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Outline

e Introduction & prerequisites
— Amplitude Modulation (AM), modulated excitations.

— Pair plasmas, e-p plasmas, e-p-i plasmas.

e Part A: Fluid model for ES waves in pair plasmas and “doped” pair plasmas
— Perturbation (multiple scales) method for AM.

— Modulational instability (MI) analysis, envelope excitations.
e Part B: EM waves in pair plasmas

e Conclusions
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Intro.: The mechanism of wave amplitude modulation
The amplitude of a harmonic wave may vary in space and time:
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Intro.: The mechanism of wave amplitude modulation
The amplitude of a harmonic wave may vary in space and time:
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This modulation (due to nonlinearity) may be strong enough to lead to wave
collapse (modulational instability) or to the formation of envelope solitons:

1.5

A
A

1.9 TR ?

www.tpd.rub.de/~iocannis/conf/2007-ICTP-oral2.pdf 2007 Summer College on Plasma Physics, ICTP (Trieste, ltaly)



|. Kourakis, Collective processes in dusty plasma crystals 4

Intro.: The mechanism of wave amplitude modulation
The amplitude of a harmonic wave may vary in space and time:
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This modulation (due to nonlinearity) may be strong enough to lead to wave
collapse (modulational instability) or to the formation of envelope solitons:

1.5 1.5

B A MM T i R
A il

~1.¢ T A ? 1.

|
——

www.tpd.rub.de/~iocannis/conf/2007-ICTP-oral2.pdf 2007 Summer College on Plasma Physics, ICTP (Trieste, ltaly)



|. Kourakis, Collective processes in dusty plasma crystals >

Modulated structures are encountered in various environments
e.d., in the magnetosphere:
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From: Ya. Alpert, Phys. Reports 339, 323 (2001))
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..., in satellite (e.g. CLUSTER, FAST, ...) observations:
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Figure 2. Leff: Wave form of broadband noise at base of
AKR source. The signal consists of highly coherent (nearly
monochromatic frequency of trapped wave) wave packets.
Right: Frequency spectrum of broadband noise showing the
electron acoustic wave (at ~ 5 kHz) and total plasma fre-
quency (at ~ 12 kHz) peaks. The broad LF maximum near
300 Hz belongs to the ion acoustic wave spectrum participat-
ing in the 3 ms modulation of the electron acoustic waves.

From: O. Santolik et al., JGR 108, 1278 (2003); R. Pottelette et al., GRL 26 2629 (1999).
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..., in numerical simulations:
e.g. early (1972) numerical experiments of EM cyclotron waves:

y(x), [BLx)]
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'!f'm. 2. Spatial variation of the y component of the wave F1o. 3. By(x) and | B(x)| for case 4. Note the stee )cnigigfthe
magnetic ficld Bv(;f)_ (solid curve) and the magnitude of the wavefront which leads to the collapse of The wave. ™=
total field | B(x)| (thin curve) at different time of evolution for

0] s the mudins ol o A Eeation o
From: A. Hasegawa, PRA 1, 1746 (1970); Phys. Fluids 15, 870 (1972).
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..., in experiments on ES plasma waves:
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Frcure 5. Oscilloscope traces of the detected signal for different excitation voltages.
The probe was fixed at 14 cm from the grid. f, = 400 kHz and f,, = 50 kHz.

From: Bailung and Nakamura, J. Plasma Phys. 50 (2), 231 (1993).
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Pair-ion plasmas: prerequisites (1)

e Electron-ion plasmas:
— electrons e~ (charge —e, mass m.),

— jons it (charge +Z,e, mass m; > m.),

e Intrinsic features (taken for granted in “ordinary” e-i plasmas):

— Distinct electron/ion frequency scales, e.qg.

1/2
47777/3@13 f qsB
Pl ; We,s = (s =e,1)
ms msc
hence Woio polWpiis b ]

— Longevity (recombination neglected, total density conserved).
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Pair-ion plasmas: prerequisites (2)

e Pair-ion plasmas:
— Positive ions i* (charge +Ze, mass m),
— Negative ions i~ (charge —Ze, mass m),

— ... (heavier ions, in a multi-component eg. e-p-i composition).
e No (pair-ion) frequency separation:  w, . ~w, _  We4 = We .

e New Physics:

— Novel ES/EM mode profile
[lwamoto PRE 1989, Stewart & Laing JPP 1992, Zank & Greaves PRE 1995, , Verheest & Cattaert 2005, 2006].

