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Abstract

A rigorous theoretical investigation has been made of multi-dimensional instability of obliquely propagating electrostatic
solitary structures in a hot, magnetized, non-thermal dusty plasma which consists of a negatively charged hot dust ¯uid,

Boltzmann distributed electrons and nonthermally distributed ions. The Zakharov±Kuznetsov equation for the electrostatic
solitary structures that exist in such a dusty plasma system is derived by the reductive perturbation method. The multi-
dimensional instability of these solitary waves is also studied by the small-k (long wavelength plane wave) perturbation

expansion method. The nature of these solitary structures, the instability criterion and their growth rate depending on dust-
temperature, external magnetic ®eld and obliqueness are discussed. The implications of these results to some space and
astrophysical dusty plasma situations are brie¯y mentioned. # 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Recently, there has been a great deal of interest in
understanding di�erent types of collective processes in
dusty plasmas (plasmas with extremely massive and

negatively charged dust grains), because of its vital
role in the study of astrophysical and space environ-
ments, such as, cometary tails, asteroid zones, plane-
tary rings, interstellar medium, Earth's environment,

etc. (Horanyi and Mendiz, 1985, 1986; Goertz, 1989;
Northrop, 1992; Mendis and Rosenberg, 1992, 1994;
Verheest, 1996). These dust grains are negatively
charged because of a number of charging processes,
such as, ®eld emission, ultra-violet radiation, plasma

currents, etc. (Feuerbacher et al., 1973; Fechting et al.,
1979; Havnes et al., 1987).

It has been found that the presence of static charged
dust grains modi®es the existing plasma wave spectra
(Bliokh and Yaroshenko, 1985; Angelis et al., 1988,
1989, 1994; D'Angelo, 1990; Bingham et al., 1991;
Shukla and Sten¯o, 1992; Shukla and Vladimirov,
1995). Bliokh and Yaroshenko (1985) studied electro-
static waves in dusty plasmas and applied their results
in interpreting spoke-like structures in Saturn's rings
(revealed by Voyager space mission; Smith et al.,
1982). Angelis et al. (1988) investigated the propa-
gation of ion-acoustic waves in a dusty plasma, in
which a spatial inhomogeneity is created by a distri-
bution of immobile dust particles (Whipple et al.,
1985). Angelis et al., 1988 applied their results in inter-
preting the low frequency noise enhancement observed
by the Vega and Giotto space probes in the dusty
regions of Halley's comet (Grard et al., 1986).

On the other hand, it has been shown both theoreti-
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cally and experimentally that the dust charge dynamics
introduces new eigenmodes, such as, dust-acoustic
mode (Rao et al., 1990; Melandsù et al., 1993; Rosen-
berg, 1993; Barkan et al., 1995; D'Angelo, 1995), dust
ion-acoustic mode (Shukla and Silin, 1992), dust cyclo-
tron mode (Shukla and Rahman, 1998), dust drift
mode (Shukla et al., 1991; Mamun et al., 1999; Sali-
mullah et al., 1999), etc. Rao et al. (1990) have ®rst
reported theoretically the existence of extremely low
phase velocity (in comparison with the electron and
ion thermal velocities) dust-acoustic waves in an
unmagnetized dusty plasma whose constituents are an
inertial charged dust ¯uid and Boltzmann distributed
ions and electrons. Thus, in the dust-acoustic waves
the dust particle mass provides the inertia and the
pressures of electrons and ions gives rise to the restor-
ing force. This theoretical prediction of Rao et al.
(1990) has then been conclusively veri®ed by labora-
tory experiments (Barkan et al., 1995; D'Angelo,
1995).

Recently, motivated by these theoretical and exper-
imental studies (Rao et al., 1990; Barkan et al., 1995;
D'Angelo, 1995), we have investigated dust-acoustic
solitary structures in an unmagnetized dusty plasma
system consisting of a negatively charged dust ¯uid
and isothermal (Mamun et al., 1996a) or non-isother-
mal (Mamun et al., 1996b) ions. The present investi-
gation has attempted to extend the earlier works (Rao
et al., 1990; Mamun et al., 1996a, b) to the multi-
dimensional instability of these electrostatic solitary
structures propagating obliquely in a magnetized
three-component dusty plasma. This dusty plasma sys-
tem is assumed to consist of a negatively charged hot
dust ¯uid, Boltzmann distributed electrons and non-
thermally distributed ions which have been found to
exhibit by the numerical simulation studies on linear
and nonlinear properties of dust-acoustic waves
(Winske et al., 1995).

