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A theoretical investigation has been made of the nonlinear propagation of dust-
acoustic waves in a magnetized three-component dusty plasma consisting of a neg-
atively charged dust fluid, free electrons and vortex-like distributed ions. It is found
that, owing to the departure from the Boltzmann ion distribution to a vortex-like
one, the dynamics of small- but finite-amplitude dust-acoustic waves in a mag-
netized dusty plasma is governed by the modified Korteweg–de Vries equation.
The latter admits a stationary dust-acoustic solitary-wave solution that has larger
amplitude, smaller width and higher propagation velocity than that involving adi-
abatic ions. The effects of external magnetic field, trapped ions and free electrons
on the properties of these dust-acoustic solitary waves are briefly discussed.

1. Introduction
Significant attention has been devoted to the study of different types of collec-
tive processes in dusty plasmas, plasmas with very massive and highly charged
dust grains, because of their important roles in laboratory, space and astrophysical
plasma environments, such as cometary tails, asteroid zones, planetary rings, the
interstellar medium, the Earth’s environment, etc. It has been found both theoret-
ically (Rao et al. 1990) and experimentally (Barkan et al. 1995) that the dynamics
of these very massive and highly charged dust grains introduces new eigenmodes.
One of these is the low-frequency dust-acoustic mode (Rao et al. 1990; Barkan et al.
1995), where the dust-particle mass provides the inertia and the pressures of inertia-
less electrons and ions provide the restoring force. Recently, motivated by these the-
oretical and experimental studies, we have studied nonlinear dust-acoustic waves in
an unmagnetized two-component dusty plasma consisting of a negatively charged
dust fluid and Maxwellian (Mamun et al. 1996a) or non-Maxwellian (Mamun et al.
1996b) distributed ions. Since the effects of an external magnetic field and free elec-
trons (which were not considered in these earlier investigations) drastically modify
the properties of electrostatic solitary structures (Witt and Lotko 1983; Shukla and
Yu 1978; Lee and Kan 1981), in the present study we extend our earlier work to a
magnetized three-component dusty plasma consisting of a negatively charged dust
fluid, Boltzmann-distributed electrons and vortex-like distributed ions (Schamel
1972, 1973, 1975), for which the linear and nonlinear properties of dust-acoustic
waves have been investigated by numerical simulations (Winske et al. 1995).
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2. Governing equations
We consider a three-component dusty plasma consisting of very massive,
micrometre-sized, negatively charged inertial dust grains, Boltzmann-distributed
electrons, and ions with trapped particles, in the presence of an external static
magnetic field (B0 ‖ ẑ, where ẑ is a unit vector along the z direction). Thus, at equi-
librium, we have ni0 = Zdn0 + ne0, where ni0, n0 and ne0 are the unperturbed ion,
dust and electron number densities respectively, and Zd is the number of electrons
residing on the dust grains. The dynamics of low-phase-velocity (lying between
the ion and dust thermal velocities, vtd � vp � vti) dust-acoustic oscillations is
governed by (Mamun et al. 1996a, b)

∂n

∂t
+∇ · (nu) = 0, (1)

∂u
∂t

+ (u ·∇)u =∇ϕ− ωc(u× ẑ), (2)

∇2ϕ = n +
µ

1− µe
σϕ − 1

1− µni, (3)

where n is the dust particle number density normalized to n0, u is the dust fluid
velocity normalized to the dust-acoustic speed Cd = (ZdTi/md)1/2 (with Ti the ion
temperature in energy units and md the mass of negatively charged dust particles),
ϕ is the electrostatic wave potential normalized to Ti/e (with e the magnitude of
the electron charge), σ = Ti/Te (with Te the electron temperature in energy units),
µ = ne0/ni0, and ni is the ion number density normalized to ni0. The time and
space variables are in units of the dust plasma period ω−1

pd = (md/4πn0Z
2
de

2)1/2 and
the Debye length λDd = (Ti/4πZdn0e

2)1/2 respectively. ωc = (ZdeB0/md)/ωpd is the
dust cyclotron frequency normalized to ωpd.

