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Abstract

Properties of low-frequency electromagnetic waves propagating in a multi-ion magnetoplasma with an ensemble of n
charged stationary dust particles are investigated. It is found that the combined effects of negatively charged statio
particles and additional ion-species do not only significantly modify the existing cut-off and resonance frequencies,
introduce a new cut-off frequency for the low-frequency electromagnetic waves. New laboratory experiments in a ma
plasma with two-ion species and a dust component should be conducted to verify our theoretical predictions.
 2004 Elsevier B.V. All rights reserved.
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It is well established that a second ion populati
which is not negligible in comparison with the proto
population in many space [1–3] and laboratory [4–
plasmas, does not only modify the existing electro
proton plasma waves, but also introduces some
interesting features [7–11]. Hines [7] first consider
a plasma with many ions, and examined the hea
ion effects on audio-frequency radio wave propa
tion in the ionosphere. He showed that for very l
frequencies in the ionosphere the upper cut-off
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quency for the wave propagation transverse to the
tic magnetic field direction was at a frequency w
above the ion gyrofrequency. Buchsbaum [8] inve
gated the resonance in a magnetoplasma with two
species, and found that the presence of two-ion spe
introduces an additional resonance for the wave p
agation across the static magnetic field at a freque
between the two ionic gyrofrequencies.Yakimenko
and Gintsburg [10] considered a plasma with mu
ple ions and studied the propagation of Alfvén wav
They [9,10] found the resonance frequency at each
gyrofrequency. Smith and Brice [11] considered
propagation of electromagnetic waves in a multi-
magnetoplasma containing electrons and multiple p
itive ions, and showed that for each ionic species
yond the first and for the waves propagating perp
dicular to the magnetic field, there exists a multip
.

http://www.elsevier.com/locate/pla


106 A.A. Mamun et al. / Physics Letters A 323 (2004) 105–109

io-
2–

es
etic

ns
m-
ma
ons
ex-
vior
ers
ow
u-
ex-
on
ges)
x-
en-
der

ith
an-

ncy

pec

ves.
nd

etic
es-
sta

st-
ew
e
we

m-
and
, at

t)

rst

s

o-
aller

e-
tro-
s of
sed

)
d)
c)

ed
rge

an
all
ion resonance and a multiple-ion cut-off. These p
neering works [7–11] motivated several authors [1
19] to study in detail the effects of multi-ion speci
on linear and nonlinear properties of electromagn
waves in space and laboratory plasmas.

Recently, motivated by experimental observatio
[4], Chakrabarti et al. [18] studied the modified co
pressional Alfvén waves in a two-ion-species plas
by assuming that the current is carried by electr
and ions moving in a plane perpendicular to the
ternal magnetic field. They showed that the beha
of such a two-ion-species plasma significantly diff
from that of a single-ion-species plasma. It is n
well known that in most cases (particularly in sit
ations mentioned above) a plasma coexists with
tremely massive (billion times heavier than the i
mass), highly charged (few thousand electron char
dust particles. The latter significantly modify the e
isting plasma waves as well as introduce new eig
modes [20–26]. Therefore, in this Letter we consi
a low-β (= plasma particle kinetic energy/magnetic
energy density) two-ion species magnetoplasma w
negatively charged stationary dust particles, and
alyze the dispersion properties of the low-freque
(ωpd,ωcd � ω ∼ ωcj � ωce , whereωpd and ωcd

are the dust plasma and dust gyrofrequencies, res
tively, ω is the wave frequency,ωcj is the gyrofre-
quency of thej th ion-species, andωce is the electron
gyrofrequency)compressional electromagnetic wa
In our model, the current is carried by electrons a
ions moving in a plane perpendicular to the magn
field [4,18]. We show here that the simultaneous pr
ence of second ion species and negatively charged
tionary dust particles significantly modifies the exi
ing cut-off frequency [18], as well as introduces a n
cut-off frequency, which in turn drastically alter th
dispersion properties of the low-frequency waves
study.

