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[1] It is well known that at the Earth’s magnetopause there is much scale size turbulence
whose origin is not yet fully understood. Our objective here is to present a detailed
investigation of short-wavelength (in comparison with the ion gyroradius) lower hybrid
drift (LHD) wave turbulence that is generated by sheared electron flows and ion beams. We
employ here a hybrid approach, in which the ions are treated kinetically while the cold
electrons are described by means of a fluid model, and derive the linear dispersion relation.
The latter is analyzed analytically and numerically for different realistic situations.
Introducing the mixing length hypothesis and mode coupling processes, we deduce the
saturated wave spectra for nonthermal LHD wave fluctuations. The latter produce the
anomalous resistivity and cross-field particle diffusion in a nonuniform magnetoplasma. It
is shown that the nonlinear equations governing the dynamics of weakly interacting LHD
waves admit stationary solutions in the form of vortices which can also trap particles and
transport them to large distances. The present study is relevant for understanding the
properties of nonthermal fluctuations and associated transport processes and coherent
vortex structures at the magnetopause current layer. INDEX TERMS: 7863 Space Plasma Physics:

Turbulence; 7871 Space Plasma Physics: Waves and instabilities; 7859 Space Plasma Physics: Transport

processes; 7867 Space Plasma Physics: Wave/particle interactions; 7868 Space Plasma Physics: Wave/wave

interactions; KEYWORDS: Lower hybrid drift waves, turbulence, magnetopause, boundary layer
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1. Introduction

[2] One of the fundamental problems in space plasma
physics is to understand the mechanisms which provide the
required dissipation for many processes in collisionless
plasmas [O’Neil and Coroniti, 1999; Lakhina et al.,
2000]. Excellent examples of such processes are accelerated
plasma flows [Bingham et al., 1993; Shapiro et al., 1994;
Bryant, 1999] and magnetic flux transfer events [Drake et
al., 1994; Biskamp, 2000; Lee and Fu, 1985; Lee et al.,
1994; Carter et al., 2002] at the dayside magnetopause
[Treumann et al., 1991] and in laboratory experiments
[Carter et al., 2002]. All of these examples reveal the
evidence of the magnetic field reconnection [Biskamp,
2000; Drake, 2001; Deng and Matsumoto, 2001] in plas-
mas. However, the magnetic reconnection requires the
violation of the frozen-in condition and parallel electric
fields which are only possible if a corresponding anomalous
dissipation [Carter et al., 2002] is available.

[3] There has been a great deal of interest in under-
standing various types of turbulent processes which provide
a dissipation on macroscopic plasma scales. The lower
hybrid drift (LHD) wave instability [Gary and Eastman,
1979; Brackbill et al., 1984; Gary and Sgro, 1990; Huba et
al., 1981; Winske and Omidi, 1995] is often discussed as a
potential candidate for the generation of the anomalous
resistivity which is required to facilitate the magnetic field
reconnection. Therefore it is highly desirable to develop a
clear understanding for the generation of LHD wave turbu-
lence [Shapiro et al., 2001] and the associated fluctuation
spectrum [Rosenberg and Gekelman, 2001] that causes
nonthermal transport [Winske and Omidi, 1995; Huba et
al., 1981; Treumann et al., 1991] of particles across the
geomagnetic field lines.
[4] Drake et al. [1994] presented an analysis of turbu-

lence and transport involving LHD waves in the presence of
sheared equilibrium electron flow with an application to the
magnetopause current layer. They found that the free energy
stored in the sheared electron flow can be coupled to the
low-frequency (in comparison with the electron gyrofre-
quency wce) short-wavelength (in comparison with the ion
gyroradius ri) electrostatic waves. They also presented a
simple quasi-linear calculation for the particle flux and a set
of nonlinear equations that governs the dynamics of non-
linearly interacting LHD waves. Their computer simulations
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of the governing dynamical equations revealed the forma-
tion of coherent vortex structures.
[5] Recently, Lakhina and Tsurutani [1999] have inves-