The manuscript is organized as follows. The govern-
ing equations are presented in Section 2. The
Zakharov±Kuznetsov (ZK) equation is derived by
employing the reductive perturbation method in Sec-
tion 3. The solitary wave solution of this ZK equation
is obtained and the properties of these electrostatic
solitary structures are discussed in Section 4. The
instability criterion and the growth rate of these soli-
tary structures are investigated in Section 5. Finally, a
brief discussion is presented in Section 6.

2. Governing equations

We consider a three-component dusty plasma system
consisting of extremely massive, micron-sized, nega-
tively charged hot dust ¯uid and Boltzmann distribu-
ted electrons and ions with fast particles in the

presence of an external static magnetic ®eld (B0kzÃ ,
where zÃ is a unit vector along the z-direction). Thus, at
equilibrium we have ni0=Zdn0+ne0, where ni0, n0, and
ne0 are the unperturbed ion, dust and electron number
densities, respectively, and Zd is the number of elec-
trons residing on the dust grains. This dusty plasma
model, where electrons and ions constitute massless
¯uids and dust grains constitute tenuous, massive
¯uid, is relevant to a number of space (Shukla and
Silin, 1992) and laboratory (Barkan et al., 1995;
D'Angelo, 1995) dusty plasma system and has been
considered by a number of authors (Rao et al., 1990;
D'Angelo, 1990; Mamun et al., 1996a, b; Kotsarenko
et al., 1998).

Thus, the dynamics of low phase velocity (lying
between the ion and dust thermal velocities, viz,
vtd<<vp<<vtr) dust-acoustic oscillations in such a mag-
netized dusty plasma is governed by (Rao et al., 1990;
D'Angelo, 1990; Mamun, 1996b)
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where n is the dust particle number density normalized
to n0; u is the dust ¯uid velocity normalized to the
dust-acoustic speed Cd=(ZdTi/md)

1/2 with Ti being the
ion-temperature (in energy units) and md being the
mass of negatively charged dust particulates; sd=Td/
ZdTi with Td being the dust-temperature (in energy
units); j is the electrostatic wave potential normalized
to Ti/e with e being the magnitude of the electron
charge; si=Ti/Te; m=ne0/ni0; ni is the ion number den-
sity normalized to ni0. The time and space variables
are in the units of the dust plasma period oÿ1pd=(md/
4pnd0Z

2
de

2)1/2 and the Debye length lDd=Cd/opd, re-
spectively. ocd=(ZdeB0/md)/opd is the dust cyclotron
frequency normalized to opd.

To model an ion distribution with a population of
fast particles we can choose the distribution function
as was chosen by Cairns et al. (1995). Therefore, the
ion density ni in Eq. (3) is directly given by

ni �
�
1� 4a

1� 3a
�j� j2�

�
eÿj, �4�

where a is a parameter determining the number of fast
(nonthermal) ions (Cairns et al., 1995; Mamun, 1997).
It should be noted here that if we neglect the number
of nonthermal ions in comparison with that of thermal
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ions, i.e. we put a=0, this dusty plasma model reduces
to the model considered by Rao et al. (1990).

