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Introduction: Dusty Plasma Crystals (DPCs)

• Complex Plasmas (Dusty Plasmas, DPs) can be strongly
coupled and exist in a “liquid” (1 < Γ < 170) and in a
“crystalline” (Γ > 170(∗)) state(s), depending on the value of:

Γeff =
< Epotential >

< Ekinetic >
≈

Q2

r e−r/λD

kBT

(r: inter-particle distance, T : temperature, λD: Debye length, kB: Boltzmann’s constant).

→ Dusty Plasma (Debye/Yukawa) Crystals!!! (DPCs)

Theoretical prediction: 1986; Experimental realization: 1994

• Low Q/M ratio (ωp,d ≈ 10− 100 Hz)

• Mesoscopic scale: dust particle motion can be visualised and
studied at a (kinetic) level not accessible in atomic physics.
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Motivation: DPCs vs. generic crystal models

• Experimental research: various groups active worldwide
G E Morfill (MPIeP Garching, Germany), A Piel (Kiel, Germany), A Melzer (Greifswald,

Germany), D. Samsonov (Manchester, UK), J Goree (Iowa, US), V Fortov (Moscow,

Russia), Lin I (Taiwan), A Samarian (Sydney, AUS), S Takamura (Nagoya, Japan), ...

• Focus on: statistical mechanics, kinetic phenomena,
linear dust-lattice waves (DLWs), nonlinear (NL) DLWs
(e.g. longitudinal density solitons, transverse wavepackets)

• Theoretical research (on NL DL waves): the DP community
F. Melandsø(1996); M Amin, P K Shukla et al (1998+); B Farokhi et al (1999+); S.

Zhdanov et al. (2002); K. Avinash et al. (2003); V. Fortov (2004); I Kourakis et al (2004+).

• Theoretical research bis: the Nonlinear Science community
lattice theories, nonlinear optics, photonic crystals, periodic
metamaterials, complex systems of interacting sites, ...
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Outline – Menu (à la carte)

1. Dusty plasmas (DP) & DP crystals (DPCs): Prerequisites
Nonlinearity in 1D DP crystals: Origin and modelling

2. Transverse dust-lattice (TDL) excitations:
amplitude modulation, transverse envelope structures

3. Longitudinal dust-lattice (LDL) excitations:
amplitude modulation, envelope structures, solitons

4. 1D Discrete Breather excitations (intrinsic localized modes)

5. 2D Discrete Breather excitations in hexagonal crystals

6. Conclusions
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Preliminaries – Focus on 1D DP crystals: Model Hamiltonian

H =
∑

n

1
2

M

(
drn

dt

)2

+
∑
m6=n

Uint(rnm) + Φext(rn)

Terms include:

– Kinetic energy ;

– Φext(rn) accounts for ‘external’ force fields:
may account for confinement potentials
and/or sheath electric forces, i.e. Fsheath(z) = −∂Φ

∂z .

– Coupling: Uint(rnm) is the interaction potential energy ;

Q.: Nonlinearity: Origin: where from ?
Effect: which consequence(s) ?
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Nonlinearity in DPCs: Origin & modelling (1)

→ Sheath environment (anharmonic vertical potential):

Φ(z) ≈ Φ(z0) +
1
2
Mω2

g(δzn)2 +
1
3
Mα (δzn)3 +

1
4
Mβ (δzn)4 + ...

cf. experiments [Ivlev et al., PRL 85, 4060 (2000); Zafiu et al., PRE 63 066403 (2001)];
δzn = zn − z(0); α, β, ωg are defined experimentally

Source: Sorasio et al. (2002).
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Nonlinearity in DPCs: Origin & modelling (2)

→ Interactions between grains: Electrostatic character
(e.g. repulsive, Debye), long-range (yet charge screened:
r0/λD ≈ 1), anharmonic; typically: UDebye(r) = q2

r e(−r/λD) (or?)

Expanding Uint(rnm) = Uint(
√

(∆xnm)2 + (∆znm)2) near:
∆xnm = xn − xn−m ≈ mr0, ∆znm = zn − zn−m ≈ 0,
one obtains:

Unm(r) ≈ 1
2
Mω2

L,0(∆xnm)2 +
1
2
Mω2

T,0(∆znm)2

+
1
3
u30(∆xnm)3 +

1
4
u40(∆xnm)4 + ... +

1
4
u04(∆znm)4 + ...