— No Faraday rotation.
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Pair-ion plasmas: prerequisites (3)

e Magnetized electron-positron (e-p) and e-p-i plasmas exist(ed) in:
— pulsar magnetospheres [Ginzburg 1971, Michel RMP 1982],

— bipolar outflows (jets) in active galactic nuclei (AGN)
[Miller 1987, Begelman RMP 1984]

— the center of our own galaxy [Burns 1983],
—the early universe [Hawking 1983],
— Inertial confinement fusion schemes |[Liang et al. PRL 1998]

— experiments
[Greaves, Surko et al. PoP 1994, Zhao et al. PoP 1996].

e Pair-ion plasmas (p.p.) have been formed in laboratory,
— recent fullerene ion (ng) experiments [Oohara & Hatakeyama PRL 2003].

— a very promising perspective (no recombination, unlike e-p)
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Open questions

e Are ES/EM plasma waves propagating in p.p. modulationally stable?

e Can envelope excitations occur in pair plasmas?

e What if a third massive species were present? (XtX —d*, e ptit, ...

o — X1tX~d*: pair plasmas “doped” with dust defects;

e — e pTit :roleof iT in e-p-i plasmas (w.r.t. high f oscillations)

wwwisLpd,. hub.de/~icannis/.conf /2007 -TCTP—omrali2.pdf
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Part A: (2+1)-fluid model for ES waves:
Fluid equations: (for j = 17,27)

on ;
(‘9—tj+v.(njuj) =0
ou Ze 1
a—tj—kuj 'Vllj = —sjEV¢— mnj ij
R =GR (. DG ] R L 1 L . IS e |/ = o

Poisson’s equation

V2 = —Arx qufns = Adre(Zn_ — Zny — s3Z3ng3)

Neutrality hypothesis at equilibrium (only):

ZTL_|_,0 ir Zn_,o i 8323 NnNg' =+ 0

— 3%: a massive (immobile) background species, eg. 3 = it in epi plasmas.

“Pure” p.p.: n3 =0, i.e. nyo=mn_o, whereas ny #0ine ptit or XTX d~.

13
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Perturbation method for modulated waves
— 1st step. Define multiple scales (fast and slow):

T():t, leét, T2:€2t,

r=(x,y,2)

— 2nd step. Expand near equilibrium:

(4 2

N " MNjo+€EN;1 T € Nj2 + ..
Al 2

u;, ~0+ecuj;+eujo + ...

¢=0+€ed+ € Py + ...

(e < 1).

14
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Perturbation method (continued)
— 3rd step. Project on Fourier space, i.e. consider Vm =1, 2, ...

Z S(m) ey e S<m)+2z S( )cosl(k r — wt)

l=—m E=4

— 4rth step. (for multi-dimensional propagation) Modulation obliqueness:

the slow amplitudes ¢\, etc. vary only along the z-axis:
S = 8™ (x. T, j=1,2,..
while the fast carrier phase 6 = k - r — wt is now (in 2d):

kpa 4 kyy—wt=krcosa—wt .

15
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First-order solution (~ €')

1/2
. . . 1 b ¥R
e Dispersion relation w = w(k), for w « Tl g A = S il
2 212 B2
IS s, ws 7 (w2 + K22,
where
1408 T_

Wi (L BVl hi - =8
Density ratio (— 1 in pure p.p.):

148 m

B = n+,0/n—,o

Temperature ratio:
O = T+/T_

e The solution(s) for the 1st—harmonic amplitudes (e.g. gbgl)) read:

(1) Bk? w _ Bk 1 AL G AZT
e Tk U

n = = —Uu
s T2 3062/{2 1 W Tl g
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Dispersion relation vs. parameters 5 =n, o/n_p,and o =1, /T_

- =1 p=0.39
nE 3 (1] —o=0.1
ey 2 51
27 z ......
169 1.5
i3 13
0.5 0.5
D; I:I:IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
0 02 04 0OF 08 1 1.2 1_4;5 0 02 04 0B 08 1 12 14F

