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Abstract

A generalized theory for dust-acoustic Mach cones in a magnetized dusty plasma has been introduced. The ro
gyroradiusρi and short wavelength (in comparison withρi ) dust-acoustic waves (DAWs) in the formation of Mach cones
magnetized dusty plasma of Saturn’s rings are examined. It is shown that the effects of ion gyroradius, magnetic field
at the equatorial plane, ion temperature, dust size, and dust charge play significant roles in the formation of Mach cone
wavelength DAWs in Saturn’s rings.
 2003 Elsevier B.V. All rights reserved.
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Havnes et al. [1] theoretically predicted the ex
tence of super dust-acoustic (DA) Mach cones in S
urn’s rings. They employed the phase speed of
DAWs [2] for an unmagnetized dusty plasmas to o
tain the Mach cone opening angle. However, th
are two conditions to be satisfied for the formation
Mach cones by the DAWs in Saturn’s rings. These a
(i) the DAWs must propagate in the equatorial pla
(in a plane perpendicular to the magnetic field)
which a dust boulder moves [3], i.e.,k⊥ � kz, where
k⊥ (kz) is the DA wavevector perpendicular (paralle
to the magnetic field, and (ii) the dust boulder spe
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Vd must be larger than the DA wave phase speedVp,
i.e., Vd/Vp > 1. For Saturnian ring plasma param
ters (B0 � 0.1 G andTi � 10 eV) the ion gyroradiu
ρi(= Vti/ωci) is of the order of 45 m, whereVT i =
(Ti/mi)

1/2 is the ion thermal speed,ωci = eB0/mic

is the ion gyrofrequency,Ti is the ion temperatur
in units of the Boltzmann constant,B0 is the magni-
tude of the magnetic field strengthB0 on the plane-
tary equator,mi is the ion mass,e is the magnitude
of the electron charge, andc is the speed of light in
vacuum. Therefore, the DA wave phase speedVp used
in Saturnian Mach cone problems by Havnes et al.
is not correct in general. The fluid ion response in S
urn’s rings is also not valid for the DAWs whose wav
length is shorter than or comparable to 2πρi � 290 m.
However, the wavelength of the DAWs participati
in the formation of Mach cones is likely to be with
a range of 20–50 m. Thus, in this Letter we emplo
kinetic theory for the ion response, and present a g
.
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eralized expression for the DAWs in magnetized du
plasmas of Saturn’s rings. We also clarify the und
lying physics of the ion gyroradius effect and the ro
of short wavelength (in comparison withρi ) DAWs in
the formation of Mach cones in a magnetized du
plasma of Saturn’s rings.

We consider a negatively charged dust particle
massmd and charge−Zde moving in a field which
includes Keplerian gravity, corotating planetary ma
netic field (taken to be aligned centered dipole) w
concomitant induced electric field [3,4]. We first co
sider single dust particle dynamics and neglect the
diation pressure, plasma drag, planetary oblaten
charge fluctuations, and collective effects. The dyna
ics of such a negatively charged dust particle is g
erned by the combined gravitational, magnetic, a
electric forces. The orbital angular velocityωd of the
negatively charged dust particle can, therefore, be
pressed as [3,4]

(1)

ωd = 1

2r3

[
−ωcd ±

√
ω2
cd + 4r3

(
Ω2
k +ωcdΩp

) ]
,

where r is the dust particle position normalize
by the planet radiusRp , ωcd = ZdeB0/mdc and
Ωk = (GMp/R

3
p)

1/2 are the dust gyro and Keple
frequencies, both evaluated at a point on the plane
equator;Ωp is the planetary spin rate,Mp is the planet
mass, andG is the universal gravitational constant. W
note that in deriving Eq. (1) the planetary magne
field Bp is assumed to be dipolar with the dipo
strengthM = B0R

3
p , which is appropriate for Satur

and Jupiter. The+ (−) sign in Eq. (1) represents th
prograde (retrograde) motion of the dust particle.

A large boulder and a small dust particle wi
therefore, move at difference speeds. The differe
in speedsVd is given by

(2)Vd = rRp
(
ωd − r−3/2Ωk

)
.