To model an ion distribution with trapped particles, we employ a vortex-like ion
distribution function due to Schamel (1972, 1973, 1975) that solves the ion Vlasov
equation. Thus we have

fif =
1

(2π)1/2
e−(v2+2ϕ)/2 (|v| > (−2ϕ)1/2), (4a)

fit =
1

(2π)1/2
e−α(v2+2ϕ)/2 (|v| 6 (−2ϕ)1/2), (4b)

where the subscripts f and t indicate the free and trapped ion contributions re-
spectively. It may be noted here that the distribution function, as presented above,
is continuous in velocity space and satisfies the regularity requirements for an ad-
missible BGK solution (Schamel 1975). It should be mentioned that the velocity
v is normalized to the ion thermal velocity vti, and that α, which is the ratio of
the free-ion temperature Tif to the trapped-ion temperature Tit, is a parameter
determining the number of trapped ions. It has been assumed that the velocity of
nonlinear dust-acoustic waves is small in comparison with the ion thermal velocity.

Integrating the ion distribution functions over the velocity space, we readily
obtain the ion number density ni as

ni = I(−ϕ) +
e−αϕ

|α|1/2
erf[(−αϕ)1/2] (α < 0), (5a)

ni = I(−ϕ) +
2

(π|α|)1/2
W ((αϕ)1/2) (α > 0), (5b)
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where

I(−ϕ) = {1− erf[(−ϕ)1/2]}e−ϕ, (6a)

erf[(−αϕ)1/2] =
2
π1/2

∫ (−αϕ)1/2

0
e−y

2
dy, (6b)

W ((αϕ)1/2) = e−αϕ
∫ (αϕ)1/2

0
ey

2
dy. (6c)

If we expand this ni in the small-amplitude limit and keep the terms up to ϕ2, it
is found that ni is the same for both α > 0 and α < 0, and is finally given by

ni = 1− ϕ− 4
3

1− α
π1/2

(−ϕ)3/2 + 1
2ϕ

2. (7)

3. Modified KdV equation
To derive the modified KdV equation, we now follow the reductive perturbation
technique (Washimi and Taniuti 1966) and construct a weakly nonlinear theory for
the dust-acoustic waves with small but finite amplitude, which leads to a scaling of
the independent variables through the stretched coordinates (Schamel 1972, 1973,
1975)

ξ = ε1/4(lxx + lyy + lzz − v0t), (8a)

τ = ε3/4t, (8b)

where ε is a smallness parameter measuring the weakness of the dispersion, v0 is
the nonlinear wave phase velocity normalized to Cd; lx, ly and lz are the direction
cosines of the wave vector k along the x, y, and z axes respectively, so that l2x +
l2y + l2z = 1. We can expand the perturbed quantities n, ϕ and ux,y,z about their
equilibrium values in powers of ε, including terms of order ε3/2:

n = 1 + εn(1) + ε3/2n(2) + . . . , (9a)

ϕ = 0 + εϕ(1) + ε3/2ϕ(2) + . . . , (9b)

uz = 0 + εu(1)
z + ε3/2u(2)

z + . . . , (9c)

ux,y = 0 + ε5/4u(1)
x,y + ε3/2u(2)

x,y + . . . . (9d)

Next, substituting (7)–(9) into (1)–(3), one can obtain the lowest-order continuity
equation, momentum equation and Poisson’s equation, which in turn can be solved
as

u(1) =
v0n

(1)

lz
, n(1) =

−l2zϕ(1)

v2
0

, v0 = lz

(
1− µ
1 + σµ

)1/2

.

We can also obtain u(1)
y and u(1)

x by solving the lowest-order x and y components
of the momentum equation as

u(1)
y =

lx
ωc

∂ϕ(1)

∂ξ
, (10a)

u(1)
x = − ly

ωc

∂ϕ(1)

∂ξ
. (10b)
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These represent the y and x components respectively of the sum of electric and
diamagnetic drifts. These equations are also satisfied by the second-order continuity
equation.

