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Spherical and cylindrical dust acoustic solitary waves
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Abstract

The nonlinear propagation of cylindrical and spherical dust acoustic (DA) waves in an unmagnetized dusty plasma is
considered. By employing the reductive perturbation technique, a modified Korteweg–de Vries (K–dV) equation is derived
from the dust continuity and momentum equations, Poisson’s equation as well as Boltzmann electrons and ions. Numerical
solutions of the modified K–dV equation are obtained. It has been found that the propagation characteristics of the cylindrical
and spherical DA solitary waves significantly differ from those of one-dimensional DA solitary waves. 2001 Elsevier Science
B.V. All rights reserved.

PACS: 52.35.Fp; 52.25.Zb; 52.35.Mw; 52.35.Sb; 52.35.Tc

About a decade ago, Rao et al. [1] theoretically pre-
dicted dust acoustic (DA) waves in which the inertia
is provided by the dust particle mass and the restoring
force comes from the pressures of inertialess electrons
and ions. The theoretical prediction of Rao et al. [1]
has been conclusively verified by a number of labo-
ratory experiments [2,3]. The linear properties of the
DA waves are now well understood from both the-
oretical and experimental points of view [1–4]. Re-
cently, nonlinear waves associated with the DA waves,
particularly the DA solitary waves [1], have received
a great deal of attention for understanding the basic
properties of localized electrostatic perturbations in
space and laboratory dusty plasmas [5–9]. The DA
solitary waves have been investigated by a number
of authors by assuming different unmagnetized dusty
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plasma models [1,10–12]. However, all these investi-
gations are limited to one-dimensional (planar) geom-
etry which may not be a realistic situation in space
and laboratory devices, since the waves observed in
space (laboratory devices) are certainly not infinite
(bounded) in one dimension.

In this Letter, we present an investigation of cylin-
drical and spherical DA solitary waves in an unmag-
netized dusty plasma. We show here how the DA soli-
tary waves in cylindrical and spherical geometries dif-
fer qualitatively from that in one-dimensional planar
geometry.

We focus on cylindrical and spherical DA solitary
waves in an unmagnetized dusty plasma whose con-
stituents are negatively charged cold dust fluid and
Boltzmann electrons and ions. The nonlinear dynam-
ics of low phase speed (in comparison with the elec-
tron and ion thermal speeds) DA waves in cylindrical
and spherical geometries is governed by
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whereν = 1,2 for cylindrical and spherical geome-
tries, respectively,nd is the dust particle number den-
sity normalized by its equilibrium valuend0, ud is
the dust fluid velocity normalized byCd = (Zd0kBTi/

md)
1/2, andϕ is the electrostatic wave potential nor-

malized by kBTi/e. The time and space variables
are in units of the dust plasma periodω−1

pd = (md/

4πnd0Z
2
d0e

2)1/2 and the Debye lengthλDm = (kBTi/

4πZd0nd0e
2)1/2, respectively. We have denotedµe =

ne0/Zd0nd0 = 1/(δ − 1), µi = ni0/Zd0nd0 = δ/(δ

− 1), δ = ni0/ne0, andσi = Ti/Te.
To investigate ingoing solutions of Eqs. (1)–(3), we

introduce the stretched coordinates [13]

ζ = −ε1/2(r + v0t) and τ = ε3/2t,

expandnd , ud andϕ in power series ofε,

(4a)nd = 1+ εn
(1)
d + ε2n

(2)
d + · · · ,

(4b)ud = εu
(1)
d + ε2u

(2)
d + · · · ,

(4c)ϕ = εϕ(1) + ε2ϕ(2) + · · · ,
and develop equations in various powers ofε. To
lowest order inε, Eqs. (1)–(4) given(1)
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higher order inε, we obtain a set of equations
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Combining Eqs. (5a)–(5c) we deduce a modified Kor-
teweg–de Vries equation
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If we compare Eq. (6) with Eq. (13) of Ref. [12], it is
obvious that the term(ν/2τ )ϕ(1) in Eq. (6) is due to
the effect of the cylindrical or spherical geometry.

We numerically solve Eq. (6) by using a two-level
finite difference approximation method [13] and study
the effects of spherical and cylindrical geometries
on time-dependent DA solitary waves. The results
showing spherical and cylindrical solitary waves are
shown in the adjoining figure. The initial condition
that we have used in our numerical analysis is in the
form of the stationary solution of Eq. (6) without the
term(ν/2τ )ϕ, i.e.,

(8)ϕ(1) = −ϕ(1)
m sech2(ζ/∆),

whereϕ(1)
m = 3/A and∆ = √

4B. Numerical solutions
of Eq. (6) (shown in Fig. 1) reveals that for a large
value ofτ (e.g.,τ = −31.6) the spherical and cylin-
drical solitary waves are similar to one-dimensional
solitary waves. This is because for a large value of
τ the term(ν/2τ )ϕ(1), which is due to the effect of
the cylindrical or spherical geometry, is no longer
dominant. However, as the value ofτ decreases, the
term (ν/2τ )ϕ(1) becomes dominant and both spher-
ical and cylindrical solitary waves differ from one-
dimensional solitary waves. It is also found that as the
value ofτ decreases, the amplitude of these localized
pulses increases. Furthermore, the cylindrical solitary
waves travel faster than the one-dimensional solitary
waves but slower than the spherical ones, and that the
amplitude of cylindrical solitary waves is larger than
that of the one-dimensional solitary waves but slightly
smaller than that of the spherical ones. In conclusion,
we mention that the present results may help to un-
derstand the salient features of multi-dimensional DA
solitary waves when data for space and laboratory ob-
servations become available.
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Fig. 1. Time evolution of spherical and cylindrical solitary waves:ϕ(1) versus spatial coordinateζ at timesτ = −31.6, τ = −16.6, andτ = −6.6
for δ = 10 andσi = 0.1. The solid line corresponds to spherical (ν = 2) solitary waves and the dashed line corresponds to cylindrical (ν = 1)
solitary waves.
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