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Introduction: the physical picture

~

SE

Nonlinear FLRW /
and GCD transport / . e
of charged / /

particles

Introduction

Field Line Random
Walk (FLRW)

Analytical resul
for the sla

scattering of

s = Cosmic Rays (CR) CR's B,

Generalized

o

Compound o Magpetic field: By + 0B(7)
o
o

Diffusi
Mean magnetic field: By = Byé,

Turbulent magnetic field component 83 (7)

@ Turbulent electric field § E neglected
Nonlinear FLRW and GCD transport of charged particles
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Aim:

@ Describe FLRW via a statistical-mechanical model;

o Identify the asymptotic FL wandering (L Bg) regime,

Nonlinear FLRW VIZ.

and GCD transport <(A$(Z))2> ~ zﬁFL

of charged
particles

where:

Introduction
Field Line Random e (B = 1: Diffusion
Walk (FLRW o Brr < 1: Subdiffusion

Analytical results ) . .
for the slab e [Brr > 1: Superdiffusion

composite model

@ Associate FLRW with particle random walk in space;

Perpendicular
scattering of
charged particles

o Identify the random particle (L Bg) motion regime, viz.

Generalized
Compound 2

Diffusion (GCD) <(A$(f)) >P ~ 7P
Comparison with
observations
Summary and
Conclusion

@ — Anomalous particle transport in turbulent plasmas
(cf. cosmic plasmas, fusion plasmas, ...).
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Part I: Field Line Random Walk (FLRW) -

prerequisites and modelling
Field line equation (for 0B, < By):

_ 9B.(3(2))

d
x Bo

dz

— cf. Green-Kubo formalism for random processes.
Field line Mean Square Deviation (MSD):

2 _i e N ZI ? Z” Z/Z”
<(Aaz(z)) >_B(2)R /0 d /Od Rew(2, 2")
with
Ruw(2',2") = (6B (Z(2))6 BE(Z(2")))

— Field correlation function: key element in the theory.

Nonlinear FLRW and GCD transport of charged particles
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Theoretical modelling:

@ Fourier transformation for the turbulent field;

@ Assumption: homogeneous and axisymmetric
Nonlinear FLRW .
and GCD transport tUrbUIence,

of charged Cy . .
particles @ Corrsin's independence hypothesis:

<5Bx(E)5B;(E)eiE~Af<z>> ~ <5Bz(;;)533;(;;)> <€z’E-Af<z>>

Walk (FLRW)

Analytical results . . . .
for the slab @ Assumption: Gaussian field line d.f. fj(2);

composite model

@ Hybrid (composite slab/2D) turbulence model:

Perpendicular
scattering of
charged particles R = (slab = (9D
Generalized 5B(7?‘) = 5B(s @ )(Z) + 6B( )(x,y)

Compound
Diffusion (GCD)

Comparison with . - -
o Cf. Slab turbulence assumption: 0 B(") = 0 B(z)

Summary and o Cf. 2D turbulence assumption: 6 B(7) = 0B (z, y)

Conclusion
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@ Magnetic turbulence correlation tensor:

Nonlinear FLRW Pxx(k’ t) =< 6Bx(k;’ t)(sB;(k’ 0) >
and GCD transport
of charged

particles e Magnetostatic turbulence: PII(E, t) = PM(E)
e Slab/2D composite geometry:

Field Line Random - - -
Walk (FLRW) Poo(k) = Psla*(k) + P2P (k)
Analytical

for the sla Where

scattering of Pslab (E) _ gslab (kH )

charged particles T

Generalized
Compound

Diffusf

observations
Summary
Conclusion

A. Shalchi & i Ruh versitit Bochum Nonlinear FLRW and GCD transport of charged particles




Nonlinear FLRW
and GCD transport
of charged
particles

Introduction

Field Line Random
Walk (FLRW)

Analytical results
for the slab
composite model

Perpendicular
scattering of
charged particles

Generalized
Compound
Diffusion (GCD)

Comparison with
observations

Summary and
Conclusion

A. Shalchi & |. Kourakis

RUHR-UNIVERSITAT BOCHUM

Standard form of the wave spectrum:

Sta C(V) —V
g (ky) = ?lslabéleab (1 + kfl30)

and

2C (v 0y
k1) = 203, (14 K283,)

Defs.:

the normalization constant C(v),
the characteristic bendover (box) scales 54 and lop,
the strength of the turbulent fields d B4, and 6 Bsp,

the inertial range spectral index 2v;

Ru ers Bochum Nonlinear FLRW and GCD transport of charged particles
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The tedious calculation leads to:

2 — —
Nonlinear FLRW <(Aﬂf(2>)2> — B2/d3k Pxx(kj)
0

and GCD transport
of charged

particles : / / N e 3 <( .’E(Z,))2>k72
X dz' (z —2') cos(k‘Hz )e 2 A 1
Introduction 0

Field Line Random
Walk (FLRW)

Alternatively, applying the operator d?/dz? we get the ODE:

Analytical results

: d? 9 2 - -
Perpen.dlcular A > = —_ dgk P 5 ]f
e 7 (27 B} / )
Generalized % COS(]CHZ) 67%<(A:E(z))2>kj

Compound
i on

Diff
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Analytical results for the slab/2D
composite model

@ For pure slab geometry we have (for z > l44):

((A())?) = 26p1 |2]

= (Markovian, classical) diffusion of field lines

@ For slab/2D composite geometry we find (for z >> l4p):

<(Ax)2> = [90(1/)\/2521) ‘5?(2;] v 2[4/

= Superdiffusion of field lines

Ruh versitit Bochum Nonlinear FLRW and GCD transport of charged particles



Parameter set 1: 80% 2D, 20% slab, lap/lsqp = 0.1:
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and GCD transport
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Field Line Random
Walk (FLRW)

Analytical results
for the slab/2D
composite model

MSD/(2z1_)

Perpendicular 0.2+ —-—- pure slab model (theoretical)
scattering of ! - -+ - pure slab model (numerical)
charged particles —— 80-20 2D/slab composite model (numerical)
Generalized - - -80-20 2D/slab composite model (theoretical)

Compound
Diffusion (GCD) 0.0

T T
0 100 200

observations -
Summary and pOSItIOn z/ Islab
Conclu:
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Parameter set 1: 80% 2D, 20% slab, lap/lsiap = 0.1:

7 - - - 8020 2Dsslab composite model (theoretical)
d GCD t t - - - - pure slab model (numerical)

" of charﬁ:‘jpor —— 80-20 2D/slab composite model (numerical)
particles 5 | — pure slab model (theoretical)

Nonlinear FLRW

2
slab

Field Line Random
Walk (FLRW)

Analytical results
for the slab/2D
composite model

Perpendicular
scattering of
charged particles

MSD <(ax)*> /|

Generalized
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observations ,
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Parameter set 2: 10% 2D, 90% slab, lop/lsiep = 0.1:

Ruhr-Universitat Bochum

10%-30% 2D/slab comp, model (numerical)
84 - -~ 10%-90% 2D/slab comp. model (analytical)
pure slab model (numerical)
- - - pure slab model (analytical)
/ U
S — SR 3
PP A
e N,E 4
LT v
L7 a 24
. 2
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-~ pure slab model (analytical) L
o 500 1000 1500 2000 i 2 3 4 5 6 7 8
positionz /1, positionz /1
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Parameter set 2: 10% 2D, 90% slab, lap/lsiap = 0.1:

2
slab
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—— 10%-90% 2D/slab comp. model (numerical) f
84 --- 10%-90% 2D/slab comp. model (analytical) P
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Parameter set 2: 10% 2D, 90% slab, lop/lsiep = 0.1:

MSD/(2z1,,)

10%-90% 2DJslab composite model (numerical)
pure slab model (numerical)
-+~ pure slab model (analytical)
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position z /|
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Parameter set 2: 10% 2D, 90% slab, lop/lsiep = 0.1:
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Part Il: Perpendicular scattering of
charged particles - prerequisites

Previous approaches for L By particle random walk:

Quasilinear theory of particle transport (Jokipii 1966)
Nonlinear closure approximation (Owens 1974)

The BAM model (Bieber & Matthaeus 1997)

The compound transport model (Kota & Jokipii 2000)
Non-Gaussian statistics (Zimbardo et al. 2000)

The NL guiding center theory (Matthaeus et al. 2003)
The weakly NL theory (WNLT, Shalchi et al. 2004)
The extended NLGC-theory (ENLGCT, Shalchi 2006)
Chapman-Kolmogorov description (Webb et al. 2006)
+ Ruffolo et al. 2004, Ragot 2006, ...

A. Shalchi & |. Kourakis Ruhr-Universitat Bochum Nonlinear FLRW and GCD transport of charged particles



RUHR-UNIVERSITAT BOCHUM

Test-particle simulations:

@ Slab geometry *:

and GCD transport
of charged
particles

Nonlinear FLRW <(A$)2>P ~ A\t

= subdiffusion

H %,
T e Slab/2D composite geometry **:
Walk (FLRW)

Analytical resgts <(A$)2> ~ 1
P

composite model

Perpendicular . .
scattering of = recovery of diffusion?
charged particles

Generalized @ No theoretical explanation

Compound

Diffusion (GCD) (£ ENLGCT, but: crude approximations & assumptions);

o Need for a generalized compound transport model.
Summary and * Qin et al, GRL 29 1048, 2002; ** ibid, ApJ 578 L117, 2002.