+
1
2
u12(∆xnm)(∆znm)2 +

1
4
u22(∆xnm)2(∆znm)2 + ...

Details in: I Kourakis and P. K. Shukla, Int. J. Bif. Chaos 16, 1711 (2006).
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Nonlinearity in DPCs: Origin & modelling (3)

→ Coupling among degrees of freedom induces nonlinearity:
anisotropic motion, not confined along principal axes (∼ x̂, ẑ).

[cf. A. Ivlev et al., PRE 68, 066402 (2003); I. Kourakis & P. K. Shukla, Phys. Scr. (2004)]
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Discrete coupled equations of motion
d2(δxn)

dt2
= ω

2
0,L (δxn+1 + δxn−1 − 2δxn)

−a20

[
(δxn+1 − δxn)

2 − (δxn − δxn−1)
2

]
+ a30

[
(δxn+1 − δxn)

3 − (δxn − δxn−1)
3

]
+ a02

[
(δzn+1 − δzn)

2 − (δzn − δzn−1)
2

]
−a12

[
(δxn+1 − δxn)(δzn+1 − δzn)

2 − (δxn − δxn−1)(δzn − δzn−1)
2

]
,

d2(δzn)

dt2
= ω

2
0,T (2δzn − δzn+1 − δzn−1) − ω

2
g δzn

−K1 (δzn)
2 − K2 (δzn)

3
+

a02

r0

[
(δzn+1 − δzn)

3 − (δzn − δzn−1)
3

]
+ 2 a02

[
(δxn+1 − δxn)(δzn+1 − δzn) − (δxn − δxn−1)(δzn − δzn−1)

]
− a12

[
(δxn+1 − δxn)

2
(δzn+1 − δzn) − (δxn − δxn−1)

2
(δzn − δzn−1)

]
.
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Continuum coupled equations of motion

ü − c2
L uxx −

c2
L

12
r2
0 uxxxx =

− 2 a20 r3
0 ux uxx + 3 a30 r4

0 (ux)2 uxx

− a12 r4
0 [(wx)2 uxx + 2wxwxxux] + 2 a02 r3

0 wx wxx ,

ẅ + c2
T wxx +

c2
T

12
r2
0 wxxxx + ω2

g w =

−K1 w2 − K2 w3 + 3 a02 r3
0 (wx)2 wxx

+2 a02 r3
0 (ux wxx + wx uxx)− a12 r4

0 [(ux)2 wxx + 2uxuxxwx] ,

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Outline – Menu

1. Dusty plasmas (DP) & DP crystals (DPCs): Prerequisites
Nonlinearity in 1D DP crystals: Origin and modelling

2. Transverse dust-lattice (TDL) excitations:
amplitude modulation, transverse envelope structures

3. Longitudinal dust-lattice (LDL) excitations:
amplitude modulation, envelope structures, solitons

4. 1D Discrete Breather excitations (intrinsic localized modes)

5. 2D Discrete Breather excitations in hexagonal crystals

6. Conclusions
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2. Transverse DP-lattice excitations
The vertical n−th grain displacement δzn = zn − z(0) obeys

d2(δzn)
dt2

+ω2
T,0 ( δzn+1 + δzn−1 − 2 δzn) + ω2

g δzn = 0

* ωT,0 =
[
−qU ′(r0)/(Mr0)

]1/2 = ω2
DL exp(−κ) (1 + κ)/κ3 (†)

* ωDL = [q2/(Mλ3
D)]1/2; λD is the Debye length;

* Optical dispersion relation
(backward wave, vg < 0):

ω2 = ω2
g − 4ω2

T,0 sin2
(
kr0/2

)

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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2. Transverse DP-lattice excitations
The vertical n−th grain displacement δzn = zn − z(0) obeys

d2(δzn)
dt2

+ω2
T,0 ( δzn+1 + δzn−1 − 2 δzn) + ω2

g δzn = 0

* ωT,0 =
[
−qU ′(r0)/(Mr0)

]1/2 = ω2
DL exp(−κ) (1 + κ)/κ3 (†)

* ωDL = [q2/(Mλ3
D)]1/2; λD is the Debye length;