From: Esfandyari, Kourakis, Mehdipoor & Shukla, JPA: Math. Phys. 39, 13817 (2006).
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Second-order solution (~ ¢?)

e From m = 2,1 = 1, we obtain the relation:

oY

a1, T Yax,

where

il Pl 1)

— ¢ = ¢{" is the potential correction (~ €!);

__ Ow(k)

an.~ 1s the group velocity along z;

— the wave’s envelope satisfies: ¥ = ¢ (e(x — v4t)) = P(C).

e The solution, up to ~ €2, is of the form:

b~ €1 cosl, + € [ o) gb

cos 0. + ¢§2> cos20.] + O(€%),

(+ similar expressions for ny,_ and u,_)

e — Harmonic generation!.

wwwisLpd,. hub.de/~icannis/.conf /2007 -TCTP—omrali2.pdf
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Third-order solution (~ ¢°)

e Compatibility equation (from m = 3,1 = 1), in the form of:

oY 0% gl
ZE—FP({)—CQ—FQ’?M =41

i.e. a Nonlinear Schréodinger—type Equation (NLSE) .
e Variables: ¢ = e(x — v,t) and 7 = €2 ¢;

e Dispersion coefficient P:

1 0%w I A - sin® o
P—§ak%—§ w' (k) cos” a + w'(k) B (2)
e Nonlinearity coefficient Q: ... — (omitted)

= A (lengthy!) function of k, angle . and plasma parameters.
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NLSE Story 1: Modulational (in)stability analysis

e The NLSE admits the harmonic wave solution:

e &eiQWPT AT

e Perturb the amplitude by setting: ¥ = 1y + 61@1,0 cos (k¢ — &)

e We obtain the (perturbation) dispersion relation:
g (122 p 2%|¢1,0|2> .

e If PQ) < 0: the amplitude v is stable to external perturbations;

o If PQ > 0: the amplitude 1 is unstable for k < 1/2%[4y |-

www.tpd.rub.de/~iocannis/conf/2007-ICTP-oral2.pdf 2007 Summer College on Plasma Physics, ICTP (Trieste, ltaly)
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NLSE Story 2: Localized envelope excitations (envelope solitons)

e The NLSE:

Oy 0% Ay
ZE—FPa—@—l—Q‘w‘ P =0

accepts various solutions in the form: ¢ = pe'® :

The total electric potential is then:
¢ ~ € p cos(kr —wt + O)
where the amplitude p and phase correction © depend on (, 7.
e If PQ) > 0: Bright solitons (envelope pulses);

e If PQ < 0: Dark (black/grey) solitons (envelope holes).

www.tpd.rub.de/~iocannis/conf/2007-ICTP-oral2.pdf 2007 Summer College on Plasma Physics, ICTP (Trieste, ltaly)
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Localized envelope excitations (solitons) for PQ) > 0

e Bright—type envelope soliton (pulse):

(—vT 1 i
p:posech(T , @:ﬁ[UC—(Q%—in)T].
where
2P 1
L= ——
@ po

20 10 10 20
o2l
—_ .4_
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1

1

Propagation of a bright envelope soliton (pulse)
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Cf. electrostatic plasma wave data from satellite observations:

Fit) L
nl |-

filter 80-125s

(from: [Ya. Alpert, Phys. Reports 339, 323 (2001)] )

wwwisLpd,. hub.de/~icannis/.conf /2007 -TCTP—omrali2.pdf
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Propagation of a bright envelope soliton (continued...)
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(— see movie)
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Localized envelope excitations for P() < 0

e Dark—type envelope solution (hole soliton):

( —oT

1/2 v
)] = LAY tanh(g L;UT>,

)./~ = a2 [v( — (1’02 — QPQ,O%) 7']

This is a propagating localized envelope hole (a void):

LV EL L

mny

1_

L

n H

I
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Localized envelope excitations for P() < 0

o Grey—type envelope solution (void soliton):

i
LA il e ST (0 :
p = =p3|l—a°sec T

This is a propagating localized envelope hole (a void, yet not vanishing at the
center):

1113111 ARRRRRR
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Stability profile (ESW): P/(Q ratio versus reduced wavenumber k\p _
— Lower (acoustic) mode:

