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1. Motivation: superthermal distributions are 

ubiquitous

• Accelerated electron populations are tacitly detected in Space observations:

Montgomery et al, PRL (1965), Vasyliunas, JGR (1968), 

Fitzenreiter et al, GRL (1998) 

• Space plasmas: Saturn’s Magnetosphere: Schippers et al. JGR 2008, 

Solar wind: Gaelzer & Yoon ApJ 2008; Gaelzer JGR 2010; 

Livadiotis & McComas JGR 2011

• Plasma laboratory experiments:

Kharchenko et al, Nucl. Fusion (1961), Kardfidov et al, Sov. Phys. JETP 
(1990), S. Magni et al, PRE (2005), G Sarri et al PRL (2009)

• Numerical simulations: 

Petkaki J. Geophys. Res. (2003), Yoon et al PRL (2005), Kawahara et al JPSJ 
(2006), Lu et al J. Geophys. Res. (2010), Koen et al PoP (2012)

• Beam-plasma interactions, e-acceleration in a turbulent medium

Yoon et al, PRL (2005)

+ Intense laser-matter interactions: M. Nakatsutsumi et al, NJP (2008); 

G Sarri et al (2010); experiments by Marco Borghesi and coll. @QUB Belfast.

2.  (kappa) distribution - basics 
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[Figure from: Summers & Thorne, PF (1991)]

[Ref. Vasyliunas JGR (1968), ..., 

Hellberg et al, PoP (2009)]

Kappa ( ) parameter measures deviation from thermal equilibrium:

Smaller  ) value ( 1.5 <  < 6)  long superthermal df tail, harder spectrum

Infinite  value  ( > 10 approx.) Maxwellian df, no superthermal particles



Kappa distribution function (continued)

• First introduced to fit early Space observations [Vasyliunas, PF 1968], 

suggesting superthermal electrons + power-law dependence in v 
[Montgomery et al, PRL 1965]

• Kappa distribution studied in linear regime: modified Z dispersion function 

[Summers & Thorne, PF (1991), Mace & Hellberg PoP (1995, 2009)]

• Anomalous Landau damping of ES plasma modes 

[Podesta PoP (2005); Lee PoP (2007)]

• Satellite observations; Foreshock, Magnetotail, Plasma sheet; Solar 

Exosphere, Solar wind, Heliosheath … (see next slides)

• Solar Corona anomalous temperature variation explained via kappa theory 

[Scudder ApJ (1992), Maksimovic et al, A&A (1997)]

• Cassini data, Saturn: s/thermal cold/hot e obs. [Schippers et al JGR (2008)]

Cassini data from Saturn; 

from: 

Schippers et al JGR (2008)

Excellent 2-kappa df fit

over regions

“Therefore, one can safely conclude that near the Sun, at 0.3 AU, the ratio is around 10, and at 
near Earth distances, where  kappa~5, the ratio is around 2. For kappa 10 the ratio approaches 1, 
as expected, because for large kappa the superthermal distribution approaches the Maxwellian. 
As the particle radius grows from 10!7 cm to 10!2 cm, which are typical dust sizes observed in the 
interplanetary environment [Mann, 2008], the surplus of electric charge on the dust due to the 
superthermal electrons becomes less pronounced. 
Moreover, this effect is expected to be more important for distances r  near 1 AU, because this region 
is where the smaller values of  kappa are observed [Štverák et al., 2009].”



Kinetic simulations of beam-plasma interactions (Yoon et al PRL, 2005)

Electron-hole experiment:

excellent fit for kappa < 4 ;

Cf. recent experiment by 

G Sarri et al PoP (2010)

(see next slide)

Phase Space EH detected

at the rear surface of a laser

irradiated target

100 !m

Potential profile fitted with two bell!shaped, 

 !dependent soliton curves:

 !dependent 

parameter:  ~ 4

• Incomplete thermalization of the background plasma

• Hot electron population accelerated by the laser

Fit by  !distributed plasma electron distribution

!

Non!thermality generated by the counterstreaming electrons 

of the rarefied medium. 

Suppression of Weibel instability  electrostatic plasma evolution

Clear difference from expansion into vacuum!