3. Derivation of the ZK equation

We now follow the reductive perturbation technique
and construct a weakly nonlinear theory for electro-
static waves with small but ®nite amplitude, which
leads to a scaling of the independent variables through
the stretched coordinates (Laedke and Spatschek,
1982; Infeld, 1985)

x 0 � E1=2x, y 0 � E1=2y,

z 0 � E1=2�zÿ v0t�, t 0 � E3=2t, �5�

where E is a small parameter measuring the weakness
of the dispersion and v0 is the wave phase velocity. It
may be noted here that x ', y ', z ' are all normalized to
the Debye length (lDd), t ' is normalized to the dust
plasma period (oÿ1pd ) and v0 is normalized to the dust-
acoustic speed (Cd). We can now expand the perturbed
quantities about their equilibrium values in powers of
E as (Laedke and Spatschek, 1982; Infeld, 1985)

n � 1� En�1� � E2n�2� � E3n�3� � � � � ,

j � 0� Ej�1� � E2j�2� � E3j�3� � � � � ,

uz � 0� Eu�1�z � E2u�2�z � E3u�3�z � � � � ,

ux � 0� E3=2u�1�x � E2u�2�x � E5=2u�3�x � � � � ,

uy � 0� E3=2u�1�y � E2u�2�y � E5=2u�3�y � � � � : �6�

We now substitute Eqs. (4)±(6) into Eqs. (1)±(3) and
develop equations in various powers of E. To lowest
order in E, i.e., equating the coe�cient of E one can
obtain the ®rst-order continuity equation, x-, y- and z-
components of the momentum equation and Poisson's
equation which in turn give
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Here, the ®rst two equations give the linear dispersion
relation
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�������������������������������������������������������������

1
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3
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and the last two, respectively, represent x- and y-com-
ponents of (VE+VD), where VE and VD are E � B0

and diamagnetic drifts, respectively. These last two
equations are also satis®ed by the next higher- (sec-
ond)-order continuity equation. Similarly, to the next
higher-order of E, we obtain the second-order x- and
y-components of the momentum equation and Pois-
son's equation as
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The ®rst two, respectively, denote x- and y-com-
ponents of dust polarization drifts. Again, following
the same procedure one can obtain the next higher-
order continuity equation and z-component of the
momentum equation as

A.A. Mamun et al. / Planetary and Space Science 48 (2000) 163±173 165



@n�1�

@ t 0
ÿ v0

@n�2�

@z 0
� @u

�2�
x

@x 0
� @u

�2�
y

@y 0
� @

@z 0
�u�2�z � n�1�u�1�z � � 0,

@u�1�z
@ t 0
ÿ v0

@u�2�z
@z 0
� u�1�z

@u�1�z
@z 0
ÿ @j

�2�

@z 0
� 5

3
sd
@n�2�

@z 0

� 0: �10�

Now, using Eqs. (7)±(10) we can readily obtain
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This Eq. (11) is known as the Zakharov±Kuznetsov
(ZK) equation or the Korteweg±de Vries (KdV)
equation in three dimensions.

4. Solitary wave solution of the ZK equation

To study the solitary waves propagating in a direc-
tion making an angle d with the z '-axis, i.e., with the
external magnetic ®eld and lying in the (z '±x ') plane
we ®rst rotate the co-ordinate axis (x ', z ') through an
angle d, keeping the y '-axis ®xed. Thus, we transform
our independent variables to

z � x 0 cos dÿ z 0 sin d, Z � y 0,

x � x 0 sin d� z 0 cos d, t � t 0: �13�
This transformation of these independent variables

makes us to write the ZK equation in the form
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We now look for the steady state solution of this ZK
equation in the form

j�1� � j0�Z �,
where

Z � xÿ u0t, �16�
in which u0 is a constant velocity normalized to the
dust-acoustic speed (Cd). Using this transformation we
can write this ZK equation in steady state form as

ÿu0 dj0

dZ
� d1j0

dj0

dZ
� d2

d3j0

dZ 3
� 0: �17�

Now, using the appropriate boundary conditions, viz,
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j0 4 0, dj0/dZ 4 0, d2j0/dZ
2 4 0 at Z 421, the

solution of this equation is given by

j0�Z � � j0m sech2�Z=D�, �18�
where j0m=3u0/d1 is the height and D � ��������������

4d2=u0
p

is
the width (normalized to the lDd) of the solitary po-
tential. It is clear from Eqs. (12) and (15) that as m
and a are always less than 1, i.e., A>0, depending on
whether B is positive or negative the solitary waves
will be either compressive (j0m < 0) or rarefactive
(j0m > 0). Therefore, for sd=0 there exists solitary
waves with negative potential (which are compressive
solitary waves) when B < 0, i.e., a < � ���

3
p ÿ 1�=� ���

3
p �

3� ' 0:155 and solitary waves with positive potential
(which are rarefactive solitary waves) when B>0. It is
clear that for sd=0 there exists rarefactive solitary
waves when a > � ���

3
p ÿ 1�=� ���

3
p � 3� ' 0:155: As we

increase the dust ¯uid temperature, the minimum
values of a, for which rarefactive dust-acoustic solitary
structures exist, increases. Fig. 1 shows how this mini-
mum value of a increases with the dust ¯uid tempera-
ture. It is also shown from Eqs. (12), (15) and (18)
that the height of both the compressive and rarefactive
solitary waves is a nonlinear function of obliqueness d
and dust ¯uid temperature sd. Fig. 2 shows how the
height of both the compressive and rarefactive solitary
waves increases with the obliqueness d and with the
dust ¯uid temperature sd. The magnitude of the exter-
nal magnetic ®eld has no direct e�ect on the amplitude
of these solitary waves. However, it does have a direct
e�ect on the width of these solitary waves. Figs. 3 and
4 show how the width D of these solitary waves

changes with sd, d and ocd. These show that the width
of both the compressive and rarefactive solitary waves
increases with both d and sd but decreases with the
external magnetic ®eld.

It should be pointed out that though our analytical
calculation is valid for any possible values of m=ne0/

Fig. 2. Variation of the amplitude (j0m) with the dust ¯uid tempera-

ture sd for a=0.2, u0=1.0, ocd=0.1, m=0.25, si=0.1, d=58 (solid

curve), d=158 (dashed curve) and d=308 (dotted curve).

Fig. 3. Variation of the width (D) with the dust ¯uid temperature sd
for a=0.2, u0=1.0, ocd=0.1, m=0.25, si=0.1, d=58 (solid curve),

d=158 (dashed curve) and d=308 (dotted curve).

Fig. 1. Variation of B with a for m=0.25, u0=1.0, si=0.10, sd=0.01

(solid curve), sd=0.1 (dashed curve) and sd=0.2 (dotted curve).
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ni0 and si=Ti/Te, in our numerical calculations we
have used m=0.25 and si=0.1. The consideration of
m=0.25 means that ne0<<ni0, i.e., the electron number
density is su�ciently depleted during the charging of
the dust grains, on account of the attachment of the
background plasma electrons on the surface of the
dust grains. This scenario is relevant to the laboratory
(Barkan et al., 1995) as well as space [for examples,
Halleys comet (Grard et al., 1986; Angelis et al., 1988)
Saturn's F-ring (Shukla and Silin, 1992), etc.] dusty
plasma systems.

It is obvious from Eqs. (15) and (18) that for large
angles (d 0 908) the width goes to 0 and amplitude
goes to 1. It is likely that for large angles the assump-
tion that the waves are electrostatic is no longer a
valid one, and we should look for fully electromagnetic
structures.

5. Instability analysis

We now study the instability of the obliquely propa-
gating solitary waves, discussed in the previous section,
by the method of small-k perturbation expansion
method (Rowlands, 1969; Infeld, 1972; Infeld and
Rowlands, 1973). We ®rst assume that

j�1� � j0�Z � � j�Z, z, Z, t�, �19�
where j0 is de®ned by Eq. (18) and j, for a long-
wavelength plane wave perturbation in a direction
with cosines (lz, lZ, lx), is given by

j � c�Z �ei�k�lzz�lZZ�lxZ �ÿot�, �20�

in which l 2z+l 2Z+l 2x=1 and, c(Z ) and o, for small k,
can be expanded as (Rowlands, 1969; Infeld, 1972;
Infeld and Rowlands, 1973)

c�Z � � c0�Z � � kc1�Z � � k2c2�Z � � � � � ,

o � 0� ko1 � k2o2 � � � � : �21�

Now, substituting Eq. (21) into Eq. (14) and lineariz-
ing with respect to j, we can express the linearized ZK
equation in the form
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Our main object is now to ®nd o1 by solving zeroth-,
®rst- and second-order equations obtained from these
last three equations. Using Eqs. (20)±(22), the zeroth-
order equation can be written, after integration, as