tigated LHD waves by treating both electrons and ions as
fluids and have taken into account the parallel electron beam,
ion drift relative to electrons, and density/magnetic field
nonuniformity. In this paper, we present systematic studies
of linear and nonlinear short-wavelength LHDwaves that are
generated by sheared electron flows and ion beams at the
Earth’s magnetopause. By means of a hybrid approach, in
which the ions are treated kinetically and the cold electrons
are described by means of a fluid model, we derive a set of
governing equations for theLHDwave turbulence (section 2).
A linear dispersion relation is derived and analyzed analyti-
cally for different realistic situations (section 3). We deduce
expressions for the saturated electric field spectra, the anom-
alous resistivity, and cross-field electron diffusion (section 4).
Also derived are analytical stationary solutions of the non-
linear dynamical equations in terms of a double vortex and a
vortex chain (section 5). Finally, we discuss implications of
our results in explaining the salient features of coherent
nonlinear structures which are observed in computer simu-
lations of Drake et al. [1994].

2. Governing Equations

[6] We consider an electron-ion plasma representing a
magnetopause current layer. We assume that (1) the ion
temperature Ti is much higher than the electron temperature
Te, (2) the equilibrium magnetic field ẑB0 and the electron
flow velocity ẑu0 are along the z direction, where ẑ is the
unit vector along the z direction, and (3) gradients of the
equilibrium flow velocity u0(x), the number density n0(x),
and the electrostatic potential f0(x) are along the x direction.
The density and magnetic field gradients are maintained by
a constant electric field, while the parallel electron velocity
gradient is maintained by a noncontinuous injection of the
electrons at the magnetopause current layer.
[7] We consider the propagation of low-frequency elec-

trostatic waves with the frequency wci � w � wce and the
wave number kre � 1 � kri, where wcj = eB0/mjc, rj = vTj/
wcj, vTj = (Tj/mj)

1/2, e is the magnitude of the electron
charge, mj is the mass of the species j ( j = e for electrons
and j = i for ions), and c is the speed of light vacuum. Thus
in the presence of such low-frequency electrostatic waves,
the perturbed electron number density ne and the perturbed
electron fluid velocity components u? and uz are given by
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ẑ
r?f

� cTe

eB0n0

 
ẑ
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where u? (uz) is the component of the electron fluid velocity
perpendicular (parallel) to ẑ and a = (1/wce)(@u0/@x). We
note that in deriving (2) and (3) we assumed j@/@tj  u0j@/
@zj and jẑ 
 rf)�rj  (uzB0/c)j@z/@zj and substituted u?
(obtained from the electron momentum equation by using
the first-order approximation) into the convective term.
[8] Since we are interested in electrostatic waves with

w  wci and kri  1, we can neglect the influence of the
magnetic field on the ion motion and can describe the
dynamics of unmagnetized ions by the Vlasov equation

@fi
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þ v � rfi �
e
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rfð Þ � @fi
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¼ 0; ð4Þ

where fi(r, v, t) represents the ion distribution function
which can be expressed in terms of its unperturbed and
perturbed parts as fi = f0 + ~f i. The unperturbed part f0 is
assumed to be a local Maxwellian shifted by a constant ion
drift speed v0 along the y direction. Thus we can express f0
as [Galeev, 1982]

f0 x; vð Þ ¼ n0
mi

2pTi

� �3=2

exp �ET

Ti

� �
; ð5Þ

where ET = miv
2/2 + miv0

2/2 + ef0(x) � miv0vy. The constant
ion drift speed v0 is created owing to cE0 
 ẑ/B0 drift in the
plasma, where E0 = x̂(@f0/@x).