Again, using (7)–(10) in (2) and (3), we obtain the next-higher-order x and y
components of the momentum equation and Poisson’s equation as

u(2)
y = − lyv0

ω2
c

∂2ϕ(1)

∂ξ2 , (11a)

u(2)
x = − lxv0

ω2
c

∂2ϕ(1)

∂ξ2 , (11b)

∂2ϕ(1)

∂ξ2 = n(2) +
l2z
v2

0
ϕ(2) +

4
3π1/2

1− α
1− µ (−ϕ(1))3/2. (11c)

Equations (11a) and (11b) give the y and x components respectively of the dust
polarization drift. Similarly, following the same procedure, one can obtain the
next-higher-order continuity equation and z component of the momentum
equation as

∂n(1)

∂τ
− v0

∂n(2)

∂ξ
+ lx

∂u
(2)
x

∂ξ
+ ly

∂u
(2)
y

∂ξ
+ lz

∂u
(2)
z

∂ξ
= 0, (12)

∂u
(1)
z

∂τ
− v0

∂u
(2)
z

∂ξ
− lz

∂ϕ(2)

∂ξ
= 0. (13)

Now, using (10)–(13), one can eliminate n(2), u(2)
z and ϕ(2), and obtain

∂ϕ(1)

∂τ
+A(−ϕ(1))1/2 ∂ϕ

(1)

∂ξ
+B

∂3ϕ(1)

∂ξ3 = 0. (14)

This is the modified KdV equation, with coefficients A and B given by

A =
1− α
π1/2

lz(1− µ)1/2

(1 + σµ)3/2
, (15a)

B = 1
2 lz

(
1− µ
1 + σµ

)3/2(
1 +

1− l2z
ω2
c

)
. (15b)

4. Solution of the modified KdV equation and discussion
The steady-state solution of this modified KdV equation is obtained by transform-
ing the independent variables ξ and τ to η = ξ − u0τ and τ = τ , where u0 is a
constant velocity normalized to Cd, and imposing appropriate boundary condi-
tions, namely ϕ → 0, dϕ(1)/dη → 0, d2ϕ(1)/dη2 → 0 at η → ±∞. Thus one can
express the steady-state solution of this modified KdV equation as

ϕ(1) = −ϕ(1)
m sech2

(
ξ − u0τ

δ

)
, (16)

where the amplitude ϕ(1)
m and the width δ (normalized to λDd) are given by

ϕ(1)
m =

(
15u0

8A

)2

, δ =
(

16B
u0

)1/2

.
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This solution also holds for n(1) if we replace ϕ(1) by −n(1)v2
0/l

2
z. It should be pointed

out that the perturbation method, which is only valid in the small- but finite-
amplitude limit, is not valid for large θ, which makes the wave amplitude large
enough to break the condition 1 > εn(1). Since u0 > 0, there exist solitary waves
with negative potential, i.e. solitary structures with enhanced density only. It can
be seen that as u0 increases, the amplitude increases while the width decreases, and
that as |α| increases, the amplitude decreases for α < 0 (a vortex-like excavated
trapped-ion distribution) and increases for α > 0. It is clear that, owing to the
presence of the trapped ions, we have found soliton-like structures of larger velocity,
smaller width and higher propagation velocity than that involving adiabatic ions
(Mamun et al. 1996a)

It is also obvious that, with other parameters being kept contant, as we decrease
lz, i.e. increase the angle between the magnetic field direction and the propagation
vector, the amplitude of these soliton-like structures increases whereas their width
decreases for ωc � 1 − lz but increases for ωc � 1 − lz. It has been found here
that, again keeping other parameters constant, as we increase µ (the ratio of the
unperturbed electron density ne0 to unperturbed ion density ni0) or σ (the ratio
of the ion temperature Ti to the electron temperature Te), the amplitude increases
whereas the width decreases.

It can be seen that the magnitude of the external magnetic field has no effect
on the amplitude of the solitary waves. However, it does have an effect on their
width. It has been shown that as we increase the magnitude of the magnetic field,
the width of these solitary waves decreases, i.e. an external magnetic field makes
the solitary structures more spiky.

It should be stressed here that the results of this investigation, which for parallel
propagation or the unmagnetized case and no free electrons (i.e. lz = 1, ωc = 0
and µ = 0) agree completely with the existing results (Mamun et al. 1996b), should
be useful in understanding the nonlinear features of localized electrostatic distur-
bances in laboratory and space plasmas where negatively charged dust grains, ions
having a vortex-like distribution and free electrons are the plasma species. To con-
clude, it may be added that the time evolution and stability analysis of these solitary
structures are also problems of great importance, but are beyond the scope of the
present work.
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