�ÿu0 � d1j0�c0 � d2
d2c0

dZ 2
� C, �23�

where C is an integration constant. It is clear from Eq.
(17) that the homogeneous part of this equation has
two linearly independent solutions, namely

f � dj0

dZ
, �24�

g � f

�Z dZ

f 2
: �25�

Therefore, the general solution of this zeroth-order
equation can be written as

c0 � C1f� C2gÿ Cf

�Z g

W
dZ� Cg

�Z f

W
dZ, �26�

where C1 and C2 are two constants and W is the
Wronskian de®ned by W=f dg/dZÿg df/dZ. Now,
evaluating all integrals, the general solution of this zer-
oth-order equation, for c0 not tending to 21 as Z4
21, can ®nally be simpli®ed to

c0 � C1f: �27�

The ®rst-order equation, i.e., equation with terms lin-
ear in k, obtained from Eqs. (20)±(22) and (27), can be
expressed, after integration, as

Fig. 4. Variation of the width (D) with ocd for m=0.25, u0=1.0,

si=0.10, sd=0.01 (solid curve), sd=0.1 (dashed curve) and sd=0.2

(dotted curve).
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�ÿu0 � d1j0�c1 � d2
d2c1

dZ 2
� iC1�a1 � b1

tan 2�Z=D��j0 � K,

�28�

where K is the integration constant and a0 and b1 are
given by
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2,
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Now, following the same procedure the general sol-
ution of this ®rst-order equation, for c1 not tending to
21 as Z421, can be expressed as

c1 � K1f� iC1D
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8d2
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3
�3a1 � b1�j0

�
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The second-order equation, i.e., equation with terms
involving k 2, obtained from Eqs. (20)±(22), can be
written as�
ÿ u0

d
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dZ 3
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where

m3 � 3d2l 2x � 2d5lzlx � d6l2z � d7l2Z: �32�

The solution of this second-order equation exists, if
the right-hand-side is orthogonal to a kernel of the op-
erator adjoint to the operator
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This kernel, which must tend to zero as Z 421, is
j0/j0m=sech2(Z/D). Thus, we can write the following
equation determining o1:�1
ÿ1
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Now, substituting the expressions for c0 and c1 given,

respectively, by Eqs. (27) and (30), and then perform-
ing the integration, we arrive at the dispersion relation:

o1 � Oÿ lxu0 �
���������������
O2 ÿ U

p
, �35�

where

O � 2

3
�j0mm1 ÿ 2m2=D

2�,

U � 16

45
�j2

0mm
2
1 ÿ 3j0mm1m2=D

2 ÿ 3m22=D
4

� 12m3=D
4�: �36�

It is clear from our dispersion relation (35) that there
is always instability if UÿO2 > 0. Thus, using Eqs.
(12), (15), (29), (32) and (36) we can express this
instability criterion as

Si > 0,

Si �
"
1� l2z

l2Z

�
1ÿ 5

3
tan 2 d

�#
o2

cd

�
 

sin 2 dÿ l2z
l2Z

tan 2 d

!
T 2

d,

Td � 1� 5

3
sd

�
sim
1ÿ m

� 1

1ÿ m

�
1ÿ a
1� 3a

��
: �37�

Now, di�erentiating Si with respect to o 2
cd one can

obtain

@Si

@o2
cd

� 1� l2z
l2Z

�
1ÿ 5

3
tan 2 d

�

�
" 

1� 8

3

l2z
l2Z

!
cos 2 dÿ 5

3

l2z
lwZ

#
1

cos 2 d
:

�38�

This means that if �1� l2Z=l
2
z�> �<�53 tan2 d, Si increases

(decreases) with o 2
cd. The condition Si=0, which

expresses the threshold value of ocd in terms of lz/lZ
and d, can be written as

o2
cd �
�1ÿ cos 2 d�

 
5

3

l2z
l2Z
ÿ cos 2 d

!
 