00000057
-0.000011
00000153

-0.000021

-D.DDEIDQEE
— Upper (optic-type) mode:
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Stability profile (ESW): P/(Q ratio versus reduced wavenumber k\p _
— Lower (acoustic) mode:

0.00008; =1 0.00008;
0.000041 0.000041
0] T 0]
1 ~J 1 1:
4 "mlll: i
-0.00004; 5-05 I -0.000041
] --.p=0%2 e ]
0.00008] - B=0.94 o -0.00006

— Upper (optic-type) mode:
rPo P/Q

1E-6

5E-71

-5E-7]

1E-B]
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Part B: (2+1)-fluid model for oblique EM waves in p.p. or e-p-i plasmas
Fluid equations (for j = 17,27):

(1 = —q2 = +Ze)
(ml s m)

on ;
875] + V.- (nju;) =0
ou; q;
8tj +u,-Vu; = HJJ (E+Euj X B)
Maxwell’s laws:
1 0B 1 OE 47
P il ¥ ] E ir ) dtrr T By L 2 e -B =0
c Ot gk c Ot P c;njq]’ )
+ a convenient frame: 2
k = (k,0,0) .
By = (Bpcos6,0, Bysin )
) k
o X

www.tpd.rub.de/~iocannis/conf/2007-ICTP-oral2.pdf 2007 Summer College on Plasma Physics, ICTP (Trieste, ltaly)
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First-order (~ ¢'): linear dynamics

o Dispersion relation Yo: D(w, k;0) = do(w, k) +di(w, k)sin®f = 0
do(w, k) = D(w,k;0=0)
= (W —whepy)
><{ [(w2 = 02k2)(w2 L. QQ) £ wQuJZ%,eff] g w292(w22,,1 = %2),2)2}
= (W = whegy)
><{ WAL Q)[ (w v 02k2)( — Q) + wwﬁ)l] + w(w — Q)w;Q}
><{ w — 1) [—(w2 LRI w44y 4 wwi)l] + w(w + Q)w;Q} ,

di(w, k;0) = —c°k*Q° {k*w peff(w AT [4wp e e peff]}

D, 2

Notation: wi,eff = w 1t wp > ; $2is the (common) cyclotron frequency.

www.tpd.rub.de/~iocannis/conf/2007-ICTP-oral2.pdf 2007 Summer College on Plasma Physics, ICTP (Trieste, ltaly)
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First-order solution (~ €')

A7) k LD (Y p (A1)
) Frd nj,Ow 4,4C ]nyBy+ jnzB
(11) 14 (11) / (11) 1/
j”l' Ly ]7Z7yBy _I_ .771/7ZB
11 j 11 r -
EZ( g gl,z?yB; + glz)zB; (for j =1,2 and i = z,y, 2)
BP) = cst.
where (11) _ £t ] w23 sin 6 cos 6
R A klw2(w?2 —Q2 — w2 )+ Q2w 2 cos? 6]
o p.eff eff
(11) s Q2 sin 0 g
“hwa T k(w? — Q2)[w?(w? — Q2 — wg,eff) a Q2w;2),eff cos? 0]

(4,5 = 1,2 and 5" # 5)

wwwisLpd,. hub.de/~icannis/.conf /2007 -TCTP—omrali2.pdf
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(continued —)
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~11)
RIRY
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Jy»

~11)
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~(11)
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~11)
ela;y

o11)

el,y Y

~11)

Cel,y,z
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First-order solution (~ ¢') (continued)

wQ?(w? — wg,eff) cos 0

k [w2(w?

Quw

i (—1)

k(w? — Q32)

AR R K
i(=1) 1w +

w?Q(w?

peff

cos? 0]

Q302 AL cos 0 sin2 0

w2 (w2 — 2

— W orp)

w? — 0?sin? )

“peff

Q2{w3(w2 Lt f L

k [w2(w?

L d)d 5052

Dy

f)—i—Q w ffCOS29]

wgﬁff) + Q2 wp,eff cos 0(w cos 0 + i(—1)7Q sin? 6)} cos 6

+ Q2w 2QQeffcos29

k (w? — Q2) [w?(w?

