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e Example: Interaction of the solar wind with Mercury:
o colour: flow velocity of the solar wind in km /s

o field lines: magnetic field (a superposition of the interplanetary magnetic

field (IMF) and Mercury’s dipole field)
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Basic equations of resistive MHD with mass source:
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o Ideal gas: pec = 1/(y — 1)P — equation for P alone:
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e The resistivity can depend on the current density (anomaleous resistivity)

e Normalization leads to P — P/2 and n — /S (Lundquist number)
e Further simplification by introducing the function u := (P/Q)i

— Normalized equations (with §:= pt):
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The numerical method:

e The balance equations are hyperbolic — Leapfrog scheme
e The induction equation is parabolic — Dufort-Frankel scheme
e One-dimensional example:
o time steps: t, := to + nAt
o grid: x; := xmin + 1Az, with: 21 = Zmin, TN = Tmaz
e Both schemes are of second order in space and time

— The numerical grid is divided into two staggered subgrids:
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o There are only grid points with n+i = even®):

o grid "o*: n = odd, i = odd

o grid "e“: n = even, i = even

— no grid points with n+4i = odd : n = odd/even, i = even/odd!

o in the code: the time is not labeled, but included implicitly, e.g.
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o All grid points are known at ¢ = 0 (labeled then as grid "e*)

— a half integration step initializes grid "o*

*) or odd, depending on the definition of the grid ) cf. next page
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The integration schemes:

e Abbrevations: u} = u(x=ux;,t=t,), F' := F(u})

e The leapfrog scheme:

o simplest example:

ou  OF(u)

ot ox
o step 1 (computes grid o):
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o step 2 (computes grid e):
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e The Dufort-Frankel scheme:

o simplest example:

o the leapfrog scheme is unstable in this case
(and the point uf_; does not exist; in the code: u;y; stands for z/}:l'
— time average of the Laplace term:

o scheme demonstrated here only for the first step:
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— semi-implicit scheme, equation can be solved for u;::'ll:
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Numerical realization of the solar wind interaction with a planet:

e Coordinates:

o g flow direction, Z main direction of the IMF (S—N), & =g x 2

o the planet (with radius R) is located at the origin (only for ¢t > 0, see below)
o Initial state:
o all quantities are homogeneous, ¥ = vgwy

o the planet does not occur in the initial state, but ...

e ... is introduced by a time-dependent function f which slows down the plasma:
t\2 of T . ] ,
flz,y,2,t) =k (—) COS <§/<c(r)), with: k(z) := max(min(z, 1),0),
T

o 7:=(r—R)/Ar and r := \/x2+y2+22

o Ar is a "smoothness parameter” (typical value: Ar = 0.4)

e The source terms:
o mass loading takes place within a sphere of radius R4 > R (the "atmosphere )
o expression: p = Qg exp(—('r" — R)/((Rs — R) 111(6))), with r' = max(r, R)
— p has the value p = Qe at r = R4
o velocity: ¥, is the velocity of the newly generated particles:

e.g. Uy = ¥ for pickup ions or ¥, = vof for a plasma source (7: radius vector)

o Numerical realization of an intrinsic dipole field:

o e.g. for magnetic moment in z-direction: B = B, (3w2,3yz,22%2 — 2% —y?) /r°
o problems: field diverges for r — 0, steep gradient
— define a radius 79 < R (typical value: ro = 0.6R)
—replace 1/r° by g(r) = (1/r0°)((n+5)(r/ro)" "t — (n+4)(r/ro)") (e.g. n = 8)
— keep the magnetic field fixed for r < r¢ (do not integrate)

— subtract quantities vanishing analytically in the initial state: 7 — 77— Jinitials

same for AB (if necessary also for the rhs. of the momentum balance eqn.)



Boundary conditions in upstream direction

e all quanties are kept fixed (with a smooth transition to the interior)

Method for the other boundaries: Consider lower (left) boundary in 1D:
e 1: numerical boundary (for derivatives), xo: physical boundary
— a1 and x5 belong to different grids — compute u; with ug and us:
uy = kug — auf(xs — 1)
— special cases: ¢ =0 and k = (—)1 (anti)symmetry, ¢ > 0: extrapolation
e extrapolation: need "wrong* values us and uy for the computation of uf

— use average of ui, and ) instead, where u), contains the (unknown) value uy:
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— semi-implicit, for "exact“ extrapolation (a = 1, k = 1) this leads to:
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— problems when perturbations move towards the boundary (— oszillations)

New method: extrapolate u), and make use of the fact that the derivatives

(but not necessarily the values) for both grids are continuous:
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¢ introduce a "damping factor“ 0 < a < 1 (to avoid overshooting) and write:
uyp = ug — auy(xz — x1) (uh is now known and doesn’t contain wuy )
— results in an expression vy = Cyus + Cous + Csuy + Cyus with:

Co=a "1 Co=1-Cha2" 2 O =-Cy, Cs=1-Cs

Trq — I3 Trs — I3
— couples the grids (helps against the odd-even instability)
e if perturbations propagating to the boundary still cause problems, us can be

computed with the same method (with us — ug) before uy is computed



DENISIS (Dust Electron Neutral Ion Self-consistent Integration Scheme):

o 4-fluid model, where the dust can be replaced by a 2”7 ion species

e Basic equations for each species o (v = e, 1, 11, or d):
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e Source terms: (): interaction between the species, F: external sources
o Charge qo = 0n€2q Where o./g = —1, 0; = 4+1 (24: charge number)
¢ Basic asumptions (only necessary for the electrons):

o quasineutrality — p. = me(z;ipi/mi — zapa/maq)

o electrons inertialess: d(p.v.)/dt = 0 — equation for the electric field

— the electron velocity is computed from: V x B = HoT = o Y GaNaTa

e Numerical realization of the source terms (contain "wrong“ grid points uf, ;)
ou  OF(u)
ot Ox

— new method with 3 steps:
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@D replace uf_'_l by its spatial average and perform a half step:
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(@ substitute the averaged source term by the newly computed one:
1
Uy = U — a/At<§ (ully +ul) + u?_'_])

(@ perform the second half of the time step with the new source term:
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The Dust-MHD equations:

e Continuity equations:
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(¢: lonisation frequency, &: recombination frequency)

e Momentum balance equations:

o d(p.b.)/dt =0 gives the electric field:
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o ¥, follows from the current density:
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o equations for the other species:
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(g: external gravitation, I',: radiation pressure, v,5: collision frequency,

with symmetry condition: p,vas = psVga)



e Induction equation:
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— includes the Hall term

— a magnetic field may be generated just by collisions, without any seed field

e Conservation laws:

o Mass: M =3 [ pod®r =0—
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o Momentum: p
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o conditions for the mass and the momentum satisfied

o additional terms in

the energy equations



e Energy equations:
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o L7 radiative gains, losses