1� 8

3

l 2z
l 2Z

!
cos 2 dÿ 5

3

l2z
l2Z

�
1

� 5

3
sd

�
sim
1ÿ m

� 1

1ÿ m

�
1ÿ a
1� 3a

���
: �39�

Therefore, o 2
cd has a resonance at
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d1 � cos ÿ1

264
������������������������������������
5

3

l2z
l2Z
=

 
1� 8

3

l2z
l2Z

!vuut
375 �40�

and zero at

d0 � 0 when
lz
lZ
>

����
3

5

r
,

d0 � cos ÿ1

����������������"
5

3

l2z
l2Z

#vuut when
lz
lZ
<

����
3

5

r
: �41�

We note from Eqs. (39)±(42) that for d0 < d < d1,
@Si/@o

2
cd > 0, i.e., the instability region lies above

Si=0 for both lz=lZ >
��������
3=5
p

and lz=lZ <
��������
3=5
p

: Thus,
we have two cases, depending on whether lz/lZ is larger
or smaller than

��������
3=5
p

: Figs. 5 and 6 show how the
instability regions in these two cases depend on ocd, d
and sd. It is shown that the minimum/maximum value
of d for which the waves become unstable, is indepen-
dent of the dust ¯uid temperature. If the instability cri-
terion [given by Eq. (37)] is satis®ed, the growth rate g
of this instability is given by

g � 2��������
135
p u0lZ

ocd�cos 2 d�D sin 2 d�
��������
DSi

p
�42�

where D is given by Eq. (12). It is clear that the

growth rate (g ) is a nonlinear function of sd, a, and
ocd. Figs. 7 and 8 show how g changes with these par-

ameters.

Fig. 5. Plot of Si=0 in parameter space (ocd, d, sd) showing an

instability region for lz/lZ=0.8, sd=0.01 (solid curve), sd=0.1

(dashed curve) and sd=0.2 (dotted curve).

Fig. 6. Plot of Si=0 in parameter space (ocd, d, sd) showing an

instability region for lz/lZ=0.7, sd=0.01 (solid curve), sd=0.1

(dashed curve) and sd=0.2 (dotted curve).

Fig. 7. Variation of the growth rate (g ) with sd for d=158, ocd=0.1,

m=0.25, u0=1.0, si=0.10, lz/lZ=0.8, a=0.2 (solid curve), a=0.3

(dashed curve) and a=0.4 (dotted curve).
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6. Discussion

A three-component magnetized dusty plasma system
consisting of negatively charged hot dust ¯uid, Boltz-
mann distributed electrons and nonthermally distribu-
ted ions has been considered and the properties of
®nite amplitude electrostatic solitary structures and
their multi-dimensional instability have been investi-
gated. We have derived the Zakharov±Kuznetsov (ZK)
equation by the reductive perturbation method and
then analyzed the stability of these structures by a
small-k expansion method. The results, which have
been found in this investigations may be pointed out
at follows.

1. The e�ects of nonthermal ions and dust ¯uid tem-
perature have been found to modify the nature of
the electrostatic solitary structures in a dusty
plasma. It has been shown that the presence of non-
thermal/fast ions may allow compressive and rare-
factive solitary waves to exist. It is found that,
depending on the value of a, the solitary structures
may change from compressive to rarefactive and
that for cold dust ¯uid there exist solitary waves
with negative (positive) potential, i.e., compressive
(rarefactive) solitary waves when a< (>)0.155. It is
shown that as we increase the dust ¯uid tempera-
ture, we need a higher value of a in order to have
rarefactive solitary waves (Fig. 1). It is also shown
that the height and width of these solitary structures
increase with the dust ¯uid temperature (Figs. 2 and
3).

2. The e�ects of the obliqueness and the external mag-
netic ®eld make these solitary structures unstable as
well as change the height and width of these solitary
structures. It is found that the height of both the
compressive and rarefactive solitary waves is inver-
sely proportional to cos d [Eqs. (15) and (18)]. It is
shown that the width of these solitary waves
increases with d for its lower range (Fig. 3). We
have already pointed out that for large angles the
assumption that the waves are electrostatic is no
longer a valid one, and we should look for fully
electromagnetic structures. The magnitude of the
external magnetic ®eld B0 has no direct e�ect on the
amplitude of these solitary waves. However, it does
have a direct e�ect on their width. We have found
that as its magnitude increases, the width of both
the compressive and rarefactive solitary waves
decreases, i.e., the external magnetic ®eld makes the
solitary structures more spiky (Fig. 4).

