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Intro #1: Rogue waves – an emerging unifying concept

• Rogue waves are localized excitations (events) of extreme amplitude,
exceeding twice the average strength of background turbulence level;

Data from the Draupner platform event in Norway (Jan. 1995).

Credit: Kharif & Pelinovsky, Eur. Journal of Mechanics B/Fluids 22, 603 (2003).
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Catastrophic ship encounters with rogue waves - stats

Credit: Kharif & Pelinovsky, Eur. Journal of Mechanics B/Fluids 22, 603 (2003).
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Theoretical attempts to explain freak wave formation
... via water surface envelope mode interaction:

[Credit: M. Onorato, A.R. Osborne and M. Serio, Phys. Rev. Lett., 96 014503 (2006);
P. K. Shukla, I. Kourakis, B. Eliasson, M. Marklund and L. Stenflo, Phys. Rev. Lett. 97, 094501 (2006);

A. Grönlund, B. Eliasson and M. Marklund, EPL, 86 24001 (2009).]
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[Credit: A. Chabchoub et al, Phys. Rev. Letters 106, 204502 (2011); (right plot) A. Chabchoub/Hamburg

University of Technology (online).]
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Credit: D.R. Solli, C. Ropers, P. Koonath, B. Jalali, Nature 450, 1054 (2007).
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[B. Kibler, J. Fatome, C. Finot, G. Millot, F. Dias, G. Genty, N. Akhmediev & JM Dudley, Nat. Phys. 6, 790 (2010)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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[A. N. Ganshin et al, PRL 101, 065303 (2008)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Freak waves everywhere ?

• Rogue wave formation has been investigated in various frameworks,
including:

* oceanic freak waves (or ghost waves, or rogons, or WANDTs “Waves
that Appear from Nowhere and Disappear without a Trace” )
[Akhmediev et al, PLA (2009); Kharif & Pelinovsky, Eur. J. Mech. B/Fluids (2003)]

* surface waves generated in water tank experiments [Chabchoub, PRL (2011)]

* extreme intensity events (“rare solitons” ) in nonlinear optics
[Solli et al, Nature (2007); Kibler et al, Nat. Phys. (2010) & Nature/Sci.Rep. (2012)]

* errors in data communications [Savory et al, J. Lightwave Technol. (2006)]

* anomalous acoustic turbulence in superfluid Helium [Ganshin et al, PRL (2008)]

* rogue cells – forerunners of metastatic cancer [Kaiser, Science (2010)]

* stock market dynamics: crashes, asset pricing (Black-Scholes theory) ...

• Unlike solitary waves (which are propagating excitations which are
localized in space), rogue waves may be localized in space and in time
(“ghost waves” ).

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Analytical models for freak waves

• Breather-type solutions of the nonlinear Schrödinger (NLS) equation were
proposed by Dysthe & Trulsen (*) as possible analytical models for rogue
waves.

[(*) K.B. Dysthe and K. Trulsen, Phys. Scripta T82, 48 (1999)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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What about ... freak waves in plasmas? (1)

• The freak wave paradigm was employed in plasmas as a possible
mechanism for magnetic hole generation by Michael Ruderman (*), who
considered the generation of Alfvén type freak waves by adopting a
Derivative Nonlinear Schrödinger (DNLS) equation model.

[(*) MS Ruderman, Eur. Phys. J. Special Topics 185, 57 (2010)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Freak waves in plasmas (2)

Rogue waves have been considered recently in various plasma contexts:

• Alfvén-type rogue waves [Shukla et al, Physics Letters A (2012)]

• Langmuir rogue waves in electron-positron plasmas
[Moslem, PoP 2011]

• Electrostatic waves in e-p-i plasmas
[El-Awady & Moslem, Phys. Plasmas 2011; El-Labany et al, Astrophys. Space Sci. 2012]

• Dusty plasmas
[Abdelsalam, et al, Phys. Plasmas 2011; Moslem et al, PRE 2011]

• Surface plasma waves [Moslem, Shukla and Eliasson, Europhys. Lett. 2011].

• Most of these studies have relied on a phenomenological analogy between
rogue waves and large amplitude solutions of nonlinear model PDEs, e.g.
KdV/mKdV or NLS equations (families).

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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[Electromagnetic Rogue Waves in Beam-Plasma Interactions, G.P. Veldes, J. Borhanian, M. McKerr, V. Saxena,
D.J. Frantzeskakis and I. Kourakis, J. Optics 15 (Special issue on Optical Rogue Waves), 064003 (2013);

loP LabTalk article (online, 2013): Monster waves in a laser beam: myth or reality?]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Freak waves observed in plasma experiments?