To approximateVd , let us consider the dust particle
Saturn’s rings where [1,3–7]Rp = 60300 km,Mp =
5.688× 1026 kg, Ωp = 1.691× 10−4 rad/s, r = 7,
B0 � 0.1 G, Zd � 103, rd � 0.25 µm, so thatΩk =
4.16× 10−4 rad/s andωcd � 2.5× 10−5 rad/s. So for
a dust particle in Saturn’s rings we can safely introd
the approximationsωcd 
Ωk, Ωp �Ωk , andr � 1,
,

which allow us to approximate Eq. (2) as

(3)Vd � Rpωcd

2r2

(
Ωp

Ωk
− 1

)
.

Eq. (3) represents an approximate expression for
speed of a charged dust particle (a dust bould
moving in the planetary equatorial plane under
combined effects of the gravitational, magnetic, a
electric forces.

To examine the possibility of the formation
Mach cones associated with modified DAWs, we c
sider a dusty magnetoplasma consisting of electr
ions and negatively charged dust particles. Thus
equilibrium we haveni0 = ne0 + Zdnd0. When the
wavelength of the DAWs is shorter than or comp
rable to the ion gyroradiusρi , one must employ the
kinetic theory for calculating the ion density pertu
bation ni1. For low-frequency (ω 
 ωci ) modified
DAWs we haveni1 = −(k2/4πe)χiφ, whereφ is the
wave potential andχi is the ion susceptibility. For two
dimensional ion motion, we have [8]

(4)χi � 1

k2λ2
Di

[
1− Γ0(bi)+ 2Γ1(bi)

ω2

ω2
ci

]
,

whereλDi = (Ti/4πni0e2)1/2 is the ion Debye radius
Γ0,1 = I0,1 exp(−bi), I0(I1) is the modified Besse
function of zero (first) order, andbi = k2⊥ρ2

i .
On the other hand, forω
 kzVT e,ωcekz/k⊥ and

k2⊥V 2
T e/ω

2
ce 
 1, the electrons rapidly thermaliz

along the magnetic field direction and establish
Boltzmann distribution. The corresponding electr
density perturbation isne1 = (k2/4πe)χeφ, where the
electron susceptibility is

(5)χe � 1

k2λ2
De

,

whereVT e = (Te/me)1/2 is the electron thermal spee
ωce = eB0/mec is the electron gyrofrequency, an
λDe = (Te/4πne0e2)1/2 is the electron Debye ra
dius. Supposing that the modified DAW frequen
is much larger than the dust gyrofrequency, we h
for the dust number density perturbationnd1 = (k2/

4πZde)χdφ, where the dust susceptibility is

(6)χd � − ω2
pd

ω2 − 3k2V 2
T d

,

whereVT d = (Td/md)1/2 is the dust thermal speed.
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Using Eqs. (5), (6) the dispersion relation 1+ χe +
χi + χd = 0 can be expressed in the form

(7)

[
1− 1

α
Γ0(bi)

]
ω2 − 2

α
Γ1(bi)

ω4

ω2
ci

= k2C2
D

α
,

whereCD = λDiωpd = (Z2
dnd0Ti/ni0md)

1/2 is the
dust acoustic speed, andα = 1+k2λ2

Di+ne0Ti/ni0Te.
For convenience, we assumedω2 � 3k2V 2

T d .
Eq. (7) is the general dispersion relation for t

modified DAWs in a dusty magnetoplasma includi
finite ion gyroradius effect. This is valid for arbitra
(short or long) wavelength DAWs. In the short wav
length limit (viz. bi � 1), we have a Boltzmann io
density perturbationni1 = −ni0eφ/Ti , which dictates
that unmagnetized ions in the DAW potential follow
straightline orbit acrosŝz. In such a situation, Eq. (7
reduces toω = kCD/√α, which is the dispersion re
lation of Rao et al. [2].

As we have physically explained, the Mach con
can be formed by the modified DAWs if the du
boulder speedVd is larger than the modified DA
wave phase speedVp = ω/k, i.e.,Vd/Vp > 1. If this
condition is satisfied, the Mach cone opening anglθ
is given by

(8)θ = sin−1
(
Vp

Vd

)
,

whereVd is given by Eq. (3) andVp = ω/k has to be
determined from Eq. (7).