Non!Maxwellian behaviour of the electron 

density distribution of a plasma expanding

into a rarefied medium has been seen in PIC sims

(a) Phase space of the expanding electrons.

(b) Electron distribution function normalised to

a Maxwellian with same density and temperature.  

(a) (b)
Self!generated

B field
Electrostratic

field distribution



Kappa df versus Tsallis theory

• Apparent relation suggested between kappa df and q-Gaussian df

emerging as a generic configuration within the nonextensive (Tsallis) 

thermodynamics framework [Tsallis J Stat Phys 1988]; 

• Rigorous link unclear, yet recent study claims equivalence proven 

[Milovanov 2000; Livadiotis & McComas JGR 2009, ApJ 2010, SSR 2013]

• Dedicated Special Session @AGU Fall meeting, San Francisco Dec.’13 

3. Dust-ion acoustic solitary waves 
(cold fluid “toy-model” + kappa-distributed electrons)
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ee nnS/thermal electrons:

[* in collaboration with: NS Saini, S Sultana, T Baluku, M Hellberg]

Pseudopotential formalism for IA travelling waves
[Vedenov & Sagdeev 1961, Sagdeev 1966, Verheest & Hellberg 2009 (review, Nova publ.)]

• stationary frame, single travelling coordinate

* reduction of the fluid model PDEs in {x, t} to an ODE in   

* pseudo-energy-balance equation: 

* solution obtained (numerically) for the electric potential 

* density and fluid velocity given by

2

&



The generic solitary wave (pulse) solution bears the form:

Slower “supersonic” (but not 

subsonic!) solitons

for smaller kappa values:

M2: infinite compression point 

(choked flow)

M1:  -dependent “sound speed”

Known 

limit 1.58

for 

infinite  

potential pulse amplitude = root of V

[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]

and…

increased soliton amplitude for smaller kappa values

(for fixed M) by a factor ~ 1.1 – 5: see bottom left

Increased soliton amplitude for higher speed M (for given  ):

From: N S Saini, I Kourakis and MA Hellberg, Phys. Plasmas 16 062903 (2009)

Increased soliton amplitude for lower   !

From: N S Saini, I Kourakis and MA Hellberg, Phys. Plasmas 16 062903 (2009)

 != 3 (black) 

4 (red)

6 (green)

10 (blue)

- Strong dependence on  in the range (3, 6);

- Quasi-Maxwellian behavior beyond  = 10.

Analogous results obtained for

obliquely propagating IA solitons in magnetized plasmas:

increased soliton amplitude for lower  !

From: S Sultana, I Kourakis, NS Saini and MA Hellberg, Phys. Plasmas 17 032310 (2010)

kappa = 3.5 (black); 5 (red); 7 (blue) ; 10 (green)

(and M=0.8,           =0.8,     )02.0/ 22 "# p$%cos



DIA solitons (1): pseudopotential method

From: T Baluku, MA Hellberg, I Kourakis and NS Saini, Phys. Plasmas 17 053702 (2010).

Soliton existence diagram, in terms of the dust parameter f :  

- cold ions+Maxwellian (left): immobile dust vs mobile dust

- cool ions+mobile dust (right): Maxwellian vs superthermal

dust parameter : 

DIA solitons (2): Korteweg-de Vries (KdV) 

vs mKdV description

o Positive-negative (KdV) soliton shift for high (negative) dust concentration

o Strong dependence of the soliton amplitude on  

o Negative (weak) and positive (large) pulse co-existence 

in the presence of negative dust (via Sagdeev nethod or mKdV theory *)

o (* The latter feature is absent in KdV theory)

From: T Baluku, MA Hellberg, I Kourakis and NS Saini, Phys. Plasmas 17 053702 (2010).

DIA solitons: the KdV paradigm

From: I Kourakis and S Sultana, AIP Conf Proceedings, 1397, 86-91 (2011).

DIA solitons in action (1): 

KdV soliton (propagating in Maxwellian plasma;  =100, &!=0.1)

From: I Kourakis, S Sultana and MA Hellberg, Plasma Physics & Controlled Fusion (2012).