Let us consider a multi-ion magnetoplasma co
posed of electrons, ions of two different species,
negatively charged stationary dust particles. Thus
equilibrium we have

(1)ne =Z1n1 +Z2n2 −Zdnd,

where ne (nd ) is the equilibrium electron (dus
number density,n1 and n2 are the equilibrium ion
number densities of two different species,Z1 (Z2) is
the number of excess protons residing in an ion of fi
-

-

(second) species, andZd is the number of electron
residing onto a static dust grain.

We are interested in elliptically polarized electr
magnetic waves whose frequencies are much sm
than the electron gyrofrequency, i.e.,|∂t | � ωce,
where∂t = ∂/∂t ,ωce = eB0/mec,B0 is the magnitude
of the ambient magnetic fieldB0, me is the electron
mass, andc is the speed of light in vacuum. Ther
fore, in the presence of such low-frequency elec
magnetic waves, the dynamics of electrons and ion
two different species are governed by a set of clo
linearized equations

(2)0 � E + 1

c
Ve × B0,

(3)∂tV1 = Z1e

m1

(
E + 1

c
V1 × B0

)
,

(4)∂tV2 = Z2e

m2

(
E + 1

c
V2 × B0

)
,

(5)∇ × E = −1

c
∂tB,

(6)∇ × B � 4πe

c
J,

where V1 (V2) is the velocity of the first (second
ion-species,m1 (m2) is the mass of the first (secon
ion-species,E (B) is the perturbed electric (magneti
field, andJ =Z1n1V1+Z2n2V2 −neVe. It is obvious
from Eqs. (1)–(6) that the role of stationary charg
dust particles enters through the equilibrium cha
neutrality condition (Eq. (1)).

We now assume that bothB0 and B point along
the z-axis, E lies in thex–y plane, andJ is almost
along the y-axis. We can, therefore, consider
approximated one-dimensional problem in which
perturbed quantities will depend only onx andt . Thus,
from (1)–(6) we have

∂tV1x � ωc1
[
(1−µ1)V1y −µ2V2y

]
(7)−µ1V

2
A1∂xB,

(8)∂tV1y � −ωc1
[
(1−µ1)V1x −µ2V2x

]
,

∂tV2x � ωc2
[
(1−µ2)V2y −µ1V1y

]
(9)−µ2V

2
A2∂xB,

(10)∂tV2y � −ωc2
[
(1−µ2)V2x −µ1V1x

]
,

(11)µ1∂xV1x +µ2∂xV2x + ∂tB = 0,
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ds,
where∂x = ∂/∂x, B = B/B0, µ1 = 1/(1+ µi − µd),
µ2 = µi/(1 + µi − µd), µi = Z2n2/Z1n1, µd =
Zdnd/Z1n1, ωc1 = Z1eB0/m1c, ωc2 = Z2eB0/m2c,
VA1 = B0/

√
4πn1m1, andVA2 = B0/

√
4πn2m2.

Now, substituting (8) into (7) and (10) into (9) w
can easily eliminateV1y andV2y . Thus, we have

(12)X̂1V1x − X̂2V2x +µ1V
2
A1∂x∂tB � 0,

(13)Ŷ1V1x − Ŷ2V2x −µ2V
2
A2∂x∂tB � 0,

where

X̂1 = ∂2
t + (1−µ1)

2ω2
c1 +µ1µ2ωc1ωc2,

X̂2 = (1−µ1)µ2ω
2
c1 + (1−µ2)µ2ωc1ωc2,

Ŷ1 = (1−µ2)µ1ω
2
c2 + (1−µ1)µ1ωc1ωc2,

Ŷ2 = ∂2
t + (1−µ2)

2ω2
c2 +µ1µ2ωc1ωc2.