_QQ_wZ

A

w22 i sin 0 cos 0

2 A 2
Y wp,eff CcOS 0]

~11)
cobee o cklw?(w?
Hayve il
elz ¥
JUL)F ARS
eLz,y Z;;'

_QQ

—wp pp) T

2 cos? 0]

ef f

9

9
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Second-order

33

solution (~ €?)

e From m = 2,1 = 1, we obtain a compatibility condition in the form:

OB |
T,

et

0B,

0 (3)

— B, = B! + 0B is the magnetic field (envelope) correction;

__dw(k) _ _ 9D/dk

~ v = “%7 = —5p780 IS the group velocity;

— the magnetic field correction (amplitude) satisfies:

By, = By/Z(Xl
— (' is a (complex) phase shift factor;

e Second and zeroth harmonic genera

wwwisLpd,. hub.de/~iocannis/.conf /2007 -TCTP—omrali2.pdf

BT Ung) = By/z(C) g

C — 45 for 0 — 0.

tion! (expressions omitted).
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Parallel (|| Bo) EM wave propagation: f = w/Q vs. k = ck/Q (for ny o # n_ )

Dy(w, k) = (w* — k%) (w? — Q7) — w2wg,eff + wQ(wZ%’l — wg,Q) =0

20 0.10
] (@ | @
16 - /,,// 0.08 - < . "
dhd e | k/(1+) " £ /2
12- g 0.06 - /

f 10l E e P TS f ; e oclc2

0.04 —?c;ﬂ h/(1+h)

0.02 4

1.5 20 0.00 0.02 0.04 0.06 0.08 0.10

Here = (ny o —n_0)/(nio+n_p0) =05 h=w; /0 =0.1.
From: N. Cramer, ICPP (2006).

2 linearly polarized modes*(n = 0, p.p.) vs. 4 circularly polarized modes (n # 0)
* [lwamoto PRE 1989, Stewart & Laing JPP 1992, Zank & Greaves PRE 1995, Verheest and Cattaert 2006, 2007].
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Nonlinear Schrodinger equation for the amplitudes Bﬁ )
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Influence of the 3rd species on EM wave stability:

=0
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From: Cramer, ICPP (2006).
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Perpendicular (. B,) EM wave propagation

o Dispersion relation for 0 = n/2: D(w,k;5) =di 1(w,k)d 2(w, k) =0

dL,l(w, k) = %+ w4[62 K 2(92 y W;%,eff)]
—w (2 + w2 pp)” = PR+ W2 )

+Qz[c2k2 (Q2 — wi,eff) + (wf),l — %372)2]

d1 s(w, k) = w* — wi)eff — c’k?

O-mode: a robust perpendicular mode, whose dispersion characteristics do
not depend on the ambient magnetic field ; same form for e-i plasmas.

Cf. (for Bo = 0) G S Lakhina & B Buti, Astrophys. Space Sci. 79, 25 (1981).
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O-mode results (Kourakis, Verheest & Cramer, PoP 14, 022306, 2007)
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FIG. 5. Coefficient ratio /P for: (2] “pure” pair plemas (r=1, iz, 8o
=a_p); (b} pair plasmas doped with positive background ions (r=05, iz,
A_g=2Rsal; Ic) pair plasmas dopad with negative background jons (re=2,
i, mg=2n_ gl (VP wnloes fscaled by 302, e provided by Egs. (19)
{241, and (14} vs cyclotron frequency (/e Here we have corsidered o
carrier frequency near the pleama frequency cutedf, ie., u-uﬂh'f.
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Conclusions

e Modulated ES and EM waves may undergo spontaneous modulational
instability; this may drive nonlinear evolution towards ...

e ... energy localization, via the formation of envelope localized structures
(envelope solitons);

e Modulated envelope solitons bear specific “signature” (features like e.g.
amplitude-width relation) which allow for a critical verification of the theory via
observations and/or experiments.

e The stability profile of ES/EM modes in p.p. are modified if a third, massive
species is present.

e Inherent drawback of a fluid theory: Landau damping overseen,
— to be considered a posteriori.

e Future extensions of the theory : relativistic effects, 2D geometry, more exotic
localized envelope solutions (dromions?), ...
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