3. Lower Hybrid Drift Waves

[9] To find the linear electron and ion responses to the
low-frequency electrostatic waves under consideration, we
neglect the nonlinear terms of (1)–(4) and express them as
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where j@/@tj  u0j@/@zj has been assumed. We now express
the perturbed electron and ion number densities, ne and ni
(=
R
~fidv), in terms f by Fourier-decomposing (6)–(9) (i.e.,

assuming that the perturbed quantities ñe, u?, ũz, ~f i, and f
are proportional to exp (�iwt + ikyy + ikzz)) and solving the
resulting equations for ne and ni. That is, we can express ne
and ni as

~ne 	
k2cef
4pe

ð10Þ

~ni 	 � k2cif
4pe

; ð11Þ

where ce and ci are the electron and ion susceptibilities
[Miyamoto, 1980; Stenflo, 1981]. The latter for our purposes
for w  kzvTe are
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where kn = (1/n0)(@n0/@x), lDi = (Ti/4pn0e
2)1/2, wpi =

ð4pn0e2/miÞ1/2, z = (w � kyv0)/
ffiffiffi
2

p
kVTi, and Z(z) =

p�1/2
R
�1
+1dt exp (�t2)/(t � z) is the plasma dispersion

function. The dispersion relation (e = 1 + ce + ce = 0) for
jw � kyv0j � kVTi is given by
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Equation (14) is a local dispersion relation for coupled
short-wavelength lower hybrid drift waves and obliquely
propagating electron acoustic waves. We note that short-
wavelength LHD waves are different from long-wavelength
(in comparison with the ion gyroradius) LHD waves for
which jw � kyv0j  kvTe, w  wce, and ci = �wpi

2 /w2. Thus
the present ion susceptibility (given by the second term on
the right-hand side of (14)) is attributed to a purely kinetic
effect, in contrast to the inertial ion fluid susceptibility for
the long-wavelength LHD waves. In the next section, we
discuss the basic dispersion properties of these coupled
waves by analytic analysis of (14) for two limiting cases.

3.1. Boltzmann Ion Response

[10] We consider a situation in which jw � kyv0j/kVTi is so
small that one can neglect it and can consider a Boltzmann
ion response. This approximation allows us to simplify (14)
as
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Now multiplying (15) by k2lDi
2 we can express the

dispersion relation for the coupled lower hybrid drift waves
and obliquely propagating acoustic waves as

d2w2 � kyVa*w� kz þ aky
� 	

kzC
2
a ¼ 0; ð16Þ

where d = (1 + k2lDi
2 + ky

2ra
2)1/2, Va* = knCa

2/wce, Ca = (Ti/
me)

1/2, and ra = Ca/wce. When ky = 0, (16) gives the
electron acoustic waves, w = ±kzCa/d, in which the inertia
comes from the electron mass and the restoring force
comes from the ion temperature. On the other hand, when
kz = 0, (16) represents the lower hybrid drift waves defined
by w = kyVa

*/d2. However, for a finite value of kz we have
from (16)

w ¼ 1
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where wd = kyVa
*/d2 and wa = kzCa/d. Equation (17) with a

plus sign represents an accelerated mode, whereas that
with a minus sign represents the retarded mode. Our
interest is in the accelerated mode which is stable for a >
�ac and unstable for a < �ac, where ac is given by

ac ¼
kz
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4k2z C
2
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 !
: ð18Þ

We now analyze ac in order to find a for stable and
unstable regimes and corresponding real frequency wr and
the growth rate g of the LHD waves with klDi < 1 <
kyra. The latter means that when we consider typical
boundary layer parameters [Lakhina et al., 2000] B0 = 5

 10�4 G, Ti = 1 keV [Lakhina et al., 2000; Galeev,
1982], n0 = 20 cm�3, which yield lDi ’ 5 
 103 cm�3

and ra 1.5 
 105 cm, the wavelength of the LHD waves
ranges from a few meters to a few kilometers. For this
particular wavelength range (k2lDi