We now perform a normal mode analysis by assu
ing

(14)
V1x
V2x
B


 ∝ exp(−iωt + ikx)

in (11)–(13), and obtain a dispersion relation

(15)ω2(ω2 −ω2
c

) +ω4
d = k2V 2

A

(
ω2 −ω2

r

)
,

where

V 2
A = V 2

A1
1+ σµi

(1+µi −µd)2
,

ω2
c = ω2

c1
(µi + σ)2 +µdfd

(1+µi −µd)2
,

ω2
r = ω2

c1
σ(µi + σ)

1+ σµi

,

ω4
d = ω4

c1
σ 2µ2

d

(1+µi −µd)2
.

Here, σ = Z2m1/Z1m2 and fd = µd(1 + σ 2) −
2(µi + σ 2). Eq. (15) represents a general disp
sion relation for elliptically polarized low-frequenc
(ω � ωce) electromagnetic waves propagating in
multi-ion magnetoplasma containing stationary cha
ed dust grains.

It is obvious that if we neglect the second io
component as well charged dust particles (i.e., we
µi = 0 andµd = 0 yielding ωc = 0, ωr = 0, and
ωd = 0), Eq. (15) reduces to the dispersion relation
the fast Alfvén waves (ω2/k2 � V 2

A1 = B2
0/4πn1m1)
in which the magnetic pressureB2
0/4π gives rise to

the restoring force, and the ion mass (m1) provides the
inertia. However, when we account for the second
component (µi �= 0 andσ �= 0), but ignore the effect o
charged stationary dust particles (µd = 0), we obtain
from Eq. (15)

(16)ω2(ω2 −ω2
c0

) = k2V 2
A0

(
ω2 −ω2

r

)
,

where V 2
A0 = V 2

A1(1 + σµi)/(1 + µi)
2 and ω2

c0 =
ω2
c1(µi + σ)2/(1 + µi)

2. Eq. (16), which is the
dispersion relation of Chakrabarti et al. [18], impli
that the contribution of the second ion-compon
introduces a resonance (k = ∞) at ω = ωr , and a
cut-off (k = 0) at ω = ωc0 as well as a forbidden
frequency band (fb) between these two frequencie
fb = ωc0 −ωr .

In the following we examine the role of stationa
charged dust particles on the resonance frequency
cut-off frequency, and the forbidden frequency ba
by analyzing Eq. (15). It is obvious that the last te
(ω4

d ) in the left-hand side of Eq. (15) arises due
the presence of charged dust grains. Due this ex
term, the cut-off frequency becomes the solutions
the quadratic equation forω2

c∗: ω4
c∗ −ω2

cω
2
c∗ +ω4

d = 0.
The solutions of the latter for the square of the cut-
frequency (ω2

c∗) are

(17)ω2
c∗1,2 = 1

2

(
ω2
c ±

√
ω4
c − 4ω4

d

)
,

which represent two cut-off frequencies, one isωc∗1
corresponding to ‘+’ sign, and other isωc∗2 corre-
sponding to ‘−’ sign. It is obvious thatωc∗1 = ωc and
ωc∗2 = 0 for µd = 0. This means that the new cut-o
frequency (ωc∗2) is due to the combined effects of th
second ion species and the background charged
particles. We have numerically shown how the ex
ing cut-off frequencyωc∗1 and our newly found cut-of
frequencyωc∗2 vary with µd . The numerical result
are displayed in Fig. 1 where we have also shown
resonance frequencyωr , which is independent onµd .
It is obvious from Fig. 1 that Eq. (16) has one res
nance frequency atω = ωr and two cut-off frequen
cies atω = ωc∗1 and ω = ωc∗2, respectively. The
latter correspond to two forbidden frequency ban
namely,fb1 = ωc∗1−ωr andfb2 = ωc∗2−0. The vari-
ation ofωc∗1 (ωc∗2) with µd are shown in Fig. 1 by
solid (dashed) curve above (below) theωr/ωc1 = 0.45
line. Theωc∗1 vs.µd curve shows thatωc∗1 = 0 and
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Fig. 1. Showing howωc∗1/ωc1, ωc∗2/ωc1, fb1, andfb2 vary with
µd for Z2/Z1 = 3,m2/m1 = 12, andn2/n1 = 0.25. The variation
of fb1 (fb2) are indicated by solid (dashed) lines.

fb1 = 0 for µd � 0.79, and thatωc∗1 as well asfb1
increase withµd for both σ < 0.79 andσ > 0.79.
Theωc∗2 vs.µd curve implies thatωc∗2 increases (de
creases) withµd very rapidly (slowly) forµd < 0.79
(µd > 0.79).