– Random events – hard to observe in the laboratory!

– First experiment on negative-ion plasmas (NIPs):

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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– Second experiment (in dusty plasmas) announced Feb. 2016!

[Ya-Yi Tsai, Jun-Yi Tsai and Lin I, Nature (Physics) (2016) - DOI: 10.1038/NPHYS3669 .]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Intro #2: Nonlinear Amplitude Modulation (prerequisites)

• Harmonic variation of the amplitude of a plasma wavepacket

• Amplitude not constant, may vary weakly in space and time

• Ubiquitous nonlinear mechanism, associated with

* secondary harmonic generation
* modulational instability
* envelope solitons: localized forms with periodic internal structure
* Freak waves???

• Energy localization: lumps of energy are formed and propagate in the
plasma; dynamics to be harnessed for applications

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Intro: Prerequisites (continued)

The amplitude of a harmonic wave may vary in space and time:

→

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Intro: Prerequisites (continued)

The amplitude of a harmonic wave may vary in space and time:

→
This modulation (due to nonlinearity) may be strong enough to lead to wave
collapse (modulational instability) or ...

→ ?
I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Intro: Prerequisites (continued)

The amplitude of a harmonic wave may vary in space and time:

→
This modulation (due to nonlinearity) may be strong enough to lead to wave
collapse (modulational instability) or to the formation of envelope solitons:

→ ?
I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Modulated structures occur widely,
e.g. in EM field measurements in the magnetosphere, ...

(from: [Ya. Alpert, Phys. Reports 339, 323 (2001)])

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Part 2: Focus on Negative-ion plasmas (NIP)
Negative ion plasmas (NIP) occur in:

• The Earth’s ionosphere [ Yu. I. Portnyagin, et.al, Adv. Space Res. 11, 89 (1991)]

• Cometary Comae [P. H. Chaizy,et.al. , Nature (London) 349, 393 (1991)]

• Titan’s Atmosphere [A. J. Coates et al, GRL 34 (2007)]

• Plasma Processing Reactors [RA Gottscho & CE Gaebe, IEEE Trans. Plasma Sci. 14, 92 (1986)]

• Neutral Beam Sources [ M Bacal and GW Hamilton, PRL 42, 1538 (1979)]

• Low-Temperature Laboratory Experiments [ A. Weingarten et al, PRL 87, 115004 (2001)]

• Experiments on freak waves in NIP: H Bailung, SK Sharma and Y Nakamura, PRL 107, 255005 (2011);

SK Sharma and H Bailung, J. Geophys. Res. 118, 919 (2013).

• Theoretical investigations: M Saito et al, J. Phys. Soc. Jpn., 53, 2304 (1984); MS Ruderman, T Talipova and E

Pelinovsky, J. Plasma Phys., 74, 639 (2008); SK Sharma & H Bailung, J. Geophys. Res. 118, 919 (2013).

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Inspiration: Michael Ruderman et al, JPP 74, 639 (2008)

M Ruderman et al (2008) considered the modulation instability mechanism in
negative-ion plasmas, by using a Gardner equation approach:

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Inspiration: Michael Ruderman et al, JPP 74, 639 (2008)

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf



25

The fineprint: a number of hypotheses underlies the treatment by Ruderman
et al :

• NIP near-critical concentration, so that the quadratic nonlinearity term in
the KdV equation is nearly zero;

• Gardner equation, i.e.

? small-amplitude (φ� kTe/m),

? small-wavenumber k � λ−1
D (long wavelength λ� λD),

? weakly-superacoustic (vsol ' cs + εδv) approximation.

• Questions:

? Are the above requirements important?

? Could freak waves be generated in NIPs in other conditions?
And, in particular, in more general (non“critical”) plasma configurations?

[Source(s): MS Ruderman, T Talipova and E Pelinovsky, JPP 74, 639 (2008); ibid, in EPJD 185 (2010)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Part 3: Analytical framework – 3-fluid model

• We consider a three component collisionless unmagnetized plasma
consisting of:

? electrons (mass me, charge e), thermalized (inertialess)
? positive ions (mass mp, charge qp = Zpe)
? negative ions (mass mn, charge qn = −Zne)

• Electrostatic approximation + three-ion fluid model + Poisson’s equation:

∂tnp +∇(npup) = 0, (1)

∂tup + up∇(up) = − qp
mp
∇φ, (2)

∂tnn +∇(nnun) = 0, (3)

∂tun + un∇(un) = − qn
mn
∇φ, (4)

∇2φ = 4π[ene − qpnp − qnnn], (5)

• Quasi-neutrality assumption: at equilibrium, ne0e− qnnn0 − qpnp0 = 0 .