2 � 1 � ky
2ra

2) we can
rewrite (18) as

ac ’ cot q 1þ 1

4

kn
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" #
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where q is the angle between B0 and k. Equation (19)
means that ac depends on only kn/k and q. To show how
ac changes with kn/k and q, we have plotted ac against
kn/k for different values of q in Figure 1.
[11] To show how the real frequency wr (when a> �ac)

and the growth rate g (when a < �ac) changes with a and
kn/k, we rewrite (17) as

w
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and plot wr/wce (g/wce) against a (jaj) for different values
of kn/k taking typical boundary layer parameters [Lakhina
et al., 2000] as given before equation (19) (cf. Figures 2
and 3). Figure 2 shows that for a > �ac, the real
frequency wr of the LHD waves is significantly modified
by a and that wr increases as we increase a or kn/k. Figure
3 shows that for a < �ac the LHD waves become
unstable owing to the negative gradient of equilibrium
electron flow speed and the obliqueness of the propagating
mode. It also indicates that the growth rate g increases
with jaj but decrease with kn/k.
[12] It is obvious that for jaj  ac, the growth rate

reaches to a maximum value (gm) which can be approxi-
mated as gm/wce ’ (jaj cot q)1/2. This means that the
maximum growth rate (normalized to the electron gyrofre-
quency) is directly proportional to the square root of jaj and
cot q. When we choose q = 85� and jaj = 0.1, it can be
estimated as gm/wce ’ 0.09.

3.2. Non-Boltzmann Ion Response

[13] We now take into account the effect of the term (w �
kyv0)/kVTi, which represents a non-Boltzmann ion response
in equation (14), and examine the lower hybrid drift waves
propagating perpendicular to the magnetic field. The con-
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sideration of the perpendicular propagation (kz = 0) reduces
(14) to a simple form

e ¼ 1þ 1
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Equation (21) represents the dispersion relation for the
lower hybrid drift mode including the contribution of the
ion Landau damping/growth. Using w = wk + igk, where
gk � wk � kyv0 and v0 � VTi, we can express the real
frequency wk and the growth rate gk as
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To estimate wk and gk, we first simplify them as wk ’ wcekn/
ky and gk ’ wkv0/ky

2ra2VTi. These mean that for fixed B0 ’ 5

 10�4 G, Ti ’ 1 keV, and ky ’ 10�5 cm�1, the growth rate
gk is directly proportional to v0 and kn. By choosing v0 =

0.1VTi and kn = 0.01ky, we can find the real frequency and
the growth rate as wk ’ 88 s�1 and gk ’ 4 s�1.

4. Electron Transport Properties

[14] We are now interested in some consequences of
generated LHD waves on transport properties [Treumann
et al., 1991; Galeev, 1982]. In particular, we estimate the
spectral energy density, the anomalous resistivity, and the
diffusion coefficient.

4.1. Spectral Energy Density

[15] The spectral energy density Wk is mathematically
defined as [Krall and Trivelpiece, 1973]

Wk ¼
1

8p
@

@w
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where er is the real part of e = 1 + ce + ci. Using (21)–(23)
we can express (24) as
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To estimate fk, we first invoke the mixing length hypothesis
which states that the electron excursion length during the
E 
 B0 drift is equal to half of the wavelength p/k. Thus
using v? ’ cẑ 
 r?f/B0, we have efk/Ti ’ pkn/k, which
reduces (25) to

Wk 	
p2

2
n0Tid2

k2n
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[16] We can also estimate the spectral energy density Wk

with the help of the weak plasma turbulence theory [Sag-
deev and Galeev, 1969; Galeev, 1982]. We neglect the
variation of ne and uz along the z direction and combine
(1) and (2) to obtain the nonlinear mode coupling equation
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r2a ẑ
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?f: ð27Þ

Figure 1. Variation of ac against kn/k for q = 60� (solid
curve), q = 65� (dotted curve), and q = 70� (dashed curve).

Figure 2. Variation of wr/wce against a for B0 ’ 5 
 10�4

G, Ti ’ 1 keV, q = 70�, kn/k = 0.01 (solid curve), kn/k = 0.03
(dotted curve), and kn/k = 0.06 (dashed curve). Sharp points
correspond to unstable waves with a constant real
frequency.