We have also numerically solved Eq. (15) a
have shown how the dispersion properties of the lo
frequency electromagnetic waves, two cut-off frequ
cies (ωc∗1 andωc∗2) and the resonance frequency (ωr )
change withµd . The numerical results are depict
in Fig. 2. The upper plot of Fig. 2 shows that wh
no dust particle is present, i.e.,µd = 0, we have one
resonance frequency atω = ωc � 0.45ωc1 � 1.8ωc2
and one cut-off frequency atω = ωr � 0.57ωc1 �
2.28ωc2. This completely agrees with the results o
tained by Chakrabarti et al. [18]. The middle and low
plots of Fig. 2 clearly implies that the presence of n
atively charged dust particles (viz.,µd = 0.4 in mid-
dle plot andµd = 0.7 in lower plot) has no effect o
the resonance frequencyωr , but it introduces one new
cut-off frequency and significantly shrinks the exi
ing cut-off frequency. The new (existing) forbidde
frequency bands in both middle and lower plots
indicated by shaded regions with vertical (horizo
tal) lines. The cut-off frequency at the end of the fi
shaded region (shown in the middle or the lower p
is completely new since we can get this cut-off f
quency if we neglect the presence of either the d
particles or the second ion species. We have also fo
that the dependence ofωc∗1, ωc∗2, fb1, andfb2 onµd

shown in Fig. 1 completely agrees with the nume
cal solutions of Eq. (15) for all values ofµd (a few of
Fig. 2. Showing the dispersion properties of the low-freque
electromagnetic wave branches along with two cut-off and
resonance frequencies forZ2/Z1 = 3,m2/m1 = 12,n2/n1 = 0.25,
µd = 0 (upper plot),µd = 0.4 (middle plot), andµd = 0.7 (lower
plot).

them, viz.,µd = 0, µd = 0.4, andµd = 0.7 are, re-
spectively, shown in the upper, middle and lower pl
of Fig. 2).

To summarize, we have presented a linear the
for the dispersion properties of low-frequency elect
magnetic waves propagating in a cold, multi-ion, du
magnetoplasma whose constituents are electrons
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types of ions, and negatively charged stationary d
particles. We have focused on waves with freque
much smaller than the electron gyrofrequency. Th
electrons suffer thecE × B0/B

2
0 drift, while the dy-

namics of both ion species is controlled by the el
tric and Lorentz forces. It is found that the simult
neous presence of second ion species and nega
charged stationary dust particles significantly mo
fies the existing cut-off (ωc∗1), as well as introduce
a new cut-off frequency (ωc∗2). We have shown tha
within the limit 0> Zdnd/Z1n1 < 0.79, as we in-
crease the dust particle number density (nd ) or dust
grain charge (Zd ), the existing forbidden frequenc
band (fb1) decreases, but our new forbidden freque
band (fb2) increases. However, within the limit 0.79<
Zdnd/Z1n1 < (1 + Z2n2/Z1n1), as we increasend
or Zd , fb1 (fb2) increases (decreases) very rapi
(slowly). These drastic changes in the existing and n
forbidden frequency bands, in turn, gives rise to a s
nificant modification of the dispersion properties
the low-frequency electromagnetic wave branches
Fig. 2). We propose to perform some new laborat
experiments which will be able to verify our theore
cal predictions on the new cut-off frequency as wel
on the modification of the existing cut-off frequen
and of the dispersion properties of the low-freque
electromagnetic waves in a magnetoplasma with t
ion species and a charged dust component.
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