3. We have shown that the a-value has no e�ect on
whether the solitary waves will be stable or un-
stable. However, stability of these solitary structures
strongly depends on the external magnetic ®eld and
the propagation directions of both the nonlinear
waves and their perturbation mode. We have drawn
plots of Si=0 (Figs. 5 and 6) in parameter space
(ocd, d, sd) and shown two instability regions for
two di�erent cases, namely, �lz=lZ� >

���
3
5

q
and

�lz=lZ� <
���
3
5

q
: The dust ¯uid temperature has no

e�ect on the minimum/maximum value of d for
which solitary waves are unstable [Eqs. (41) and
(42)]. It is found that when (lz/lZ)=0.8, the waves
become unstable for 08< d<408 (Fig. 5) and when
(lz/lZ)=0.7, the waves become unstable for 258 < d
< 478 (Fig. 6). It is shown that as we increase the
dust-¯uid temperature, the unstable region decreases
for both �lz=lZ� >

���
3
5

q
(Fig. 5) and �lz=lZ� <

���
3
5

q
(Fig.

6).
4. It is also shown that the growth rate (g ) of this

instability increases with dust-¯uid temperature but
decreases with the number of nonthermal ions (a )
(Fig. 7). It is also found that the growth rate
decreases with the external magnetic ®eld (ocd) but
increases with the obliqueness (d ) (Fig. 8).

We have analyzed instability of these solitary struc-
tures by the reductive perturbation method and small-
k perturbation expansion which are valid for small but
®nite amplitude solitary waves and long wavelength
perturbation mode. Since in many astrophysical situ-
ations there may exist extremely large amplitude soli-
tary waves and short wavelength perturbation mode,
we propose to develop a more exact theory for stab-
ility analysis of arbitrary-amplitude solitary waves and
arbitrary wavelength perturbation modes by generaliz-
ation of our present work to such waves and modes.

Fig. 8. Variation of the growth rate (g ) with ocd for a=0.2, sd=0.1,

m=0.25, si=0.1, u0=1.0, lz/lZ=0.7, d=58 (solid curve), d=158
(dashed curve) and d=308 (dotted curve).
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However, our present analysis should be useful for
understanding di�erent nonlinear features of localized
and unstable electrostatic disturbances in a number of
astrophysical dusty plasma systems, such as, planetary
ring systems (viz. Saturn's rings (Goertz, 1989; Bliokh
and Yaroshenko, 1985; Smith et al., 1982)), cometary
environment (viz. Halley's comet (Angelis et al., 1988;
Grard et al., 1986)), interstellar medium (Goertz,
1989), etc., where negatively charged dust particulates
and Boltzmann distributed electrons and thermally/
nonthermally distributed ions are the major plasma
species.

Voyager observations (Smith et al., 1982) of the
rings of Saturn have revealed the existence of radially
elongated thin (in azimuth) structures (spokes) which
appears dark in backward scattered light, but bright in
forward scattered light. This suggests that they contain
small micron size or submicron size grains. The
characteristic features of such dusty plasma systems
and associated waves are described by a number of
authors, for example, Goertz (1989), Bliokh and Yara-
shenko (1985), etc. On the other hand, observations
made by Vega and Giotto space probes have shown
the existence of low-frequency noise enhancement in
the dust regions of Halley's comet (Grard et al., 1986).
Angelis et al. (1988) have ®rst theoretically interpreted
this low-frequency noise enhancement by considering
the propagation of ion-acoustic waves in a dusty
plasma where a spatial inhomogeneity is created by a
distribution of immobile dust particles.

This investigation should also be important in
understanding coagulation or condensation of the dust
grains in such space and astrophysical dusty plasma
systems.

It may be added that the e�ects of dust grain charge
¯uctuation and inhomogeneity in plasma density and
magnetic ®eld on these electrostatic solitary structures
are also problems of great importance but beyond the
scope of the present work.
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