Figure 3. Variation of g/wce against jaj for B0 ’ 5 
 10�4

G, Ti ’ 1 keV, q = 70�, kn/k = 0.01 (solid curve), kn/k = 0.1
(dotted curve), and kn/k = 0.15 (dashed curve). Sharp points
correspond to a regin of stable waves.
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Assuming that the plasma turbulent motion is due to the
superposition of collective plasma oscillations interacting
among themselves and with the plasma particles, we express

f ¼
X
k

fk tð Þexp �iwk t þ ik � rð Þ; ð28Þ

where fk is a slowly varying function of time due to their
interaction with waves and particles. Substituting (28) into
(27) we have
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where dk = (1 + k2ra
2)1/2. Now introducing the probability

amplitude jCkj2 = Wk/jwkj, which can be expressed using
(25) as
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we obtain from (29)
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where the coupling coefficient is determined by
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We note that in deriving (31), ky
2ldi

2 � 1 has been assumed.
The random phase approximation [Sagdeev and Galeev,
1969; Galeev, 1982] and the mathematical method of
Sagdeev and Galeev [1969] allow us to approximate the
spectral energy density Wk as

Wk ¼
gkwk

2p Vk;k1 ;k2

�� ��2 ; ð33Þ

where wk, gk, and Vk,k1,k2 are given by (22), (23), and
(32), respectively. There are also some other estimates
available in the literature [e.g., Huba et al., 1977]. Huba
et al. [1977] assumed that an upper bound on the wave
energy is given by the total directed kinetic energy, i.e.,
W � n0meju02 � v0

2j. However, the electric current is, in
fact, maintained by the plasma pressure gradient, and thus
the free energy reservoir is much larger (of the order of
n0Ti).

4.2. Anomalous Resistivity

[17] The anomalous resistivity is defined as the electron-
ion friction resulting from the collective oscillations
exchanging momentum between them. We find the effective
collision frequency neff of electrons by equating the macro-

scopic expression for the electron drag with the ion momen-
tum loss due to the wave emission [Galeev, 1982]
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X
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where we assume that the ion momentum change is equal to
the change of the product of the quantum number density
Wk/wk and the momentum k of one quantum. Using (22) and
(23), we can express (34) as
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If we substitute fk obtained from the mixing length
hypothesis, i.e., from efk/Ti = pkn/k, we have
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One can also estimate neff using the weak plasma turbulence
theory by substituting (33) into (34). Here we have

neff ¼
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�� ��2 ; ð37Þ

where gk and Vk,k1
,k2 are given by (23) and (32),

respectively.

4.3. Diffusion Coefficient

[18] We now estimate the diffusion coefficient D associ-
ated with nonthermal lower hybrid drift waves which
produce a cross-field electron flux

�x ¼ hn1vxi þ complex conjugate; ð38Þ

where n1 = �i(
ffiffiffi
p

p
/2ky

2lDi
2 )[(w � kyv0)/kyVTi]efk/Ti, vx =

�ickyfk/B0 and the angle bracket denotes the ensemble
average. Using Fick’s law �x = �D@n0/@x, the diffusion
coefficient D can be estimated as

D 	 p5=2ffiffiffi
2

p k2nr
2
i VTi
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Va*

 !
1

k
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We note that in order to derive (39), we used hfki ’ pTikn/ek.
Taking a typical value for the perpendicular lower hybrid
wavelength of the order of 1/100kn, we obtain fk ’ Ti/300e
which for an ion temperature of 1 keV at the magnetopause
yields an electric field of the order of a fraction of a volt per
centimeter. Accordingly, for a typical magnetic field strength
of 5 
 10�4 G, the diffusion coefficient is roughly 105 cm2

s�1, which agrees well with the required diffusion at the
magnetopause boundary layer [Sonnerup, 1980; Treumann
et al., 1991].

