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Abstract. A rigorous theoretical investigation has been made of arbitrary amplitude dust-acoustic
solitary structures in an unmagnetized three-component dusty plasma whose constituents are an iner-
tial charged dust fluid and Boltzmann distributed ions and electrons. The pseudo-potential approach
and the reductive perturbation technique are employed for this study. It is found from both weakly
and highly nonlinear analyses that the dusty plasma model can support solitary waves only with
negative potential but not with positive potential. The effects of equilibrium free electron density and
its temperature on these solitary structures are discussed. The implications of these results to some
astrophysical and space plasma systems, especially to planetary ring-systems and cometary tails, are
briefly mentioned.

1. Introduction

Recently, there has been a great deal of interest in understanding different types
of collective processes in dusty plasmas (plasmas with extremely massive and
negatively charged dust grains), because of its vital role in the study of astro-
physical and space environments, such as, cometary tails, asteroid zones, planetary
rings, interstellar medium, earth’s environment, etc. (Horanyi and Mendis, 1985,
1986; Goertz, 1989; Northrop, 1992; Mendis and Rosenberg, 1992, 1994; Ver-
heest, 1996). These dust grains are negatively charged because of a number of
charging process, such as, field emission, ultra-violet radiation, plasma currents,
etc. (Feuerbacheret al., 1973; Fechtinget al., 1979; Havneset al., 1987).

It has been found that the presence of static charged dust grains modifies the
existing plasma wave spectra (Bliokh and Yaroshenko, 1985; Angeliset al., 1988;
Angelis et al., 1989; D’Angelo, 1990; Binghamet al., 1991; Shukla and Stenflo,
1992; Angeliset al., 1994; Shukla and Vladimirov, 1995). Bliokh and Yaroshenko
(1985) studied electrostatic waves in dusty plasmas and applied their results in
interpreting spoke-like structures in Saturn’s rings (revealed by Voyager space mis-
sion (Smithet al., 1982)). Angeliset al. (1988) investigated the propagation of ion
acoustic waves in a dusty plasma, in which a spatial inhomogeneity is created by a
distribution of immobile dust particles (Whippleet al., 1985). They (Angeliset al.,
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1988) applied their results in interpreting the low frequency noise enhancement
observed by theVega and Giottospace probes in the dusty regions of Halley’s
comet (Pedersenet al., 1987).

On the other hand, it has been shown both theoretically and experimentally that
the dust charge dynamics introduces new eigenmodes, such as, dust-acoustic mode
(Raoet al., 1990; Melandsøet al., 1993; Rosenberg, 1993; Barkanet al., 1995;
D’Angelo, 1995), dust ion-acoustic mode (Shukla and Silin, 1992), dust cyclotron
mode (Shukla and Rahman, 1998), dust drift mode (Shuklaet al., 1991; Mamun
et al., 1999; Salimullahet al., 1999), etc. Raoet al. (1990) have first reported
theoretically the existence of extremely low phase velocity (in comparison with
the electron and ion thermal velocities) dust-acoustic waves in an unmagnetized
dusty plasma whose constituents are an inertial charged dust fluid and Boltzmann
distributed ions and electrons. Thus, in the dust-acoustic waves the dust particle
mass provides the inertia and the pressures of electrons and ions give rise to the
restoring force. Raoet al. (1990) have studied these dust-acoustic solitary waves
by using the reductive perturbation method which is only valid for small but finite
amplitude lmit. The present study has assumed the same dusty plasma model as
considered by Raoet al. (1990) and has investigated the dust-acoustic solitary
structures by using the pseudo-potential approach, which is valid for arbitrary
amplitude solitary waves, as well as, the reductive perturbation technique which
is applicable for small but finite amplitude solitary waves. It has been found by
both pseudo-potential and reductive perturbation method that the plasma system,
under consideration, supports solitary waves with negative electrostatic potential
but not with positive electrostatic potential.

The manuscript is organized as follows. The basic equations describing the
dusty plasma system under consideration is given in Section 2. The arbitrary amp-
litude dust-acoustic solitary structures are studied by the pseudo-potential approach
in Section 3. A nonlinear evolution equation, known as Korteweg-de Vries (K-dV)
equation, is derived by the reductive perturbation method in Section 4. Finally, a
brief discussion is presented in Section 5.