* Optical dispersion relation
(backward wave, vg < 0) †:

ω2 = ω2
g − 4ω2

T,0 sin2
(
kr0/2

)
† Cf. experiment:
T. Misawa et al., PRL 86, 1219 (2001)

(Nagoya, Japan).
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2. Transverse DP-lattice excitations
The vertical n−th grain displacement δzn = zn − z(0) obeys

d2(δzn)
dt2

+ω2
T,0 ( δzn+1 + δzn−1 − 2 δzn) + ω2

g δzn = 0

* ωT,0 =
[
−qU ′(r0)/(Mr0)

]1/2 = ω2
DL exp(−κ) (1 + κ)/κ3 (†)

* ωDL = [q2/(Mλ3
D)]1/2; λD is the Debye length;

* Optical dispersion relation
(backward wave, vg < 0) †:

ω2 = ω2
g − 4ω2

T,0 sin2
(
kr0/2

)
† Cf. experiment:
B. Liu et al., PRL 91, 255003 (2003)

(Iowa, USA).
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What if nonlinearity is taken into account?

d2δzn

dt2
+ ω2

T,0 ( δzn+1 + δzn−1 − 2 δzn) + ω2
g δzn

+α (δzn)2 + β (δzn)3 = 0 .

* Intermezzo: NL wave amplitude modulation → localisation!

→

→
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Large amplitude oscillations - envelope structures
A reductive multiple scales technique, yields

δzn ≈ ε (A eiφn + c.c.) + ε2 α

[
−2|A|2

ω2
g

+
(

A2

3ω2
g
e2iφn + c.c.

)]
+ ...

• Harmonic Generation (multiples of φn = nkr0 − ωt)

• The harmonic amplitude A(X, T ):
– depends on the slow variables {X, T} = {ε(x− vgt), ε2t} ;
– obeys the nonlinear Schrödinger equation (NLSE):

i
∂A

∂T
+ P

∂2A

∂X2
+ Q |A|2 A = 0 , (1)

– Dispersion coefficient: P = ω′′(k)/2 → see DR;

– Nonlinearity coefficient: Q =
[
10α2/(3ω2

g)− 3 β
]
/2ω.

[I. Kourakis & P. K. Shukla, Phys. Plasmas, 11, 2322 (2004); 11, 3665 (2004).]
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Modulational stability analysis & envelope structures
• PQ > 0: Modulational instability, bright solitons:

→ TDLWs: possible for short wavelengths i.e. kcr < k < π/r0.
• PQ < 0: Carrier wave is stable, dark/grey solitons:

→ TDLWs: possible for long wavelengths i.e. k < kcr.
Rem.: Q > 0 for all known experimental values of α, β

[Ivlev et al., PRL 85, 4060 (2000); Zafiu et al., PRE 63 066403 (2001)].
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Experimental confirmation (2005)

(Qualitative study; modulational instability not investigated.)
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Outline – Menu

1. Dusty plasmas (DP) & DP crystals (DPCs): Prerequisites
Nonlinearity in 1D DP crystals: Origin and modelling

2. Transverse dust-lattice (TDL) excitations:
amplitude modulation, transverse envelope structures

3. Longitudinal dust-lattice (LDL) excitations:
amplitude modulation, envelope structures, solitons

4. 1D Discrete Breather excitations (intrinsic localized modes)

5. 2D Discrete Breather excitations in hexagonal crystals

6. Conclusions
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3a. (Nonlinear ) longitudinal excitations.

The nonlinear equation of longitudinal motion reads:

d2(δxn)
dt2

= ω2
0,L (δxn+1 + δxn−1 − 2δxn)

−a20

[
(δxn+1 − δxn)2 − (δxn − δxn−1)2

]
+ a30

[
(δxn+1 − δxn)3 − (δxn − δxn−1)3

]
– δxn = xn − nr0: longitudinal dust grain displacements

– Cf. Fermi-Pasta-Ulam (FPU) problem:
anharmonic spring chain model.