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf



27

• The model equations are cast in a dimensionless form as

∂tnp +∇(npup) = 0, (6)

∂tup + up∇(up) = −∇φ, (7)

∂tnn +∇(nnun) = 0, (8)

∂tun + un∇(un) = δ∇φ, (9)

∇2φ = −np + β nn + (1− β) f(φ) , (10)

where f(φ) = exp
(

eφ
kBTe

)
' 1 + c1φ+ c2φ

2 + c3φ
3 (Maxwellian assumption).

• Te is the electron temperature; c1 = 2c2 = 6c3 = 1.

• Dimensionless parameters: β = Znn0n
Zpn0p

, δ = Zn/mn

Zp/mp
.

• Scaling: T0 = ω−1
p,+ = (4πe2np,0Z

2
p/mp)

−1/2 , φ0 = kBTe/e

λD,+ =
(
kBTe/4πZpe

2npo
)1/2

, Cs = V0 = (ZpkBTe/mp)
1/2

.

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Multiscale perturbative technique for envelope dynamics

• Following the multiple scales (reductive perturbation) technique of Taniuti
and coworkers (JMP & JPSJ 1969), we consider the stretched variables

Xn = εnx ; Tn = εnt ; n = 0, 1, 2, ...

• We define the state vector S = (np, up;nn, un;φ), and

• proceed by expanding near the equilibrium state S(0) = (1, 0, 0, 0, 0) as

S = S(0) +

n∑
n=−∞

εnS(n)

where

S(n) =

n∑
l=−n

S
(n)
l eil(kx−ωt)

denotes the amplitude of the n−th order contribution, as a series of the
l−th harmonic amplitude(s) S(n)

(l) = S
(n)
(l) (Xj, Tj) (slow, for j ≥ 1).

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Perturbative scheme – results

• Dispersion relation:

ω2 =
(1 + δβ)k2

k2 + (1− β)

Or, restoring dimensions,

ω2 =
ω2
p,p (1 + δβ) (kλD,p)

2

(kλD,p)2 + (1− β)

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Modified charge (Debye) screening length versus β:
λ

(β)
D,p = 1/

√
(1− β)λD,p .

0.2 0.4 0.6 0.8 1.0
β

1.5

2.0

2.5

3.0

3.5

4.0

λD,p
(β)

λD,p

Modified phase speed : vph = (1−β)
√

1+βδ

[k2+(1−β)]3/2
'
(

1+βδ
1−β

)1/2

(for k � 1).

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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• In order ∼ ε2:
∂1φ

(1)
1 + vg∇1φ

(1)
1 = 0.

• The envelope φ(1)
1 = φ

(1)
1 (X1 − vgT1) moves at the group velocity :

vg =
dω

dk
=

(1− β)(1 + δβ)
1
2

[k2 + (1− β)]
3
2

.

• Increasing the charge-density and mass ratios makes ion acoustic
structures faster, i.e., increases the group velocity.

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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NLS equation for the vector potential (amplitude) A(1)
1

• In order ∼ ε3:

• This analytical requirement can be expressed in the form

i

(
∂A

(1)
1

∂T2
+ vg

∂A
(1)
1

∂X2

)
+ P

∂2A
(1)
1

∂X2
1

+ Q |A(1)
1 |2A

(1)
1 = 0

• Dispersion coefficient P : P = 1
2

[
3v2
g

ω + ω
k2 −

4vg
k −

ω3

γ(1+δβ)k2

]
• Nonlinearity coefficient Q:

Q =
(1− β)ω3

2(1 + δβ)k2
[2c2(A+B) + 3c3]− (1− δ2β)

(1 + δβ)

[
Bk

vg
+
Bω

2v2
g

+
3Ak2

2ω

]
− (1 + δ3β)

(1 + δβ)

[
k2

2ωv2
g

+
2k3

ω2vg
+

5k4

4ω3

]
.

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Modulational (in)stability analysis

• Perturb the amplitude by setting: ψ̂ = ψ̂0 + ε ψ̂1,0 cos (k̃ζ − ω̃τ)

• We obtain the (perturbation) dispersion relation:

ω̃2 = P 2 k̃2

(
k̃2 − 2

Q

P
|ψ̂1,0|2

)
.

