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Abstract. Effects of dust grain charge fluctuation, obliqueness and external mag-
netic field on a finite-amplitude dust acoustic solitary potential in a magnetized
dusty plasma, consisting of electrons, ions and charge-fluctuating dust grains, are
investigated using the reductive perturbation method. It is shown that such a mag-
netized dusty plasma system may support a dust acoustic solitary potential on a
very slow time scale involving the motion of dust grains, whose charge is self-
consistently determined by local electron and ion currents. The effects of dust grain
charge fluctuation, external magnetic field and obliqueness are found to modify the
properties of this dust acoustic solitary potential significantly. The implications of
these results for some space and astrophysical dusty plasma systems, especially
planetary ring systems and cometary tails, are briefly mentioned.

1. Introduction
Recently, there has been a great deal of interest in understanding different types
of collective processes in dusty plasmas (plasmas with extremely massive and neg-
atively charged dust grains), because of their important role in astrophysical and
space environments, such as asteroid zones, planetary atmospheres, interstellar me-
dia, circumstellar disks, dark molecular clouds, cometary tails, nebulae, and the
Earth’s environment. (Horanyi and Mendis 1985, 1986; Goertz 1989; Northrop
1992; Mendis and Rosenberg 1992, 1994; Verheest 1996). These dust grains are
invariably immersed in an ambient plasma and radiative background. Their inter-
action with the other plasma particles (namely electrons and ions) is due to the
charge that they carry. Dust grains are charged by a number of competing pro-
cesses, depending upon local conditions, such as photoelectric emission stimulated
by ultraviolet radiation, collisional charging by electrons and ions, and disruption
and secondary emission due to Maxwellian stress. (Feuerbacher et al. 1973; Fechting
et al. 1979; Havnes et al. 1987; Barnes et al. 1992; Walch et al. 1995).

It has been found that the presence of static charged dust grains modifies existing
plasma wave spectra (Bliokh and Yaroshenko 1985; de Angelis et al. 1988, 1989,
1994; D’Angelo 1990; Bingham et al. 1991; Shukla and Stenflo 1992; Shukla and
Vladimirov 1995). Bliokh and Yaroshenko (1985) studied electrostatic waves in
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dusty plasmas and applied their results in interpreting spoke-like structures in
Saturn’s rings (revealed by the Voyager space mission (Smith et al. 1982)). de Angelis
et al. (1988) investigated the propagation of ion acoustic waves in a dusty plasma
in which a spatial inhomogeneity is created by a distribution of immobile dust
particles (Whipple et al. 1985). They applied their results in interpreting the low-
frequency noise enhancement observed by the Vega and Giotto space probes in the
dusty regions of Halley’s comet (Pedersen et al. 1987).

On the other hand, it has been shown both theoretically and experimentally that
the dust charge dynamics introduces new eigenmodes (Rao et al. 1990; Shukla et
al. 1991; Shukla and Silin 1992; Melandsø et al. 1993; Rosenberg 1993; Barkan et
al. 1995; D’Angelo 1995; Shukla and Rahman 1998; Mamun 1998; Mamun et al.
1999). The dust acoustic mode (Rao et al. 1990; Melandsø et al. 1993; Rosenberg
1993; Barkan et al. 1995; D’Angelo 1995), where dust particle mass provides the
inertia and the pressures of electrons and ions give rise to the restoring force, is one
of these. Rao et al. (1990) first predicted theoretically the existence of extremely
low-phase-velocity (in comparison with the electron and ion thermal velocities) dust
acoustic waves in an unmagnetized dusty plasma. The laboratory experiments of
Barkan et al. (1995) and D’Angelo (1995) have conclusively verified this theoretical
prediction and have shown some nonlinear features of dust acoustic waves.

Recently, motivated by the experimental observations (Barkan et al. 1995;
D’Angelo 1995) of these low-phase-velocity dust acoustic waves, a number of inves-
tigations (Mamun et al. 1996a,b; Ma and Liu 1997; Kotsarenko et al. 1998; Roy-
choudhury and Chatterjee 1999) have been performed to study nonlinear properties
of these novel dust acoustic waves. Most of these works have considered an unmag-
netized dusty plasma system containing dust grains of constant negative charge.
The assumption that the dust grains have constant negative charge in such a plasma
system virtually represents a plasma with heavy species of negative ions. However,
the dust grain charge varies according to the local plasma currents flowing into
the grain surface. Thus the grain charge is a variable that has to be determined
self-consistently by its charging currents. On the other hand, it is well known that
the effects of external magnetic field and obliqueness, which were not considered in
these earlier investigations, drastically modify the properties of electrostatic soli-
tary structures (Shukla and Yu 1978; Lee and Kan 1981; Witt and Lotko 1983).
Thus, to examine the effects of dust grain charge fluctuation, external magnetic
field and obliqueness, in the present work we study obliquely propagating dust
acoustic solitary waves in a magnetized dusty plasma system consisting of elec-
trons, ions and dust grains whose charge is self-consistently determined by the
local electron and ion currents flowing to the grain surface.