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Longitudinal Dust-Lattice wave (LDLW) modulation
The reductive perturbation technique (cf. above) now yields:
δxn ≈ ε

[
u

(1)
0 + (u(1)

1 eiφn + c.c.)
]
+ ε2 (u(2)

2 e2iφn + c.c.) + ... ,

[Harmonic generation; cf. K. Avinash PoP 2004].

where the amplitudes now obey the coupled equations:

i
∂u

(1)
1

∂T
+ PL

∂2u
(1)
1

∂X2
+ Q0 |u(1)

1 |2u(1)
1 +

p0k
2

2ωL
u

(1)
1

∂u
(1)
0

∂X
= 0 ,

∂2u
(1)
0

∂X2
= − p0k

2

v2
g,L − c2

L

∂

∂X
|u(1)

1 |2 ≡ R(k)
∂

∂X
|u(1)

1 |2

– Q0 = −k2

2ω

(
q0 k2 + 2p2

0

c2
L

r2
0

)
; PL = ω′′

L(k)/2 ;

– vg,L = ωL
′(k); {X, T} are slow variables;

– p0 = −r3
0U

′′′(r0)/M ≡ 2a20r
3
0 , q0 = U ′′′′(r0)r4

0/(2M) ≡ 3a30r
4
0.

– R(k) > 0, since ∀ k vg,L < ωL,0 r0 ≡ cL (sound velocity).
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Asymmetric longitudinal envelope structures.

– The system of Eqs. for u
(1)
1 , u

(1)
0 may be solved exactly:

→ asymmetric envelope solutions.
– P = PL = ω′′

L(k)/2 < 0;
– Q > 0 (< 0) prescribes stability (instability) at low (high) k.

(at high k)

(at low k)

[I. Kourakis & P. K. Shukla, Phys. Plasmas, 11, 1384 (2004).].
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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3b. Longitudinal soliton formalism.

A link to soliton theories:

– Continuum approximation, viz. δxn(t) → u(x, t).

– “Standard” description: keeping lowest order nonlinearity,

ü +ν u̇− c2
L uxx −

c2
L

12 r2
0 uxxxx = − p0 ux uxx

cL = ωL,0 r0; ωL,0 and p0 were defined above.

– For near-sonic propagation (i.e. v ≈ cL), slow profile evolution
in time τ and defining the relative displacement w = uζ, one
obtains (for ν = 0) the Korteweg-deVries Equation:

wτ − aw wζ + b wζζζ = 0

Defs.: ζ = x− vt; a = p0/(2cL) > 0; b = cLr2
0/24 > 0.

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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The Korteweg-deVries (KdV) Equation

wτ − aw wζ + b wζζζ = 0

yields compressive (only, since a > 0) solutions, in the form:

w1(ζ, τ) = − 3v
a sech2

[
(v/4b)1/2(ζ − vτ − ζ0)

]
– This solution is a negative pulse for w = ux,
describing a compressive excitation for the displacement δx = u,
i.e. a localized increase of density n ∼ −ux

†.

† F. Melandsø 1996; S. Zhdanov et al. 2002; K. Avinash et al. 2003; V. Fortov et al. 2004.
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Experimental observation of LDL solitons

[Samsonov et al., PRL 2002].

• Only compressive solitons predicted by KdV theory;

• Only compressive solitons experimentally anticipated and,
hence, reported in 2002;

• What about rarefactive longitudinal solitons?
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Extended description: the Boussinesq theory
The Generalized Boussinesq (Bq) Equation (for w = ux):

ẅ − c2
L wxx = c2

Lr2
0

12 wxxxx − p0
2 (w2)xx + q0

2 (w3)xx

– predicts both compressive and rarefactive excitations;
– reproduces the correct qualitative character of the KdV
solutions (amplitude - velocity dependence, ... ); and, ...

– relaxes the velocity assumption, i.e. is valid ∀ v > cL.

[I Kourakis & P K Shukla, European Phys. J. D, 29, 247 (2004)]; see Poster by I Kourakis.
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Added “in proof”:
Experimental observation of rarefactive LDL solitons (2007)

See Poster by Ralf Heidemann et al, ICPDP5 !!!