DIA solitons in action (1): high to low  

KdV soliton (propagating in Maxwellian plasma;  =100, &!=0.1)

From: I Kourakis, S Sultana and MA Hellberg, Plasma Physics & Controlled Fusion (2012).

... enters a superthermal ( =3) region:

DIA solitons in action (2): low to high  
KdV soliton (propagating in superthermal plasma;  =3, &!=0.1)

From: I Kourakis, S Sultana and MA Hellberg, Plasma Physics & Controlled Fusion (2012).

... enters a Maxwellian ( =100) plasma region:

DIA solitons in action (3): dust effect

KdV soliton (propagating in superthermal plasma;  =3, &!=0.1)

From: I Kourakis, S Sultana and MA Hellberg, Plasma Physics & Controlled Fusion (2012).

... enters a higher dust concentration (&!=0.3) plasma region:

4. Nonlinear self-modulation of ES wavepackets *

• Amplitude modulation of ES plasma wavepackets due to carrier 

self-interaction: generic nonlinear mechanism, involving harmonic 

generation, modulational instability, envelope soliton generation, … 

[sources: Ya. Alpert, Phys. Reports 339, 323 (2001)]); A Hasegawa PRL 24, 1165 (1970)]

[* in collaboration with: S Sultana & NS Saini]



Background - literature

• On modulated ES waves: a Maxwellian background was considered for:

– Ion-acoustic waves (IAWs) 

[Kakutani & Sugimoto, PF (1974), Durrani et al., PF (1979)]

– Multi-ion plasma [Chabra & Sharma, PF (1986)]

– Electron acoustic waves (EAWs) [Kourakis & Shukla, PRE (2004)]

– Dusty plasmas: dust-ion-acoustic (DIA) & dust-acoustic (DA) modes

[Kourakis & Shukla, PoP (2003); JPA (2003); Phys. Scr. (2004); NPG (2005)]

• Recent studies on ES wavepackets & amplitude modulation 

- in kappa-distributed plasmas: 

– DAWs [Saini & Kourakis, Physics of Plasmas, 15, 123701 (2008)]

– DIAWs [Sultana & Kourakis, in preparation]

– EAWs  [Sultana & Kourakis, Plasma Phys. Cont. Fusion 53 045003 (2011)]

– e-p  plasmas: Esfandyari & I Kourakis, in preparation 

– - in the q-Tsallis model:

– IAWs [Bains et al, Physics of Plasmas, 18, 022108 (2011)]

- Normalized electron density:
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- Superthermality modeled via the  )dependent coefficients:

 )dependent charge balance: expansion near equilibrium

- The dust parameter & measures the dust concentration:

- Maxwellian e-i plasma limit (infinite  ):                        ...)3,2,1(!/1 "" nncn

1,1
0,
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nZ

nZ& (for +/- dust charge sign)

i.e.,                    for negative dust, while             for positive dust10 .. & 1/&

Multiscale multiharmonic perturbation method
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- Solution obtained to 2nd order (zeroth, 1st, 2nd harmonics):

- Multi-harmonic expansion:
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- Slow amplitude dynamics separated from fast carrier evolution

Linear regime: modified dispersion properties

Blue:   =  (Maxwellian)

Green:  =4

Red:    =2.6

Black:  =2
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Dispersion relation: (a) dust vs (b) superthermality effect 

From: S Sultana and I Kourakis, in preparation.

) '

Group velocity: (a) dust vs (b) superthermality effect 

From: S Sultana and I Kourakis, in preparation..

) '

Non-linear Schrödinger Equation (NLSE)

Solution obtained to ~ 3 :

The potential amplitude                          satisfies:

Slow envelope variables:

Dispersion coefficient P:

Nonlinearity coefficient Q:
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Group velocity dispersion P: (a) dust vs (b) ' effect

From: S Sultana and I Kourakis, in preparation.
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Nonlinearity coefficient Q: (a) dust vs (b) ' effect

From: S Sultana and I Kourakis, in preparation.