The paper is organized as follows. The basic equations governing the plasma
system under consideration are presented in Sec. 2. The Korteweg–de Vries (KdV)
equation is derived by employing the reductive perturbation method in Sec. 3. A
solitary-wave solution of this KdV equation is obtained and the properties of the
electrostatic solitary potential are discussed in Sec. 4. Finally, a brief discussion is
given in Sec. 5.

2. Governing equations
We consider a three-component magnetized dusty plasma system consisting of elec-
trons, ions and cold, inertial, charge-fluctuating dust grains whose charge varies
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according to the local plasma currents flowing into the grain surface. This plasma
system is assumed to be immersed in an external static magnetic field (B0 ‖ ẑ).
On the extremely slow dust time scale, the electrons and ions are in local thermo-
dynamic equilibrium, and their number densities ne and ni obey the Boltzmann
distribution (Goertz 1989; Rao et al. 1990; Melandsø et al. 1993; Rosenberg 1993):

ne = neo exp
(

eϕ

kBTe

)
, (1a)

ni = nio exp
(
− eϕ

kBTi

)
, (1b)

where ne0 (ni0) and Te (Ti) are the equilibrium number density and temperature
of electrons (ions), ϕ is the electrostatic wave potential, e is the magnitude of the
electron charge, and kB is Boltzmann’s constant. The dust particles are all assumed
to be spherical with the same radius ad and surface charge qd. If the dust particles
are charged by plasma currents due to the colliding electrons and ions, we have for
the electron and ion currents Ie and Ii (Goertz 1989)

Ie(qd, ϕ) = −πa2
de

(
8kBTe
πme

)1/2

ne exp
(

eqd
adkBTe

)
, (2a)

Ii(qd, ϕ) = πa2
de

(
8kBTi
πmi

)1/2

ni exp
(
− eqd
adkBTi

)
, (2b)

where me and mi are the electron and ion masses. The dynamics of low-phase-
velocity (lying between the ion and dust thermal velocities, vtd� vp� vti) dust
acoustic oscillations is governed by (Rao et al. 1990; Melandsø et al. 1993; Rosenberg
1993)

∂nd
∂t

+∇ · (ndud) = 0, (3)

∂ud
∂t

+ (ud ·∇)ud = − qd
md
∇ϕ +

qd
mdc

(ud × B0), (4)

∂qd
∂t

+ (ud ·∇)qd = Ie(qd, ϕ) + Ii(qd, ϕ), (5)

∇2ϕ = 4π[e(ne − ni)− qdnd], (6)

where nd is the dust particle number density, ud is the dust fluid velocity, md is the
dust particle mass and c is the speed of light in vacuum.

3. Derivation of the KdV equation
To examine the nature of the dust acoustic solitary potential in our dusty plasma
model, we construct a weakly nonlinear theory of dust acoustic waves with small
but finite amplitude, which leads to a scaling of the independent variables through
the stretched coordinates (Washimi and Taniuti 1966; Shukla and Yu 1978)

ξ = ε1/2(lxx + lyy + lzz − v0t), (7a)

τ = ε3/2t, (7b)

where ε is a small parameter measuring the weakness of the dispersion, v0 is the wave
phase velocity, and lx, ly and lz are the directional cosines of the wave vector k along
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the x, y and z axes respectively, so that l2x+l2y+l2z = 1. We can expand the perturbed
quantities nd, qd, ϕ and udz about their equilibrium values (the equilibrium values
of nd and qd are nd0 and qd0 respectively) in powers of ε, following Washimi and
Taniuti (1966) and Shukla and Yu (1978). To obtain the x and y components of dust
electric field and polarization drifts, we can expand the perturbed quantities udx,y
following a standard technique (Shukla and Yu 1978) where terms of order ε3/2 are
included. Thus we can expand nd, qd, ϕ and udx,y,z as (Washimi and Taniuti 1966;
Shukla and Yu 1978)

nd = nd0 + εn
(1)
d + ε2n

(2)
d + . . . , (8a)

qd = qd0 + εq
(1)
d + ε2q

(2)
d + . . . , (8b)