2. Model Equations

We consider a three-component dusty plasma system consisting of extremely mass-
ive, micron-sized, negatively charged, inertial dust grains and Boltzmann distrib-
uted ions and electrons. Thus, at equilibrium we haveni0 = Zdnd0 + ne0, where
ni0, nd0, and ne0 are the unperturbed ion, dust, and electron number densities,
respectively, andZd is number of charges residing on the dust grains. This model is
relevant to astrophysical and space plasma environments, such as, cometary tails,
asteriod zones, planetary ring systems, interstellar medium, earth’s environment,
etc. (Horanyi and Mendis, 1985, 1986; Goertz, 1989; Northrop, 1992; Mendis
and Rosenberg, 1992, 1994; Verheest, 1996; Feuerbacheret al., 1973; Fechting



ARBITRARY AMPLITUDE DUST-ACOUSTIC SOLITARY STRUCTURES 445

et al., 1979; Havneset al., 1987; Whippleet al., 1985; Shukla and Silin, 1992),
as well as laboratory experiments (Barkanet al., 1995; D’Angelo, 1995). The
dynamics of low phase velocity (lying between the ion and dust thermal velocities,
viz vtd � vp << vti) dust-acoustic oscillations is governed by (Raoet al., 1990;
Mamunet al., 1996)

∂nd

∂t
+ ∂

∂x
(ndud) = 0, (1)

∂ud

∂t
+ ud ∂ud

∂x
= ∂ϕ

∂x
, (2)

∂2ϕ

∂x2
= nd − µ1e

−ϕ + µ0e
αϕ, (3)

wherend is the dust particle number density normalized tond0; ud is the dust fluid
velocity normalized to the dust-acoustic speedCd = (ZdTi/md)1/2, with Ti being
the ion temperature in units of the Boltzmann constant andmd being the mass of
negatively charged dust particulates;ϕ is the electrostatic wave potential normal-
ized toTi/e, with e being the magnitude of the electron charge. The time and space
variables are in the units of the dust plasma periodωpd

−1 = (md/4πnd0Z
2
de

2)1/2

and the Debye lengthλDd = (Ti/4πZdnd0e
2)1/2, respectively.µ1, µ0, andα are

defined as

µ1 = 1
1−β , µ0 = β

1−β ,
β = ne0

ni0
, α = Ti

Te
,

}
(4)

whereTe is the electron temperature in units of the Boltzmann constant.

3. Arbitrary Amplitude Solitary Structures

To study time-independent solitary structures, we make all the dependent variables
depend only on a single variableξ = x −Mt (whereξ is again normalized toλDd
andM is the Mach number, soliton velocity/Cd ), use the steady state condition,
impose the appropriate boundary conditions (namelynd → 1, ud → 0, ϕ → 0,
anddϕ/dξ → 0 at ξ → ±∞), and reduce our basic equations, (1)–(3), to the
‘energy integral’:

1

2
(
dϕ

dξ
)2+ V (ϕ) = 0, (5)

where the Sagdeev potential (Sagdeev, 1966) for our purposes reads

V (ϕ) = µ1 + µ0

α
+M2−M2(1+ 2ϕ/M2)1/2

− µ1e
−ϕ − µ0

α
eαϕ. (6)
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Figure 1.Showing how the critical Mach numberMc varies withα andβ.

It is clear from (6) thatV (ϕ) = dV (ϕ)/dϕ = 0 atϕ = 0. Therefore, solitary wave
solutions of (5) exist if (i)

(
d2V/dϕ2

)
ϕ=0 < 0, so that the fixed point at the origin

is unstable, and (ii)
(
d3V/dϕ3

)
ϕ=0 > (<)0 for solitary waves withϕ > (<)0. The

nature of these solitary waves, whose amplitude tends to zero as the Mach number
M tends to its critical value, can be found by expanding the Sagdeev potential
V (ϕ) to third order in a Taylor series inϕ. The critical Mach number is that which
corresponds to the vanishing of the quadratic term. At the same time, if the cubic
term is negative, there is a potential well on the negative side and if the cubic term
is positive, there is a potential well on the positive side.