We have numerically analyzed the dust boul
speedVd given by Eq. (3) and the DA wave pha
speedVp = ω/k defined by Eq. (7). The numeric
results are displayed in Figs. 1 and 2. The low
plot of Fig. 1 shows that the condition for the Ma
cone formation (Vd/Vp > 1) is not satisfied forB0 =
0.05 G. However, ifB0 is further increased, the DA
Mach cones are found to be formed. This means
the ambient magnetic field, which increases the d
boulder speed (Vd is found to be 4.5 m/s, 9 m/s, and
13 m/s for the magnetic field strength of 0.05 G, 0.1
and 0.15 G, respectively), is in favor of the formati
of the modified DA Mach cones. The upper plot
Fig. 1 exhibits that as we increase the ion temperat
Vd/Vp decreases, but the condition for the Mach co
formation (Vd/Vp > 1) remains valid up to the io
temperature of 15 eV. However, if the ion temperat
is further increased (i.e.,Ti > 15) Vd/Vp is found to
be less than one (not shown in figure).
Fig. 1. ShowingVd/Vp vs. kρi curves in the case of modifie
DAWs in a dusty magnetoplasma [Eq. (7)] fornd0 = 10 cm−3,
Zd = 103, Te = 10Ti , ne0 = 103 cm−3, r = 7, rd = 0.25 µm, and
δ = 85◦ and for different values ofB0 andTi . The lower plot, where
Ti = 10 eV,B0 = 0.05 G (solid curve),B0 = 0.1 G (dotted curve),
andB0 = 0.15 G (dash curve), shows the effect ofB0 on Vd/Vp
vs. kρi curve. The upper plot, whereB0 = 0.1 G,Ti = 5 eV (solid
curve),Ti = 10 eV (dotted curve), andTi = 15 (dash curve), show
the effect ofTi onVd/Vp vs.kρi curve.

The lower plot of Fig. 2 depicts that as we increa
the dust grain radius,Vd/Vp decreases, and the cond
tion for the Mach cone formation (Vd/Vp > 1) is not
satisfied forrd > 0.35. This means that the larger du
particles are not in favor of the formation of the mo
ified DA Mach cones. The upper plot of Fig. 2 sho
that as we increase the magnitude of the dust cha
Vd/Vp increases. It then turns out that more negativ
charged dust particles are in favor of the formation
DA Mach cones. Figs. 1 and 2 reveal that the fin
ion Larmor radius effects start playing a role arou
kρi ∼ 1.

From Figs. 1 and 2 it is also obvious how the Ma
cone opening angleθ = sin−1(Vp/Vd) varies withk,
B0, Ti , rd , andZd . For Saturn’s plasma paramete
we have estimated the Mach cone opening angθ
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Fig. 2. ShowingVd/Vp vs. kρi curves in the case of modifie
DAWs in a dusty magnetoplasma [Eq. (7)] fornd0 = 10 cm−3,
B0 = 0.1 G, Ti = 10 eV,Te = 10Ti , ne0 = 103 cm−3, r = 7, and
δ = 85◦ and for different values ofrd andZd . The lower plot, where
Zd = 103, rd = 0.25 µm (solid curve),rd = 0.35 µm (dotted curve)
andrd = 0.5 µm (dash curve), shows the effect ofrd onVd/Vp vs.
kρi curve. The upper plot, whererd = 0.25 µm,Zd = 500 (solid
curve), Zd = 1000 (dotted curve) andZd = 5000 (dash curve)
shows the effects ofZd onVd/Vp vs.kρi curve.

associated with the modified DAWs of waveleng
∼ 30 m propagating at an angleδ = 85◦. These are
∼ 37◦ and∼ 22◦ for B0 = 0.1 G andB0 = 0.15 G,
respectively.

To summarize, we have presented a general
theory for the modified DA Mach cones in a magn
tized dusty plasma. We have clarified the roles of
ion gyroradiusρi and short wavelength (in compar
son withρi ) DAWs in the formation of Mach cones i
Saturn’s rings. We have shown that the effects of
ion gyroradius, magnetic field strength at the equa
rial plane, ion temperature, dust size, and dust ch
have profound influence (cf. Figs. 1 and 2) on the f
mation of Mach cones due to short wavelength DA
in Saturn’s rings. The Mach cones that we have
ported here are expected to be observed in Satu
rings by the CASSINI, arriving at Saturn in 2004.
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