Conclusion

A. Shalchi & |. Kourakis Nonlinear FLRW and GCD transport of charged particles
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Generalized Compound Diffusion (GCD)

Guiding center approximation

(Ax)) (1) ~ <<<Am>2>FL<z<t>>>

and thus
2 Feo 2
(Az)2) (1) = / dz (Az)?) ., (2) fp(zt)

For fp(z,t) we assume a Gaussian particle distribution:

1 2
fr(zt) = e HE07r

2n((82)") )

Nonlinear FLRW and GCD transport of charged particles
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For slab geometry and for the standard spectrum we have

Nonlinear FLRW

and GCD transport 2
orf):::iaglizd <(A$) >FL(Z) = 2/€FL |z’
2
<(Az) >P(t) = 2/43”?5
vx'/eai(FLRM The GCD-model provides:

Analytical results

[kt
Perpendicular <(A$)2>P (t) — 4K’FL % ~ \/E

scattering of
charged particles

Generalized = Perpendicular particle transport behaves subdiffusively!
Compound
Diffusion (GCD)

Comparison with
observ. s

Summary a

Conclusi
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The time-dependent perpendicular mean free path
AL~ <(Ax)2>P /(2t) for pure slab geometry:

Nonlinear FLRW
and GCD transport

0.0: T T
of ch.arged —— Simulations
particles ——GCD,ENLGC
—QLT
- 0.025[ ——NLGC
Field Line Random 0.02
Walk (FLRW)
2
Analytical results ‘E
for the slab/2D ;40 015 T
composite model
Perpendicular 0.01
scattering of
charged particles
Generalized 0.008¢ 1
Compound L
Diffusion (GCD) N N
0
0 500 1000 1500
=vt/l 1ab

observations s

Summary and
Conclu:

A. Shalchi & |. Kourakis Ruhr-Universitat Bochum Nonlinear FLRW and GCD transport of charged particles

[A. Shalchi, A & A, 453, L43 (2006)].
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For slab/2D ite turbulence: ((Az)”)  ~ |2/
s;‘:rsa/ composite turbulence <( x) >FL |z|*/°,

By

of charged
particles

e (o), o0 ‘53”))4/3 Lo (29?) ]

with

T(7/6 2/3
19 (1 o)

0.5

%

for the slab/2D a(y): ﬁ

composite model

Perpendicular
scattering of <(A$)2 > P

. o b -
charged particles ASSUm|ng Rxx(t) - 2% ~ t + )K/ZZ(t) -
Generalized we Obtain:

Compound 2bH —1

Diffusion (GCD)

Comparison with
observations

Summary and

((22%)

~ ol

Conclusion

A. Shalchi & |. Kourakis
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The ratio of perpendicular and parallel diffusion coefficients
for R = RL/lslab = 0.001:

025
——NLGC-Theory
——ENLGC-Theory|
——Simulations

0.2 ——GCD-Model

T o1s

M

ey

€

201

0.05 B
0 . .
0 500 1000 1500

T=vi/ ‘slab

= Good agreement between the GCD-model & simulations!
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Comparison with observations

Assume diffusion of parallel transport
(< (Az(t))* >p~ 2k t) and thus

_a(v) (0Byp\*? (t2pry) ™"
/il(t) - 91/3 By t1/3

To proceed, we average over the scattering time
tc = )\”/U

and we use \| = 3x)/v and A} = 3k /v to find

~ 3\ /3 §Bap \*/? 2/3\1/3
AL = <2> a(u)( Bo ) oA

Nonlinear FLRW and GCD transport of charged particles
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For
v = 5/6
6B3,/B2 = 0.8
Nonlinear FLRW 2D 0 - .
and GCD transport
of charged l2D — 0.1lslab ~ OOOBAU
particles
)‘||,Palmer ~ 024U
ield .
Walk (FLRW) we find
Analytical results
/\J_7GCD ~ 0.009AU
Perpen.dicular
o tiles in agreement with observations (see e.g. Palmer (1982))
Generalized Where we haVe
Compound
Diffusion (GCD)
Comparison with )\L,Palmer o 0007AU

observations

[A. Shalchi & I. Kourakis, A & A, 470, 405 (2007)].
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Summary and Conclusion

In most cases: FLRW behaves superdiffusively

The (generalized) compound transport model is a useful
tool for describing perpendicular cosmic ray scattering
analytically

The GCD-model agrees with test-particle simulations
for slab and slab/2D composite geometry

By averaging the result for slab/2D turbulence we can
explain observed perpendicular mean free path
However, there is a weak subdiffusive behavior of
perpendicular scattering for slab/2D composite
geometry

Nonlinear FLRW and GCD transport of charged particles
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Observed turbulence spectrum (solar CR):

SPECTRAL DENSITY [ nT?/Hz )

10°

HELIOS - 2

Bz
APRIL 14,1976
DIST.TO SUN=0.30AU

INSTRUMENT
NOISE LEVEL
~

EQUIVALENT DEGREES

OF FREEDOM
F— 5400 —
b3 — - >£000004
— T T
0 107 10° 102

FREQUENCY [Hz]
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Appendix 2
= Good agreement between the GCD-model & simulations!

Re-interpretation of the Qin et al. (2002) simulations
(compatible with GCD) suggests that:

o Parallel transport is weakly superdiffusive

((82)%)p ~ 112

@ Perpendicular transport is weakly subdiffusive

((A2)) ~ 128

A. Shalchi & I.
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