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Outline – Menu

1. Dusty plasmas (DP) & DP crystals (DPCs): Prerequisites
Nonlinearity in 1D DP crystals: Origin and modelling

2. Transverse dust-lattice (TDL) excitations:
amplitude modulation, transverse envelope structures

3. Longitudinal dust-lattice (LDL) excitations:
amplitude modulation, envelope structures, solitons

4. 1D Discrete Breather excitations (intrinsic localized
modes)

5. 2D Discrete Breather excitations in hexagonal crystals

6. Conclusions
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4. Transverse Discrete Breathers (DBs)

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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4. Transverse Discrete Breathers (DBs)

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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4. Transverse Discrete Breathers (DBs) (cont.)
• Eq. of motion in the transverse direction:

d2un

dt2
+ ω2

T,0 ( un+1 + un−1 − 2 un) + ω2
g un + α u2

n + β u3
n = 0

• Damping may be neglected (for low plasma density and/or
pressure): ν/ωg ' 0.00154 ([Misawa et al., PRL 2001]).

• 1D DPCs are highly discrete lattice configurations:
ε = ω2

0/ω2
g ' 0.016 ([Misawa et al., 2001]); ε ' 0.181 ([Liu et al., 2003]).

• One may seek discrete breather solutions (localized modes):

un(t) =
∑
m

An(m) exp(imωBt)

where only few (m ' 1− 5) sites are excited.
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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4. 1D Transverse Discrete Breathers (DBs) (cont.)

* Non - resonance condition:

mωB 6= ωT (k) ∀k, m = 1, 2, ...

* In-phase and out-of-phase DBs may occur in DPCs:

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Stable vs. unstable Transverse DBs in DPCs

Ab-initio study, adopting values from the Kiel experiment
[Zafiu et al., PRE 63 066403 (2001).]

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Outline – Menu
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5. 2D Transverse Discrete Breathers (DBs)
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2D T-DBs: the anticontinuum limit method

Ab-initio study, adopting values from the Kiel experiment

[Zafiu et al., PRE 63 066403 (2001).]; see Videos
V. Koukouloyannis & I. Kourakis, in preparation.
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5. 2D T-DBs: the DNLS method

P. Kevrekidis, V. Koukouloyannis, I. Kourakis & D. Frantzeskakis, in preparation.
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Conclusions - State of Art

– Dust crystals provide an excellent test-bed for NL theories;

– Observations are possible at the kinetic level : unique
possibility for physical data processing & real-time analysis;

– Link between Plasma Phys., Solid State Physics, Stat. Mech.;

– Theory (1D): Envelope solitons, (non-topological) solitons,
Discrete Breathers: predicted;

– Theory (2D): Discrete Breathers, vortices, ...: predicted;

– Experiment: Harmonic generation, density solitons, NL TDL
oscillations, backward wave: observed (Urge for more :-) );

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Overview of existing results
1. 1D: Transverse dust-lattice (TDL) motion (∼ NL KG, inv. disp.):

→ Envelope (NLS) solitons [IK & P K Shukla, Phys. Plasmas 11, 1384 (2004)]

→ DBs (ILMs) [V. Koukouloyannis & IK, PRE 76, 016402 (2007)]

2. 1D: Longitudinal dust-lattice (LDL) motion) (∼ FPU):

→ Asymmetric envelope structures (coupled 0th/1st harmonics)
[IK & P K Shukla, Phys. Plasmas 11, 3665 (2004)]

→ KdV vs. eKdV / Bq solitons [IK & PKS, Eur. Phys. J. D 29, 247 (2004)]

Rem.: experimentally observed (compressive case only)

3. 2D: In-plane (“LDL”) motion in hexagonal DP crystals:

→ Envelope structures [Farokhi, IK & PKS, Phys. Plasmas 13, 122304 (2006)]

4. 2D: Out-of-plane (TDL) motion in hexagonal DP crystals:

→ Envelope structures, DBs, vortices (in preparation).

www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Future considerations & perspectives

1. LDL-DBs ? (∼ FPU);

2. Damping (dissipative system), ion drag, wake potentials, ...

3. Mixed T-L Mode: coupled FPU-NLKG Eqs. (ongoing work);

4. 2D hexagonal dust lattices: vortices ? (seen experimentally);

5. Experimental feedback :

- establish & pursue contacts,
- seek confirmation of results, motivate experiments ...

→ A lot remaining to be done!
www.tp4.rub.de/∼ioannis/conf/200805-ICPDP5-oral.pdf ICPDP5, Acores 18-23 May 2008
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Thank You !
Ioannis Kourakis
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