5. Lower Hybrid Drift Vortices

[19] We now focus on the long-term behavior of weakly
interacting short-wavelength lower hybrid drift waves. We
assume that the nonlinear effects arising from the mode
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couplings are more important than any other nonlinear
effects (namely, the particle trapping). For short-wavelength
(namely, k?ri  1) LHD waves we take ni ’ �n0ef/Ti and
suppose that f and uz are functions of x and x = y + mzz �
U0t, where mz and U0 are constants. Hence using the quasi-
neutrality condition, ni ’ ne, which is valid for k2lDi

2 � 1,
we obtain from (1)–(3)
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where we have assumed jv?�rj  juz@/@zj and denoted m1
= (1 � Va*/U0 � mzu0/U0)/ra

2 and a1 = a + mz. It can be
shown that (41) is exactly satisfied by uz = �a1ef/meU0.
Substituting the latter into (40), we obtain

@

@x
� c

U0B0

@f
@x

@

@x
� @f

@x
@

@x

� �� �
r2

?f� mf
� 	

¼ 0; ð42Þ

where m = m1 � wce
2 mz(a + mz)/U0

2.
[20] To find analytical solutions of (42), we consider three

limiting cases.

5.1. A Vortex Chain

[21] When m = 0, we find that (42) is satisfied by the
Ansatz

r2
?f ¼ 4f0C

2
0

A2
0

exp � 2

f0

f� U0

c
B0x

� �� �
; ð43Þ

where f0, C0, and A0 are arbitrary constants. The solution of
(43) is

f ¼ f0 ln 2 cosh C0xð Þ þ 2 1� 1

A2
0

� �
cos C0xð Þ

� �
þ U0

c
B0x: ð44Þ

We note that for A0 > 1, the vortex profile (44) resembles
the Kelvin-Stuart ‘‘cat’s eyes’’ that are chains of vortices
[Petviashvili and Pokhotelov, 1992; Stenflo, 1994; Shukla et
al., 1995; Vranje~s, 1998]. The vortex chain speed is U0 =
(Va* + mzu0)/2± [(Va* + mzu0)

2 + 4Ca
2mz(a + mz)]

1/2/2.

5.2. A Double Vortex

[22] We now consider the situation m > 0 for which (42)
admits a double vortex [Stenflo, 1987]. The outer solution (r=
x2 + x2)1/2 > R, where R is the radius of the vortex) of a double
vortex is

f ¼ �OK1 l1rð Þcos qð Þ; ð45Þ

where �O is a constant, K1 is the modified Bessel function
of order 1, l1 =

ffiffiffi
m

p
, and q = cos�1(x/r). On the other hand,

the inner region solution (r < R) of a double vortex is

f ¼ �I J1 l2rð Þ þ CIr

l2
2

" #
cos q; ð46Þ

where �I is a constant, J1 is the Bessel function of order 1,
CI = U0B0(l1

2 + l2
2)/c. The constant l2 is determined by the

transcendental equation K2(l1R)/l1K1(l1R) = �J2(l2R)/
l2J1(l2R), which comes from the matching of the electric
field at the vortex interface r = R. The other constants are
given by �O = RCI(l1

2 + l2
2)K1(l1R) and �I = �l1

2RCI(l1
2

+ l2
2)J1(l2R). The rotational speed U0 of the double vortex

must satisfy U0 � (Va* + mzu0)U0 � Ca
2mz(a + mz) > 0.

5.3. Counterrotating Vortex Street/Chain

[23] Nonpropagating counterrotating vortex street/chain
may arise if one considers both the density and magnetic
field inhomogeneities. The dynamics of fluke-like LHD
waves for such a situation is governed by

1� r2a
@2

@y2

� �
@f
@t

þ Va*� Vb*ð Þ @f
@y

¼ c

B0

r2a ẑ
r?fð Þ � r½ �r2
?f;

ð47Þ

where Vb
* = (Ca

2/wce)@ ln B0/@x. The latter arises owing to a
nonzero value of the divergence of (c/B0)ẑ 
 r?f in a
nonuniform magnetic field. Equation (47) has been derived
by inserting ne ’ ni = �n0ef/Ti and (2) into (1) and
neglecting the parallel electron dynamics (vz = 0). If the
scale sizes of the density and magnetic field inhomogene-
ities are roughly equal or the plasma is uniform, (47)
reduces to

1� r2a
@2

@y2

� �
@f
@t

’ c

B0

r2a ẑ
r?fð Þ � r½ �r2
?f; ð48Þ

which is a Hasegawa-Mima type equation [Hasegawa and
Mima, 1978] for short-wavelength convective cells. In the
steady state, (48) admits a nonpropagating counterrotating
vortex street. Here the right-hand side of (48) becomes

