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Abstract. A rigorous theoretical investigation has been made of obliquely propagating dust-acoustic
solitary structures in a cold magnetized two-ion-temperature dusty plasma consisting of a negatively
charged, extremely massive, cold dust fluid and ions of two different temperatures. The reductive
perturbation method has been employed to derive the Korteweg-de Vries (K-dV) equation which
admits a solitary wave solution for small but finite amplitude limit. It has been shown that the
presence of second component of ions modifies the nature of dust-acoustic solitary structures and
may allow rarefactive dust-acoustic solitary waves (solitary waves with density dip) to exist in such
a dusty plasma system. The effects of obliqueness and external magnetic field on the properties of
these dust-acoustic solitary structures are also briefly discussed.

1. Introduction

Nowadays, there has been a great deal of interest in understanding different types
of collective processes in dusty plasms [1–5] which are very common in asteroid
zones, planetary rings, cometary tails, earth’s environment, etc. It has been shown
that the presence of static charged dust grains modifies the existing plasma wave
spectra [6–8], whereas the dust charge dynamics introduces new eigen modes [9–
15]. The low phase velocity (in comparison with the electron and ion thermal
velocities) dust-acoustic mode [9, 15], where the dust particle mass provides the
inertia and the pressures of inertialess electrons and ions give rise to the restoring
force, is one of them. Recently, motivated by the experimental observation [15] of
these low phase velocity dust-acoustic waves, we [16, 17] have studied nonlinear
dust-acoustic waves in a two-component unmagnetized dusty plasma consisting of
a negatively charged cold dust fluid and Maxwellian [16] and non-Maxwellian [17]
distributed ions. As the effects of second component of lighter species, oblique-
ness, and external magnetic field, which have not been considered in these earlier
investigations [16, 17], drastically modify the properties of electrostatic solitary
structures [18–21], in the present work we have extended our earlier work [16,
17] to obliquely propagating dust-acoustic solitary structures in a magnetized two-
ion-temperature dusty plasma which consists of a negatively charged extremely
massive dust fluid, and ions of two different temperatures.
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The manuscript is organized as follows. In Section 2 we have described the
governing equations. The Korteweg-de Vries equations for electrostatic potential
and dust density perturbation, and their stationary solutions have been derived in
Section 3. Finally, a brief discussion has been presented in Section 4.

2. Governing Equations

We consider a dusty plasma system, which consists of extremely massive, micron-
sized, negatively charged, cold dust fluid and ions of two different temperatures
Tic and Tih, in presence of an external static magnetic field (B0 ‖ ẑ). Thus, at
equilibrium we have

ni0h + ni0c = Zdnd0, (1)

whereni0h and ni0c are equilibrium ion number densities at two different tem-
peraturesTih and Tic, respectively,nd0 is the equilibrium dust particle number
density andZd is the number of electrons residing on the dust grains. The dy-
namics of low phase velocity (lying between the ion and dust thermal velocities,
viz., vtd � vp � vti) dust-acoustic oscillations is governed by [16–18]

∂n

∂t
+∇ · (nu) = 0, (2)

∂u
∂t
+ (u · ∇)u = ∇ϕ − ωcd(u× ẑ), (3)

52ϕ = n− 1

1+ µe
−ϕ − ( µ

1+ µ)e
−ϕ/α, (4)

wheren is the dust particle number density normalized tond0; u is the dust fluid
velocity normalized to the dust-acoustic speedCd = (ZdTih/md)

1/2 with md
being the mass of negatively charged dust particles;ϕ is the electrostatic wave
potential normalized toTih/e with e being the magnitude of the electron charge;
α = Tic/Tih; µ = ni0c/ni0h. The time and space variables are in the units of
the dust plasma periodω−1

pd = (md/4πnd0Z
2
de

2)1/2 and the Debye lengthλDd =
(Ti/4πZdnd0e

2)1/2, respectively.ωcd = (ZdeB0/md)/ωpd is the dust cyclotron
frequency normalized toωpd .

We have assumed that the electron number density is sufficiently depleted dur-
ing the charging of the dust grains, on account of the attachment of the background
plasma electrons on the surface of the dust grains. This scenario is relevant to
a number of space dusty plasma systems [3, 10], for example, planetary rings
(particulary, Saturn’s F-ring [10]), and laboratory experiments [15].