ϕ = 0 + εϕ(1) + ε2ϕ(2) + . . . , (8c)

udz = 0 + εu
(1)
dz + ε2u

(2)
dz + . . . , (8d)

udx,y = 0 + ε3/2u
(1)
dx,y + ε2u

(2)
dx,y + . . . . (8e)

Now, using (7) and (8) in (5) and (6) (with (1) and (2)), we obtain the zeroth-order
equations, which give

Ie(ϕ = 0, qd = qd0) + Ie(ϕ = 0, qd = qd0) = 0, (9a)

ene0 − eni0 − qd0n0d = 0. (9b)

If we set qd0 = −Zde (where Zd is the number of electrons residing on a dust grain
at equilibrium) then at equilibrium we have ni0 = Zdnd0 + ne0. This has been used
by a number of authors (e.g. Rao et al. 1990; Mamun et al. 1996a,b; Kotsarenko et
al. 1998; Roychoudhury and Chatterjee 1999), who have neglected the dust grain
charge fluctuation. Again, using (7) and (8) in (3)–(6), one can obtain the first-order
perturbation equations, which, after simplification, yield

u
(1)
dz =

lz
v0

qd0

md
ϕ(1), (10a)

n
(1)
d = nd0

(
lz
v0

)2
qd0

md
ϕ(1), (10b)

q
(1)
d = −adϕ(1), (10c)

v0 = lz
C0

(1 + µ)1/2
, (10d)

where µ = 4πadλ2
D0nd0 is a dimensionless parameter (Havnes et al. 1987; Melandsø

et al. 1993) that estimates whether the background dust cloud is tenuous or dense:

λD0 =

∑
s=e,i

4πns0e2

kBTs

−1/2

,

C0 = ωp0λD0, ωp0 =
(

4πnd0q
2
d0

md

)1/2

.

It should be mentioned here that the last of (10d) is the linear dispersion relation
for the undamped dust acoustic mode where the effects of the dust grain charge
fluctuation and obliqueness are included. However, one can obtain a linear disper-
sion relation for the damped dust acoustic mode (Melandsø et al. 1993) by taking
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Fourier images of (3)–(6), instead of using stretched coordinates as here. It is obvi-
ous from our dispersion relation that the effect of the dust grain charge fluctuation
decreases the wave phase velocity of the dust acoustic mode. If we put µ = 0 and
lz = 1, this dispersion relation corresponds to that obtained by Rao et al. (1990)
and by others (Mamun et al. 1996a,b; Ma and Liu 1997; Kotsarenko et al. 1998;
Roychoudhury and Chatterjee 1999). We can write the first-order x and y compo-
nents of the momentum equation as

u
(1)
dy = c

lx
B0

∂ϕ(1)

∂ξ
, (11a)

u
(1)
dx = −c ly

B0

∂ϕ(1)

∂ξ
. (11b)

These are the y and x components respectively of the electric field drift. These
equations are also satisfied by the second-order continuity equation.

Again, using (7) and (8) in (5), and eliminating u(1)
dx,y, we obtain the next higher-

order x and y components of the momentum equation as

u
(2)
dy =

lyv0

ω2
c0

qd0

md

∂2ϕ(1)

∂ξ2 , (12a)

u
(2)
dx =

lxv0

ω2
c0

qd0

md

∂2ϕ(1)

∂ξ2 , (12b)

where ωc0 = |qd0|B0/mdc. These are the y and x components respectively of the dust
polarization drift. We can also express the second-order perturbation equations for
(5) and (6) as

q
(2)
d = −adϕ(2) +

1
2

(
1− Ti

Te

)
ead
kBTi

(ϕ(1))2 +
(

1− Ti
Te

)
e

kBTi
q

(1)
d ϕ

(1)

+
1
2

(
1− Ti

Te

)
e

adkBTi
(q(1)
d )2, (13a)

∂2ϕ(1)

∂ξ2 =
1
λ2
D0
ϕ(2) − 4πqd0n

(2)
d − 4πnd0q

(2)
d − 4πq(1)

d n
(1)
d −

1
2

eα

kBTiλ2
Di

(ϕ(1))2, (13b)

where

α = 1− ne0

ni0

T 2
i

T 2
e

,

λDi =
(

kBTi
4πni0e2

)1/2

.