• If PQ < 0: the amplitude ψ is stable to external perturbations:

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Modulational (in)stability analysis (continued...)

• If PQ > 0: the amplitude ψ is unstable for k̃ <
√

2 QP |ψ1,0|.

• Maximum (instability) growth rate: σ = Q|ψ1,0|2, occurs at k̃m <
√

Q
P |ψ1,0|

• Instability occurs in the “window”: 0 < k̃ <
√

2 QP |ψ1,0| .

• The wave may either “blow up”, or localize its energy towards the formation
of (envelope) solitons.

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Localized envelope excitations (solitons)

• The NLSE accepts various solutions in the form: ψ = ρ eiΘ ;

the total electric potential is then: φ ≈ ε ρ cos(kr− ωt+ Θ)

where the amplitude ρ and phase correction Θ depend on ζ, τ .

• Bright–type envelope soliton (pulse):

ρ = ρ0 sech

(
ζ − v τ
L

)
, Θ =

1

2P

[
v ζ − (Ω +

1

2
v2)τ

]
.

L =
√

2P
Q

1
ρ0

This is a
propagating
(and oscillating)
localized pulse:

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Propagation of a bright envelope soliton (pulse)

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Propagation of a bright envelope soliton (pulse)

Cf. electrostatic plasma wave data from satellite observations:

(from: [Ya. Alpert, Phys. Reports 339, 323 (2001)] )

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Propagation of a bright envelope soliton (continued...)

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Propagation of a bright envelope soliton (continued...)

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Propagation of a bright envelope soliton (continued...)

Rem.: Time-dependent phase→ breathing effect (at rest frame):

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Localized envelope excitations

• Dark–type envelope solution (hole soliton):

ρ = ±ρ1

[
1− sech2

(
ζ − vτ
L′

)]1/2

= ±ρ1 tanh

(
ζ − v τ
L′

)
,

Θ =
1

2P

[
v ζ −

(
1

2
v2 − 2PQρ2

1

)
τ

]

L′ =

√
2

∣∣∣∣PQ
∣∣∣∣ 1

ρ1

This is a
propagating
localized hole
(zero density void):

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Localized envelope excitations

• Grey–type envelope solution (void soliton):

ρ = ±ρ2

[
1− a2 sech2

(
ζ − v τ
L′′

)]1/2

Θ = ...

L′′ =

√
2

∣∣∣∣PQ
∣∣∣∣ 1

aρ2

This is a
propagating
(non zero-density)
void:

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Envelope solitons in action (1): anomalous vs. normal dispersion
Case PQ > 0 (“Anomalous dispersion”): stable bright (left plot)/ unstable dark (right plot) envelopes:

Case PQ < 0 (“Normal dispersion”): unstable bright (left plot) / stable dark (right plot) envelopes:

[Numerical results by Sharmin Sultana, Queen’s University Belfast.]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Envelope solitons in action (2): anomalous vs. normal dispersion
Bright envelope solitons on the space-time plane: stable vs unstable:

Dark-type envelope solitons on the space-time plane: stable vs unstable:

[Numerical results by Sharmin Sultana, Queen’s University Belfast.]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Modulational (in)stability: parametric dependence

Both the instability growth rate and threshold kcritical depend on the plasma
parameters in a non-trivial (and non-monotonic) manner:

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Nonlinearity coefficient: parametric dependence

β=0
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Nonlinearity coefficient: parametric dependence

• In the long-wavelength limit k � 1: P ' p0 k and Q ' q0 k
−1, where:

p0 = − 3
√

1 + δβ

2(1− β)3/2
, q0 = −

√
1− β

[
2 + 2δ2β2 − β(3 + 2δ + 3δ2)

]2
12 + (1 + δβ)7/2

.

• Recall that the ratio P/Q determines the geometry of envelope solitons
(L ∼ (P/Q)1/2), as well as the criterion for their existence.