ẑ
r?f � rð Þr2
?f ’ 0; ð49Þ

which is satisfied by

r2
?f ¼ G fð Þ; ð50Þ

where G(f) is an arbitrary function. Choosing

G fð Þ ¼ f0 sinh
f
fc

� �
; ð51Þ

where f0 and fc are arbitrary constants, one easily finds that
the solution of (50) takes the form [Mallier and Maslowe,
1993]

f ¼ �4fc arctanh
� cos yð Þ
cosh �xð Þ

� �
; ð52Þ

which represents a street of counterrotating vortices, where
� (<1) is a constant. Furthermore, choosing

G fð Þ ¼ � 4a0K
2
0

g20
exp � 2

a0

f
� �

; ð53Þ
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where a0, K0, and g0 are constants, one finds that the
solution [Vranje~s, 1998] of (50) with (53) is

f ¼ a0 ln 2 cosh K0xð Þ þ 2 1� 1

g20

� �1=2

cos K0xð Þ
" #

; ð54Þ

which is an even (in the x direction) row of identical
vortices for g0

2 > 1.

6. Discussion

[24] We have presented a detailed investigation of short-
wavelength (in comparison with the ion gyroradius) lower
hybrid drift wave turbulence that is generated by sheared
electron flows and ion beams. We have employed a hybrid
approach, in which the ions are treated kinetically while the
cold electrons are described by means of a fluid model, and
derived a set of governing equations for the LHD wave
turbulence. We studied linear as well as nonlinear properties
of LHD waves in the presence of equilibrium density and
velocity inhomogeneities which are typical at the Earth’s
magnetopause boundary layer. We found that when a >
�ac, the lower-hybrid drift mode is just modified by a with
an enhancement of its frequency, but when a < �ac, there
occurs an instability which is due to a negative gradient of
the equilibrium electron flow speed and the obliqueness of
the propagating mode (compare Figures 1 and 2). It is
shown that the growth rate g increases with jaj but
decreases with kn/k (compare Figure 3). The growth rate
reaches to a maximum value for jaj  ac, and its maximum
value (gm) can be approximated as gm/wce ’ (jajcot q)1/2.
The maximum growth rate (normalized to the electron gyro
frequency), which is directly proportional to the square root
of jaj and cot q, is found to be gm/wce 0.09 for q = 85� and
jaj = 0.1.
[25] It has been shown that the combined effects of the

ion drift (v0) and the equilibrium electron density inhomo-
geneity (@n0/@x) cause the instability of the lower hybrid
drift waves (equation (23)). For fixed B0 ’ 5 
 10�4 G,
Ti ’ 1 keV, and ky ’ 10�5 cm�1, the growth rate gk of this
instability is directly proportional to v0 and kn, and for v0 =
0.1VTi and kn = 0.01ky, the estimated growth rate is 4 s�1.
[26] We have used the mixing length hypothesis and the

mode coupling processes for deriving the saturated LHD
wave spectra. The latter produce an effective electron
collision frequency and the cross-field particle transport
(compare equations (22), (36), and (39)). Taking a typical
value for the perpendicular lower hybrid wavelength of the
order of 1/100kn, we obtain fk ’ Ti/300e, which for the ion
temperature of 1 keV at the magnetopause yields an electric
field of the order of a fraction of a volt per centimeter. Thus
for a typical magnetic field strength of 5 
 10�4 G, the
diffusion coefficient is roughly 105 cm2 s�1, which agrees
well with the required diffusion at the magnetopause boun-
dary layer [Sonnerup, 1980; Treumann et al., 1991]. We
have also obtained analytical stationary solutions of the
equations governing the dynamics of nonlinearly interacting
lower hybrid drift waves. These are represented in terms of
a vortex chain, a double vortex, and a street of counter-
rotating vortices. The features of these vortices resemble
those observed in computer simulations [Drake et al., 1994]

that are relevant to plasmas at the magnetopause boundary
layer.
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