Therefore, by expanding the Sagdeev potentialV (ϕ) around the origin, the
critical Mach number, at which the second derivative changes sign, can be found
as

Mc =
√

1− β
1+ αβ (7)

and at this critical value of M the cubic term ofV (ϕ) can be expressed as

− 1

3(1− β)2 [1+ (3+ αβ)αβ +
1

2
β(1+ α2)]. (8)

This clearly indicates that the cubic term is always (for any values ofα andβ)
negative, i.e. solitary waves withϕ < 0 can only exist. In other words the plasma
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Figure 2.Showing how the upper limit of the Mach numberM changes withβ. This upper limit is
that maximum value of M which satisfiesSm ≥ 0.

model, under consideration, cannot support any solitary wave withϕ > 0. It may
be mentioned here thatβ = 1, which means that no dust particle present in our
plasma system, can never be considered to study dust-acoustic mode. However, for
realistic case (Goertz, 1989; Raoet al., 1990; Shukla and Silin, 1992)β < 1 and
α < 1. Figure 1 represents how the critical Mach numberMc varies withβ andα.
It shows that the critical Mach number increases withα but decreases withβ.

Now, it is of interest to examine whether or not there exists an upper limit of
M for which solitary waves withϕ < 0 exist. This upper limit ofM can be found
by the conditionV (ϕc) ≥ 0, whereϕc = −M2/2 is the minimum value ofϕ for
which the dust densitynd is real. Thus, the upper limit of M is that maximum value
of M which satisfies the condition

Sm ≥ 0,
Sm = µ1+ µ0

α
+M2 − µ1e

M2/2− µ0
α
e−αM2/2.

}
(9)

Figure 2 shows how the upper limit ofM changes with the parameterβ. It indicates
that as we increaseβ, the upper limit of M decreases.

We have also numerically examined the Sagdeev potentialV (ϕ) and have found
the minimum and maximum values ofM, for which solitary waves exist, for a con-
stantα and different values ofβ. These are incorporated in Figures 3–8. Figures 3
and 6 show that forβ=0 there exist potential well only in the negativeϕ-axis, i.e.
there exist solitary waves withϕ < 0 for 1.0 > M > 1.58. Figures 4 and 7 show
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Figure 3.The behaviour of the Sagdeev potentialV (ϕ) for α = 0 which shows that solitary waves
with ϕ < 0 exist when the Mach numberM passes the value 1.

Figure 4.The behaviour of the Sagdeev potentialV (ϕ) for α = 0.05 andβ = 0.05 which shows that
solitary waves withϕ < 0 exist when the Mach numberM passes the value 0.98.
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Figure 5.The behaviour of the Sagdeev potentialV (ϕ) for α = 0.05 andβ = 0.10 which shows that
solitary waves withϕ < 0 exist when the Mach numberM passes the value 0.95.

Figure 6.The behaviour of the Sagdeev potentialV (ϕ) for α = 0 which shows that solitary wave no
longer exists when the Mach numberM exceeds the value 1.58.



450 A.A. MAMUN

Figure 7.The behaviour of the Sagdeev potentialV (ϕ) for α = 0.05 andβ = 0.05 which shows that
solitary wave no longer exists when the Mach numberM exceeds the value 1.54.

Figure 8.The behaviour of the Sagdeev potentialV (ϕ) for α = 0.05 andβ = 0.10 which shows that
solitary wave no longer exists when the Mach numberM exceeds the value 1.52.
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the same forα = 0.05, β = 0.05, and 0.98 > M > 1.54. Figures 5 and 8 also
show the same forα = 0.05, β = 0.10, and 0.95 > M > 1.52. The results in
Figure 1 agree with those in Figures 3–5. The results in figure 2 agree with those
in Figures 6–8. Theses plots also agree with our analytical results that the dusty
plasma, under consideration, may support only solitary waves withϕ < 0, but not
any solitary wave withϕ > 0.