) '

Modulational (in)stability (MI) analysis

 !20,1222 ˆ2ˆˆˆ -% QkPkP &$

Nonlinear (amplitude perturbation) dispersion relation:

For P/Q < 0, a plane wave is modulationally stable;

For P/Q > 0, a wavepacket is unstable; the MI threshold reads: 

0,1

2 ˆˆ -
P

Q

crkk 23

Maximum instability growth rate (' dependent): 
2

0,1max -̂Q$4

Enhanced instability growth rate 4 due to superthermality:

0.5 1.0 1.5 2.0 2.5
X
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Black: '=2.5

Red:    '=3

Green: '=3.5

Blue:    '=! (Maxwellian)

Envelope (NLS) solitons

Bright-type envelope solitons (for P/Q>0)

Dark (black/grey) type envelope solitons (for P/Q<0)

Modulational instability live

A monochromatic wavepacket breaks up, and may evolve into a

series of localized pulses (envelope soliton train)



Parametric investigation of soliton characteristics (1)

• Superthermality leads to a decrease in envelope width L

(for given amplitude -): enhanced envelope localization!

2/1

0 )/( QPL $-

Blue: '= 3

Red: '= 6

Black:  '= !

• Lower instability threshold kcr with smaller kappa 

• Both effects intensified with negative dust (right frame:             )

• Agreement (k   = 1.47) with Kakutani & Sugimoto PF,1974 (Maxwellian e-i plasma)
cr

8.0$)

Lower instability threshold in the presence of dust !

Parametric investigation of soliton characteristics (2)

4 8 12 16

0.6

1.2

1.8

2.4

3.0

3.6

k
cr

κ

µ=1.2 (Positive dust)

µ=1.0 (No dust)

µ=0.8 (Negative dust)

• Modified instability threshold kcr with kappa and with dust 

• Modulational instability (MI) occurs at longer wavelengths, 

in the presence of negative dust 

• MI less relevant with positive dust: stable wavepackets

• Remark: Landau damping omitted (yet less relevant for +d) 

P/Q ratio: (a) dust vs (b) ' effect

From: S Sultana and I Kourakis, in preparation .

) '

Stability profile dependence on superthermality ('!

(for fixed k)

From: S Sultana and I Kourakis, in preparation..

'

low '

high '



DIA envelope solitons in action (1): 

envelope solitons in superthermal plasma ( =3, !"=0.1, k=1.2)

From: S Sultana and I Kourakis, in preparation.

versus envelope solitons in Maxwellian plasma ( =100, !"=0.1, k=1.2):

DIA envelope solitons in action (2): superthermality effect 

bright envelope solitons (k=1.2, !=0.1): stable for  =3, unstable for  =100

From: S Sultana and I Kourakis, in preparation.

dark envelope solitons (k=1.2, !=0.1): stable for  =100, unstable for  "=3

Stability profile dependence on the dust concentration (!#

(for fixed k)

From: S Sultana and I Kourakis, in preparation.

!

high !

low !

DIA envelope solitons in action (3): dust concentration effect 

bright envelope solitons (k=1.3,  "=3): stable for !=0.1, unstable for !"=0.01

From: S Sultana and I Kourakis, in preparation.

dark envelope solitons (k=1.3,  "=3): stable for !=0.01, unstable for !"=0.1



Directions of further study & active investigations  

• Dust acoustic waves: kappa effect on charging ; numerical 

study 

• Electron acoustic waves: role of dust?

• Shocks in superthermal dusty plasmas

• Beam effects 

• Particle trapping; BGK modes 

• Detailed comparison with Space observations & experiments

• Landau damping effect: numerical study via Vlasov

simulations

• Active collaboration (on the kappa project) with: 

MA Hellberg (S Africa), F Verheest (Belgium), 

T Baluku (Uganda), S Sultana & G Anowar (Bangladesh), 

NS Saini (India), A Danehkar (Australia), M Jenab (Iran).

Conclusions

• Accelerated electrons are present in most plasmas 

• Superthermal plasmas are efficiently modelled by a 

kappa df

• Increased superthermality (smaller k) leads to:

– A strong modification in the characteristics of 

ES solitary waves

– Enhanced modulational instability 

– Stronger energy localization due to carrier self-

modulation

• Results compatible with Space observations and 

experiments

• Minus: Landau damping neglected (fluid model).
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