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Critical carrier wavenumber (threshold) versus negative ion
concentration (β)

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Part 4: Analytical models for rogue waves
Various solutions of the NLS equation have been proposed as model
candidates for rogue waves:

• The Peregrine soliton
[D. H. Peregrine, J. Austral. Math. Soc. B 25, 16 (1983); K. B. Dysthe, and K. Trulsen, Physica

Scripta T82, 48 (1999); V. I. Shrira, and V. V. Geogjaev, J. Eng. Math. 67, 11 (2010); B. Kibler, J. Fatome, et

al., Nature Physics 6, 790 (2010)]

• The Kuznetsov-Ma breather
[Ya C. Ma, Stud. Appl. Math. 60, 43 (1979)];

• The Akhmediev breather
[N. N. Akhmediev, V. M. Eleonskii, and N. E. Kulagin, Theor. Math. Phys. 72, 809 (1987)];

• Higher-order rational solutions of the NLSE.

In the following, we have considered the above paradigms, with an aim to
investigate their dependence on relevant plasma parameters.
I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Peregrine Soliton as a model for rogue waves

• As a first approach to rogue waves, we consider the Peregrine soliton:

ψ(ξ, τ) =

[
1− 4(1 + i2Qτ)

1 + 2Qξ2/P + 4Q2τ2

]
exp (iQτ)

[D. H. Peregrine, J. Austral. Math. Soc. B 25, 16 (1983); K. B. Dysthe & K. Trulsen, Physica Scripta T82, 48

(1999); V. I. Shrira & V. V. Geogjaev, J. Eng. Math. 67, 11 (2010); B. Kibler, et al., Nat. Phys. 6, 790 (2010)]

• The Peregrine paradigm as a prototypical model for rogue waves has
recently been employed successfully in NL optics [Kibler et al, Nat. Phys.
(2010)];

• Recalling the functional dependence of P and Q on plasma parameters,
this model allows one to investigate the parametric dependence on the
plasma configurational parameters and the wavenumber k (reduced
variables).

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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[B. Kibler, J. Fatome, C. Finot, G. Millot, F. Dias, G. Genty, N. Akhmediev & JM Dudley, Nat. Phys. 6, 790 (2010)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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[H. Bailung, S.K. Sharma and Y. Nakamura, PRL 107, 255005 (2011)]

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Kuznetsov-Ma breather as a model for rogue waves

• Kuznetsov - Ma breather :

ψ(ξ, τ) =

[cos(1
2s
′Qτ − 2iφ)− coshφ cosh

(
s
√

Q
2P ξ
)

cos(1
2s
′Qτ)− coshφ cosh

(
s
√

Q
2P ξ
) ]

exp (iQτ)

where φ ∈ < , s = 2 sinhφ , s′ = 2 sinh(2φ)
[Credit: Ya C. Ma, Stud. Appl. Math. 60, 43 (1979).]

• The KM breather was observed in optical fibers [Kibler et al, Nature/Sci. Rep. (2012)];

I. Kourakis, www.kourakis.eu conf/201605-UCD-oral.pdf
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Akhmediev breather as a model for rogue waves

ψ(ξ, τ) =

[
1 +

2(1− 2a) cosh(bQτ) + ib sinh(bQτ)
√

2a cos
(
ω
√

Q
2P ξ
)
− cosh(bQτ)

]
exp (iQτ)

where
α ∈ (0, 1/2] , ω = 2

√
1− 2α , b =

√
8a(1− 2a) .

[Credit: N. Akhmediev, V. M. Eleonskii and N. E. Kulagin, Theor. Math. Phys. 72, 809 (1987).]

• The A-breather is periodic in space, but localized in time:

[Figure from: Kibler et al, Nat. Phys. (2010) & Nature/Sci.Rep. (2012).]
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Akhmediev breather as a model for rogue waves

ψ(ξ, τ) =

[
1 +

2(1− 2a) cosh(bQτ) + ib sinh(bQτ)
√

2a cos
(
ω
√

Q
2P ξ
)
− cosh(bQτ)

]
exp (iQτ)

where
α ∈ (0, 1/2] , ω = 2

√
1− 2α , b =

√
8a(1− 2a) .

• The Peregrine soliton is recovered in some (aperiodic) limit:

[Credit: Kibler et al, Nat. Phys. (2010) & Nature/Sci.Rep. (2012).]
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Conclusions & Summary

• Multiscale methodology for ES relativistic solitons revisited

• Powerful analytical technique, provides predictions for

– Modulational Instability thresholds and growth rate

– Envelope modes, harmonic generation, rogue waves: possible beyond
critical configuration, in a wide range of plasma configuration
parameters;

• Rogue waves are random events, may be tedious to detect experimentally;

• Results to be compared with experimental results

• Static predictions so far; need for dynamical (numerical) investigation.

• Work in progress: fluid simulations, PIC simulations, higher-order
breathers, ...
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