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Abstract : We present an investigation of coupled nonlinear electromagnetic modes in an electron-positron plasma by
using the well established technique of Poincaré surface of section plots. A variety of nonlinear solutions corresponding
to interesting coupled electrostatic-electromagnetic modes sustainable in electron-positron plasmas is shown on the
Poincaré section. A special class of localized solitary wave solution is identified along a separatrix curve and its
importance in the context of electromagnetic wave propagation in an electron-positron plasma is discussed.
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1.Introduction

The method of Poincaré surface of section (SOS) plots has been very useful in analysing higher dimensional non-linear
dynamical systems [1]. For a given n-dimensional continuous dynamical system, the corresponding Poincaré SOS plot
represents an equivalent discrete dynamical system with (n-1) dimensions and thus facilitates the analysis of possible
periodic, quasi-periodic and chaotic modes, the original system can sustain. As non-linearity in plasmas is inherent they
provide a perfect paradigm to study various non-linear processes ranging from coherent solitary waves to chaos and
turbulence. In this respect, the subject of intense laser plasma interactions has ever received a great deal of attention.
There has recently been a resurgence in this research area after the efficient production of very intense laser pulses

(= 10°W / cm? ) has become a reality [2]. Laser pulses with such high intensities are called relativistically intense
as the associated transverse electric fields are strong enough to drive the electrons to relativistic speeds. From
theoretical point of view, these high intensity laser plasma interactions provide a favourable environment for a whole
range of non-linear processes. Among them the formation of electromagnetic solitary wave is a topic of much
fundamental interest particularly in theoretical plasma physics. There have been several theoretical investigations
addressing the existence and stability of coupled electromagnetic solitary waves in plasmas [3].

On the other hand, the electron-positron plasmas are thought to be a constituent of various astrophysical
environments e.g. in pulsar magneto-spheres, in bi-polar flows in active galactic nuclei (AGN) and at the centre of our
galaxy and are believed to be the first state of matter in the early stage of universe [4,5]. The coupling of
electromagnetic waves to electron-positron plasmas is therefore an active area of theoretical research and has been
addressed in few earlier works [5]. We present here a detailed Poincaré section based analysis of a class of possible
coupled non-linear electromagnetic modes in an un-magnetized electron positron plasma with a particular emphasis on
the coupled solitary waves solutions. This work is an extension of earlier works by Saxena et al. [7] and O. B. Shiryaev
[6]. We adopt the same formalism as used by Kaw et al. [8] for an electron plasma with ions forming a neutralizing
background.

2.Mathematical Model
The coupling of a relativistically intense electromagnetic wave with an electron-positron plasma is described by the
following set of coupled fluid-Maxwell equations.
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Here indices e and p stand for electron and positron species respectively, A, @, ny,, and pey, respectively represent the
electromagnetic vector potential, electrostatic potential, the electron/positron density and electron/positron longitudinal

momentum. }, , Is the relativistic factor given by,

Ve =1 H|4[ +p2, 5)

By performing a co-ordinate transformation defined as ¢ = x — ftwhere f=v , /cis the normalized phase

velocity, one obtains following set of coupled non-linear ordinary differential equations.
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Now making a change of variable defined by
(5 1) *a=x
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we get following set of simplified equations,
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Above coupled equations (8) and (9) admit following constant of motion:
H=%X&2+%Z&+ﬁ[\/ﬁ2—l+Xz+Zz+\/ﬁ2—1+X2+(Z+2)2} (10)

This problem is similar to that of coupled oscillators in Hamiltonian mechanics with two degrees of freedom and we
solve above set of equations (8-10) using Runge-Kutta 4™ order integration method to obtain coupled non-linear
solutions.
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3. Non-linear Solutions on Poincare Surface of Section
We consider the case of £/ > land show the possible solutions on a Poincaré SOS plot defined by X =0, X0, we

have investigated two interesting regimes ff —1<<land f—1<1. The results are shown in Fig.1 and Fig.2
respectively. It is worth noting that in the regime of phase velocities close to the speed of light, there exist a more varied
class of solutions. The Poincaré plot in Fig.l1 is obtained for S =1.001; H =10. The densely filled curves

correspond to quasi periodic solutions with the ratio of the frequencies of two oscillators being a prime number. The
centres of the left and right halves of the Poincaré plot represent the fixed points of zero measure and correspond to
periodic orbits. The interesting island curves correspond to amplitude modulated quasi periodic modes whereas centres
of these islands represent the fixed points of higher orders and correspond to periodic waves with an integer ratio of the
two oscillator's frequencies. We note that the separatrix curve is not quite periodic and therefore indicates a possibility
of slightly chaotic solutions.
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Fig.2 : Poincaré section plot for parameters f=1.1, H=10.

Now in the regime of f —1<1, we choose the parameters to be f =1.1; H =10. The Poincaré surface of section

plot for this case is shown in Fig.2. In this case we observe that the small island curves cease to exist. Moreover, there
exists a sharp separatrix curve. This separatrix curve corresponds to localized solitary wave solutions. We show this
particular solution in Fig.3.
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Fig.3 : Solitary solution corresponding to the separatrix curve in Fig.2.

4. Conclusions

To conclude, we have presented a class of coupled non-linear electromagnetic solutions for electromagnetic wave
propagation in an electron-positron plasma by using Poincaré surface of section technique. A special class of solitary
wave solutions has been identified along the separatrix curve in a parameter regime with phase velocities exceeding the
speed of light by ~ 10% or more. These solitary modes play an important role in the energy localization in laser plasma
interactions and therefore their stability needs to be understood which is an open area of research.
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