It is important to note that we confined ourselves to the study of low frequency
waves whose frequency is comparable to the dust cyclotron frequency. Thus, we
must consider a magnetized dusty plasma case which is a realistic situation for
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all most all space dusty plasma systems (e.g. planetary rings [22]) and has been
considered by a number of authors [12, 23–25]. It should be pointed out that we
have generalized our study of dust-acoustic solitary structures [16] to a magnetized
dusty plasma with two energy distributions of ions which may also occur in some
space dusty plasma situations [26, 3]. Such two energy distributions may arise in
a space dusty plasma due to some of the charging processes of dust gains, such
as, charging process by photo emission [3] (when dusty plasmas are in the field
of electromagnetic radiation). It is obvious that if we neglect the contributions of
external magnetic field and second component of ions (i.e., we setωcd = 0 and
µ = 0), our present dusty plasma model corresponds to the dusty plasma system
considered in a recent published work [16].

3. Korteweg-de Vries (K-dV) Equation

To study dust-acoustic solitary waves in the dusty plasma model under consid-
eration, we construct a weakly nonlinear theory [27] of the dust-acoustic waves
with small but finite amplitude which leads to scaling of the independent variables
through the stretched coordinates [20, 27]

ξ = ε1/2(lxx + lyy + lzz − v0t),

τ = ε3/2t, (5)

whereε is a small parameter measuring the weakness of the dispersion,v0 is the
wave phase velocity normalized toCd ; lx , ly, andlz are the directional cosines of
the wave vectork along thex, y, andz axes, respectively, so thatl2x + l2y + l2z = 1.

We can expand the perturbed quantitiesn, uz, andϕ about their equilibrium
values in powers ofε by following Refs. 20 and 27. To obtain x and y components
of dust electric field and polarization drifts, we can expand the perturbed quantities
ux,y by following a standard technique [20] where the terms ofε3/2 are included.
Thus, we can expandn, ux,y,z, andϕ as [20, 27]

n = 1+ εn(1) + ε2n(2) + ......,
ux,y = 0+ ε3/2u(1)x,y + ε2u(2)x,y + ...., (6)

uz = 0+ εu(1)z + ε2u(2)z + .....,
ϕ = 0+ εϕ(1) + ε2ϕ(2) + .......

Now, using (5) and (6) in (2)–(4) one can obtain the first order continuity equa-
tion, z-component of the momentum equation and Poisson’s equation which, after
simplification, yield

u(1)z = −
lz

v0
ϕ(1),
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Figure 1.Plot ofS = 0 in parameter space (α, µ).

n(1) = − l
2
z

v2
0

ϕ(1), (7)

v0 = lz[ α + µ
α(1+ µ) ]

−1/2.

We can write the first orderx- andy-components of the momentum equation as

u(1)y = lx
ωcd

∂ϕ(1)

∂ξ
,

u(1)x = − ly

ωcd

∂ϕ(1)

∂ξ
.

}
(8)

These, respectively, represent thex- andy-components of the electric field drift.
These equations are also satisfied by the second order continuity equation.

Again, using (5) and (6) in (3) and (4), and eliminatingu(1)x,y, we obtain the
next higher orderx- andy-components of the momentum equation and Poisson’s
equation as

u(2)y = −
lyv0

ω2
cd

∂2ϕ(1)

∂ξ2
, (9)

u(2)x = −
lxv0

ω2
cd

∂2ϕ(1)

∂ξ2
, (10)

∂2ϕ(1)

∂ξ2
= n(2) + [ α + µ

α(1+ µ) ]ϕ
(2) − 1

2
[ α

2+ µ
α2(1+ µ) ][ϕ

(1)]2. (11)
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The first two of these equations, respectively, denote they- andx-components of
the dust polarization drift. Similarly, following the same procedure one can ob-
tain the next higher order continuity equation andz-component of the momentum
equation as

∂n(1)

∂τ
− v0

∂n(2)

∂ξ
+ lx ∂u

(2)
x

∂ξ
+ ly

∂u(2)y

∂ξ
+ lz ∂

∂ξ
[u(2)z + n(1)u(1)z ] = 0, (12)

∂u(1)z

∂τ
− v0

∂u(2)z

∂ξ
+ lzu(1)z

∂u(1)z

∂ξ
− lz ∂ϕ

(2)

∂ξ
= 0. (13)

Now, using (7)–(13), one can eliminaten(2), u(2)z , andϕ(2) and can obtain

∂ϕ(1)

∂τ
− Aϕϕ(1) ∂ϕ(1)∂ξ

+D∂3ϕ(1)

∂ξ3 = 0,
∂n(1)

∂τ
+ Ann(1) ∂n(1)∂ξ

+D∂3n(1)

∂ξ3 = 0.