Similarly, following the same procedure, we can obtain the next higher-order con-
tinuity equation and z component of the momentum equation as

∂n
(1)
d

∂τ
− v0

∂n
(2)
d

∂ξ
+ nd0

∂

∂ξ
(lxu

(2)
dx + lyu

(2)
dy + lzu

(2)
dz) + lz

∂

∂ξ
(n(1)
d u

(1)
dz) = 0, (14a)

∂u
(1)
dz

∂τ
− v0

∂u
(2)
dz

∂ξ
+ lzu

(1)
dz

∂u
(1)
dz

∂ξ
+ lz

qd0

md

∂ϕ(2)

∂ξ
+ lz

1
md

q
(1)
d

∂ϕ(1)

∂ξ
= 0. (14b)

Now, using (9)–(14), we can eliminate n(2)
d , q(2)

d , u(2)
dz and ϕ(2). The elimination of
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these second-order variables leads to a nonlinear equation of the form

∂ϕ(1)

∂τ
+ aϕ(1) ∂ϕ

(1)

∂ξ
+ b

∂3ϕ(1)

∂ξ3 = 0. (15)

This is known as the KdV equation with nonlinear coefficient a and dispersion
coefficient b, which, in our case, are given by

a =
3
2
eC0

kBTi

qd0
Zde

σlz
β(1 + µ)1/2

[
1 +

1
3
Zde

qd0

αβ

σ2(1 + µ)

]
, (16a)

b =
1
2

lz
(1 + µ)3/2

C0λ
2
D0

[
1 +

ω2
p0

ω2
c0

(1− l2z)
]
, (16b)

where

β = 1− ne0

ni0
,

σ = 1 +
ne0

ni0

Ti
Te
.

4. Solitary-wave solution of the KdV equation
The steady-state solution of this KdV equation is obtained by transforming the
independent variables ξ and τ to η = ξ − U0τ and τ = τ , where U0 is a constant
velocity, and imposing the appropriate boundary conditions, namely

ϕ→ 0,
dϕ(1)

dη
→ 0,

d2ϕ(1)

dη2 → 0 at η → ±∞.

Thus we can express the steady-state solution of this KdV equation as

ϕ(1) = ϕ(1)
m sech2

(
ξ − U0τ

∆

)
, (17)

where the amplitude ϕ(1)
m and width ∆ are given by

ϕ(1)
m =

3U0

a
, (18a)

∆ =
(

4b
U0

)1/2

. (18b)

We now normalize the amplitude ϕ(1)
m by kBTi/e (i.e. eϕ(1)

m /kBTi = ψ), ∆ by λD0 (i.e.
∆/λD0 = δ), the velocityU0 byC0 (i.e.U0/C0 = u0) and ωc0 by ωp0 (i.e. ωc0/ωp0 = ωc).
These normalizations allow us to express the normalized amplitude and width of
these solitary waves in simple form as

ψ = −2
u0

lz

β

σ
(1 + µ)1/2

(
1− 1

3
αβ

σ2

1
1 + µ

)−1

, (19a)

δ =
√

2
lz

u0(1 + µ)3/4

(
1 +

1− l2z
ω2
c

)
, (19b)

where qd = −Zde and Zdnd0 + ne0 = ni0 have been used.
It is obvious that, for any dusty plasma system, 0 < α 6 1, 0 < β 6 1 and
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Figure 1. Variation of solitary-wave width δ with propagation angle θ for µ = 0.1, u0 = 1.0,
and ωc = 0.05, 0.1 and 0.2.

1 < σ 6 2. It can also be estimated from available data (Feuerbacher et al. 1973;
Fechting et al. 1979; Havnes et al. 1987; Goertz 1989; Barnes 1992; Northrop 1992;
Mendis and Rosenberg 1992, 1994; Verheest 1996; Walch et al. 1995) that for a
tenuous dust cloud µ � 1, and for a dense dusty plasma µ > 1 or even µ � 1.
Thus, for any possible values of α, β, σ and µ, the amplitude ψ is negative, i.e.
ψ < 0. This means that the dusty plasma system under consideration may support
solitary waves with negative potential but not with positive potential. It is also
seen from (19) that for µ � 1, the dust grain charge fluctuation does not have
significant effect on the formation or properties of these solitary structures, but for
µ� 1, this effect significantly modifies the properties of the solitary structures. It
is shown that for µ� 1, ψ ∝ µ1/2 and δ ∝ µ−3/4.