4. Small Amplitude Limit: K-dV Solitons

To study the dynamics of small amplitude dust-acoustic solitary waves, we derive
the Korteweg-de Vries (K-dV) equation from our basic equations, (1)–(3), by em-
ploying the reductive perturbation technique (Washimi and Taniuti, 1966) and the
stretched coordinatesζ = ε1/2(x − v0t) and τ = ε3/2t , whereε is a smallness
parameter measuring the weakness of the amplitude or dispersion andv0 is the
soliton velocity (normalized toCd ). We can then expand the variablesnd , ud , and
ϕ about the unperturbed states in power series ofε, as has been done in Washimi
and Taniuti (1966), and develop equations in various powers ofε. To lowest order
in ε, (1)–(3) given(1)d = −ϕ(1)/v2

0, u(1)d = −ϕ(1)/v0, andv0 = 1/
√
µ1 + αµ0. To

next higher order inε, we have a set of equations which read

∂n
(1)
d

∂τ
− v0

∂n
(2)
d

∂ζ
+ ∂u

(2)
d

∂ζ
+ ∂

∂ζ
(n
(1)
d u

(1)
d ) = 0, (10)

∂u
(1)
d

∂τ
− v0

∂u
(2)
d

∂ζ
− ∂ϕ

(2)

∂ζ
+ u(1)d

∂u
(1)
d

∂ζ
= 0, (11)

∂2ϕ(1)

∂ζ 2
− 1

v2
0

ϕ(2) − n(2)d +
1

2
(µ1− α2µ0)[ϕ(1)]2 = 0. (12)

Now, from (10)–(12) we readily obtain

∂ϕ(1)

∂τ
+ Aϕ(1) ∂ϕ

(1)

∂ζ
+ B ∂

3ϕ(1)

∂ζ 3
= 0, (13)

which is the K-dV equation with

A = v3
0
2 [µ1 − α2µ0− 3/v4

0],
B = v3

0
2 .

}
(14)

The stationary localized solution of (13) is given by

ϕ(1) = ϕ(1)m sech2[(ζ − u0t)/δ], (15)

where the amplitudeϕ(1)m and the widthδ are given byϕ(1)m = 3u0/A and δ =√
4B/u0, respectively. Asu0 > 0, Equation (15) clearly indicates that (i) small
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amplitude solitary waves withϕ > 0 exist if A > 0 and (ii) small amplitude
solitary waves withϕ < 0 exists ifA < 0. We can expressA as

A = − v3
0

(1− β)2 [1+ (3+ αβ)αβ +
1

2
β(1+ α2)]. (16)

This indicates thatA is always negative for all possible values ofα andβ. This
means that the plasma system, under consideration, may support only solitary
waves withϕ < 0, but does not support any solitary wave withϕ > 0.

5. Discussion

It is found from our study of both weakly and highly nonlinear analyses that the
dusty plasma, which consists of cold dust particulates with Boltzmann distributed
electrons and ions, can support only solitary waves of negative potential, corres-
ponding to a hump in the dust density. The plasma system does not support any
solitary wave withϕ > 0, corresponding to a depletion of the dust density. This
disagrees with the work of Raoet al. (1990) where it has been reported that the
dust-acoustic waves can propagate nonlinearly as solitons of either negative or pos-
itive electrostatic potential. If we assume a complete depletion of the background
electrons (Shukla and Silin, 1992; Mamunet al., 1996), owing to the attachment of
these electrons to the surface of the dust grains during the charging process, i.e. we
considerβ = 0, our results completely agree with our earlier work (Mamunet al.,
1996). It is also found that as we increase the background electron number density
(ne0), the minimum and maximum values of the Mach number for which solitary
waves exist decreases and the amplitude of the solitary waves (the amplitude of
the solitary wave, if it exists, would be the value ofϕ at whichV (ϕ) crosses the
ϕ-axis) increases for constant values ofM andα.

It may be stressed here that the results of the present investigation should be use-
ful for understanding the nonlinear features of localized electrostatic disturbances
in a number of astrophysical dusty plasma systems, such as, planetary ring systems
(viz. Saturn’s rings (Goertz, 1989; Bliokh and Yaroshenko, 1985; Smithet al.,
1982)), cometary environment (viz. Halley’s comet (Angeliset al., 1988; Pedersen
et al., 1987)), interstellar medium (Goertz, 1989), etc., where negatively charged
dust particulates and Boltzmann distributed electrons and ions are the major plasma
species.

It may be pointed out that the results of this study should also be important in
understanding some nonlinear behaviour of electrostatic waves in Saturn’s rings
and Halley’s comet proposed by the pioneer papers of Bloikh and Yaroshenko
(1985) and Angeliset al. (1988).

It may also be added that the effects of obliqueness, external magnetic field and
inhomogeneity in plasma density on these arbitrary amplitude solitary structures,
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and their instabilities are also problems of great importance but beyond the scope
of the present work.
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