}
(14)

The first one represents the K-dV equation for potentialϕ and the second one for
dust particle density perturbationn. The coefficientsAϕ,An, andD are given by

Aϕ = 1
2lz[ α+µα(1+µ) ]−3/2S,

An = 1
2lz[ α+µα(1+µ) ]−5/2S,

D = 1
2lz[ α+µα(1+µ) ]−3/2[1+ 1−l2z

ω2
cd

],
S = 3[ α+µ

α(1+µ) ]2− [ α
2+µ

α2(1+µ) ].

 (15)

The steady state solutions of these K-dV type equations are obtained by trans-
forming the independent variablesξ andτ to η = ξ − u0τ andτ = τ , whereu0

is a constant velocity normalized toCd , and imposing the appropriate boundary
conditions, viz.,ϕ→ 0, dϕ

(1)

dη
→ 0, d

2ϕ(1)

dη2 → 0 atη→ ±∞. Thus, one can express
the steady state solutions of these K-dV type equations as

ϕ(1) = −φ(1)m sech2[(ξ − u0τ)/δ],
n(1) = n(1)m sech2[(ξ − u0τ)/δ],

}
(16)

where the amplitudesϕ(1)m andn(1)m , and the widthδ (normalized toλDd) are given
by

ϕ(1)m = 3u0/Aϕ,

n(1)m = 3u0/An,

δ = √4D/u0.

 (17)

As u0 > 0, it is clear from (15)–(17) that ifS > 0, there exists solitary waves
with negative potential or compressive solitary waves (solitary waves with density
hump) and ifS < 0, there exists solitary waves with positive potential or rarefactive
solitary waves (solitary waves with density dip). It is obvious from (15) that for
µ = 0 (which means that only one type of ion species is present)S is always
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Figure 2.δ (normalized toλDd ) is plotted againstθ (in degree) foru0 = 1.0, µ = 0.2, α = 0.05,
ωcd = 0.01 (curve 1),ωcd = 0.02 (curve 2) andωcd = 0.01 (curve 3).

positive, i.e., there exists solitary waves with negative potential or compressive
solitary waves only. But for a suitable value ofµ andα, S may become negative,
i.e., solitary waves with positive potential or rarefactive solitary waves may exist.
Figure 1, representing a curveS = 0 in parameter space (µ, α), shows these
two regionsS > 0 (region corresponding to dust-acoustic compressive solitary
structures) andS < 0 (region corresponding to dust-acoustic rarefactive solitary
structures). It is obvious that the amplitude of these solitary structures is inversely
proportional tolz but is independent of the external magnetic field. It is seen that the
width is a nonlinear function of the external magnetic field (ωcd ) and the oblique-
ness (lz = cosθ). Figure 2 shows how the widthδ of these solitary structures vary
with dust-cyclotron frequency (ωcd) and propagation angle (θ).

4. Discussion

The effects of the second component of ions, the obliqueness, and the external
magnetic field on electrostatic solitary structures, which have been found to ex-
ist in a two-ion-temperature magnetized dusty plasma, are investigated by using
the reductive perturbation method. It has been found that the presence of second
component of ions modifies the nature of dust-acoustic solitary structures and
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may allow rarefactive solitary waves to exist in such a two-ion-temperature dusty
plasma model.

It has been observed that as we decreaselz, i.e., increase the propagation an-
gle θ , the amplitude of the both compressive and rarefactive solitary structures
increases and tends to∞ whenθ is 90◦ and that the width (δ) increases withθ for
its lower range (i.e. from 0◦ to∼ 45◦), but decreases for its higher range (i.e. from
∼ 45◦ to 90◦). It should be mentioned here that the reductive perturbation method
used is only valid for small but finite amplitude limit, but not valid for largeθ which
makes the wave amplitude large enough to break the conditionεn(1) < 1.

It is seen that the magnitude of the external magnetic field has no effect on the
amplitude of the solitary waves. However, it does have an effect on the width of
these compressive and rarefactive solitary waves. It is shown that as we increase
the magnitude of the external magnetic field, the width of these solitary structures
decreases, i.e., external magnetic field makes the solitary structures more spiky.

It should be noticed that inclusion of the electron contribution in our analysis
will alter the overall quasineutralilty condition as ni0 = Zdnd0+ ne0, where ne0 is
the quilibrium electron number density. Further it would lead to the modification of
the speed, amplitude and width of the solitary structures [28] but lead to the same
result for the existence of compressive or rarefactive solitons [28].

It may be stressed here that the results of this investigation should be useful
for understanding the nonlinear features of localized electrostatic disturbances in
laboratory and space plasmas, in which negatively charged dust particulates and
ions of two different temperatures (cold and hot) are the major plasma species.

To conclude it may be added that the time evolution and stability analysis of
these solitary structures are also problems of great importance but beyond the scope
of the present work.
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