It is obvious that the amplitude of these solitary waves is inversely proportional
to lz (lz = cos θ, where θ is the angle between the directions of the wave propagation
vector k and the external magnetic field B0). The width of these solitary waves is a
nonlinear function of lz and ωc. Figure 1 shows how the width δ changes with the
obliqueness θ and the magnitude of the external magnetic field ωc. It is observed
that δ increases with θ for its lower range (i.e. from 0◦ to about 45◦), but decreases
for its higher range (i.e. from about 45◦ to 90◦). Although the variation of δ with
θ has been shown for any value of θ between 0◦ and 90◦, our perturbation method
(which is only valid in the small- but finite-amplitude limit) is not valid for large θ,
which makes the wave amplitude large enough to break the validity of the reductive
perturbation method used.

It is seen from (19) that if we neglect the effects of grain charge fluctuation,
external magnetic field and obliqueness (i.e. we set µ = 0 and lz = 1), the expressions
for the peak amplitude and width of the solitary waves correspond to those obtained
in a number of previous papers (Rao et al. 1990; Mamun et al. 1996a,b; Ma and Liu
1997; Kotsarenko et al. 1998; Roychoudhury and Chatterjee 1999).
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5. Discussion

A three-component magnetized dusty plasma system, consisting of Boltzmann-
distributed electrons and ions, and charge-fluctuating dust grains, has been con-
sidered, and the properties of a finite-amplitude dust acoustic solitary potential,
which has been found to exist in such a dusty plasma system, have been investi-
gated using the reductive perturbation method. The results of this investigation,
may be summarized as follows:

(i) We have shown that in the study of electrostatic waves, the variation of the
dust grain charge must be taken into account and that the phase velocity of
the waves will be affected by the self-consistent dust grain charge variation.
It is seen that this dust grain charge variation reduces the phase velocity of
the dust acoustic waves.

(ii) We have shown that on a very slow time scale of the dust motion and with
self-consistent grain charge variation, a magnetized dusty plasma system may
support obliquely propagating stable dust acoustic solitary waves with nega-
tive potential only; the system does not support solitary waves with positive
potential.

(iii) It is also seen that for a tenuous dust cloud, where µ� 1, the dust grain charge
variation does not have a significant effect on the formation or properties of
these electrostatic solitary structures, but for a dense dusty plasma, where µ�
1, this effect significantly modifies the properties of these solitary structures. It
is seen that for µ� 1, as we increase µ, the peak amplitude increases whereas
the width decreases. This means that the dust grain charge variation makes
the solitary potential more spiky.

(iv) It is obvious that the amplitude of these solitary waves is inversely propor-
tional to lz (lz = cos θ). It is observed that the width δ increases with θ for
its lower range (i.e. from 0◦ to about 45◦), but decreases for its higher range
(i.e. from about 45◦ to 90◦). It should be pointed out that, for large angles, the
assumption that the waves are electrostatic is no longer valid, and we should
look for fully electromagnetic structures.

(v) It is seen that the magnitude of the external magnetic field has no effect on
the amplitude of the solitary potential. However, it does have an effect on
the width of the solitary potential. We have shown that as we increase the
magnitude of the magnetic field, the width of the solitary potential decreases,
i.e. the external magnetic field also makes the solitary potential more spiky.

We have analysed properties of the electrostatic solitary-wave potential in a mag-
netized dusty plasma using the reductive perturbation method, which is valid in the
small- but finite-amplitude limit. Since in many astrophysical situations there may
exist extremely large-amplitude solitary waves, we propose to develop a more exact
theory for the study of obliquely propagating arbitrary-amplitude solitary waves
in such a magnetized dusty plasma system. However, our present analysis should
be useful for understanding different nonlinear features of localized electrostatic
disturbances in a number of astrophysical dusty plasma systems, such as, planetary
ring systems (e.g. Saturn’s rings: Smith et al. 1982; Bliokh and Yaroshenko 1985;
Goertz 1989), cometary environments (e.g. Halley’s comet: Pedersen et al. 1987;
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de Angelis et al. 1988) and the interstellar medium (Goertz 1989), where charge-
fluctuating dust grains and Boltzmann-distributed electrons and ions are the major
plasma species.

In conclusion, it may be added that the time evolution and stability analysis of
obliquely propagating arbitrary-amplitude solitary structures are also problems of
great importance, but are beyond the scope of the present work.
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