1

∂t
+

~2

2m1
∇2ψ1 − g11|ψ1|2ψ1 − g12|ψ2|2ψ1 + µ1ψ1 = 0

i~
∂ψ2

∂t
+

~2

2m2
∇2ψ2 − g22|ψ2|2ψ2 − g21|ψ1|2ψ2 + µ2ψ2 = 0 (2)

where ∇2 ≡ ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 and

o gjj = 4π~2ajj/mj (j = 1, 2) measure intra-BEC interatomic interactions:
repulsive (attractive) for gjj > 0 (gjj < 0), i.e. ajj > 0 (ajj < 0);

o gjj′ = 2π~2ajj/mjj′ (j 6= j′ = 1, 2) measure inter-BEC interactions,
where mjj′ = mjmj′/(mj +mj′) is the reduced mass;

o µj are the chemical potentials, i.e. Φj = ψj exp(−iµjt/~) (
∫
drψ2

j = Nj,0).
www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)
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5. Stability analysis of cBECs
Material from [I. Kourakis, P. K. Shukla, M. Marklund, and L. Stenflo, Eur. Phys. J. B 46, 381 (2005)].

o Let us consider harmonic cBEC vibrations in the form

ψj = ψj0 exp[iϕj(t)] ;

o Substituting in the cGPE Eqs., we obtain ϕj(t) = Ωj0t, with

Ωj0 = −gjj

~
ψ2

j0 −
gjj′

~
ψ2

j′0 + µj , for j and j′(6= j) = 1 and 2 .

o We now assume a small external perturbation ψj1 by setting

ψj → (ψj0 + εψj1) exp[iϕj(t)] (ε� 1) ,

where ψj1 ∼ exp[i(k · r− Ωkt)]; the perturbation wavenumber k and

frequency Ωk will be determined by the cGPE Eqs.
www.tp4.rub.de/∼ioannis/conf/2005-ICTP2-oral.pdf New Trends in Nonlinear Physics, ICTP, Trieste (17.09.2005)
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Perturbation dispersion relation
An eigenvalue problem is obtained, viz. Ma = (~ω)2a, leading to(

Ω2
k − Ω2

1

) (
Ω2

k − Ω2
2

)
= Ω4

c , (3)

where:

o the individual BEC terms read: Mjj = ~2k2

2mj

(~2k2

2mj
+ 2gjj|ψj0|2

)
≡ ~2Ω2

j ;

o the BEC coupling terms read: Mjj′ = −2~2k2

2mj
gjj′|ψj0||ψj′0| ≡ ~2Ω2

jj′ ;

o the coupling is expressed via Ω4
c = Ω2

12Ω
2
21 ≡M12M21/~4.

o INTERMEZZO: “switching off” the coupling:

Ω2
k = Mjj/~2 =

k2

2mj

(
~2k2

2mj
+ 2gjj|ψj0|2

)
j = 1 or 2 .
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INTERMEZZO: “switching off” the coupling:

Ω2
k = Mjj/~2 =

k2

2mj

(
~2k2

2mj
+ 2gjj|ψj0|2

)
j = either 1 or 2 .

o For gjj > 0 (repulsive interactions): rhs > 0, hence stability ;

o For gjj < 0 (attractive interactions): rhs < 0 for

k < kcr ≡ 2 (mjgjj)1/2|ψj0|/~ ,

hence instability for large perturbation wavelengths → collapse!
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INTERMEZZO: “switching off” the coupling:

o Max. instability growth rate σmax = gjj|ψj0|2/~ ≡ Ω0 occurs at k = kcr/
√

2 .

Ω2
j/Ω

2
0 vs. k/kcr σj/Ω0 vs. k/kcr

o This result is reminiscent of (yet not identical to) modulational
(Benjamin-Feir) instability in nonlinear dispersive media, e.g. in optical
media featuring a focusing nonlinearity; also in plasmas, water waves, etc.
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(Stability analysis of) The coupled BEC system ...
The cBEC dispersion relation is satisfied by the (complex, in general) roots of
a 4th order (biquadratic) polynomial in Ω (8th order in k), viz. p(Ω, k) = 0:

Ω2
k =

1
2
(Ω1 + Ω2)2 ±

1
2
[(Ω1 − Ω2)2 + 4Ω4

c]
1/2

The analysis involves an enlarged parameter space {k; gjj, gjj′}.

The (lengthy!) investigation of the conditions for reality of Ω (hence stability)
for an arbitrary (asymmetric, in principle) pair of boson gases (cBEC) yields:

o (possibility for) an enlarged unstable wavenumber range;

o (possibility for) an increased growth rate (in case of cBEC instability);

o a modified value of Ω (in case of cBEC stability).
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(Stability analysis of) The coupled BEC system ...

o An enlarged unstable wavenumber range is obtained, in addition to ...

o an increased growth rate (in case of cBEC instability);

σj/Ω0,1 & σ12/Ω0,1 vs. k/k1,cr
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Stability criteria for coupled BECs
Stability is ensured if all of the following criteria are satisfied:

o Criterion 1:
g11 > 0 and g22 > 0 .

→ Instability if one (or more) BEC with attractive interactions is involved.

o Criterion 2:
g11g22 − g12g21 > 0 ;

→ Generalization of previous criterion: |g12/g11| < 1, for symmetric cBECs.
→ Previous criterion (obtained via energetic arguments) extended.
[Stamper-Kurn, 1999; Modugno, Roati, 2002; Svidzinsky, 2003].

o Criterion 3:
V12V21 > 0 .

(→ Automatically satisfied since V12 = V21, in principle.)
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Conclusions

o BECs provide an excellent test-bed for nonlinear theories, related e.g. to
the dynamics of localized excitations, in various dimensionalities (related to
trapping geometry).

o The actual realization of BECs requires sophisticated experimental
techniques, but in turn offers the possibility for refined tuning of nonlinear
parameters and design of purpose-built devices.

o On coupled BECs: one still needs to refine the theory, by taking into
account the existence of an external magnetic trap, of variable size and
geometry.

o Further work on coupled BECs is on the way and will be reported shortly.
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Thank you for your attention !

I.K.
www.tp4.rub.de/∼ioannis
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