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Abstract

A rigorous theoretical investigation has been made of large amplitude compressive and rarefactive dust±acoustic solitary
waves in an unmagnetized hot dusty plasma consisting of a negatively charged hot dust ¯uid and non-thermally distributed ions.

The pseudo-potential approach, which is valid for arbitrary amplitude solitary waves, has been employed. It is shown that the
presence of the fast or non-thermal ions may allow compressive and rarefactive solitary waves to coexist. It is found that the
e�ect of the dust ¯uid temperature changes the minimum values of a (a parameter determining the number of fast ions present
in our dusty plasma model) and M (the Mach number) for which the compressive and rarefactive solitary waves can coexist. It

is also observed that as the dust ¯uid temperature rises, the amplitude of both the compressive and rarefactive solitary waves
decrease, whereas their width increases. The implications of these results to some space and astrophysical dusty plasma
situations are brie¯y discussed. 7 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Nowadays, there has been a great deal of interest in
understanding di�erent types of collective processes in
dusty plasmas (plasmas with extremely massive and
negatively charged dust grains), because of their vital
role in the study of astrophysical and space environ-
ments, such as cometary tails, asteroid zones, planetary
rings, the insterstellar medium, the earth's environ-
ment, etc. (Horanyi and Mendis, 1985, 1986; Goertz,
1989; Northrop, 1992; Mendis and Rosenberg, 1992,
1994; Verheest, 1996). The dust grains are negatively
charged because of a number of charging processes,
such as ®eld emission, ultra-violet radiation, plasma
currents, etc. (Feuerbacher et al., 1973; Fechting et al.,
1979; Havnes et al., 1987).

It has been found that the presence of static charged
dust grains modi®es the existing plasma wave spectra

(Bliokh and Yaroshenko, 1985; de Angelis et al., 1988,
1989; D'Angelo, 1990; Bingham et al., 1991; Shukla
and Sten¯o, 1992; Angelis et al., 1994; Shukla and Vla-
dimirov, 1995). Bliokh and Yaroshenko (1985) studied
electrostatic waves in dusty plasmas and applied their
results in interpreting spoke-like structures in Saturn's
rings (revealed by the Voyager space mission; Smith et
al., 1982). Angelis et al. (1988) investigated the propa-
gation of ion-acoustic waves in a dusty plasma, in
which a spatial inhomogeneity is created by a distri-
bution of immobile dust particles (Whipple et al.,
1985). They (Angelis et al., 1988) applied their results
in interpreting the low frequency noise enhancement
observed by the Vega and Giotto space probes in the
dusty regions of Halley's comet (Grard et al., 1986).

On the other hand, it has been shown both theoreti-
cally and experimentally that the dust charge dynamics
introduce new eigenmodes, such as the dust±acoustic
mode (Rao et al., 1990; Melandsù et al., 1993; Rosen-
berg, 1993; Barkan et al., 1995; D'Angelo, 1995),
dust±ion±acoustic mode (Shukla and Silin, 1992),
dust±cyclotron mode (Shukla and Rahman, 1998),
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dust±drift mode (Shukla et al., 1991; Mamun et al.,
1999; Salimullah et al., 1999), etc. Rao et al. (1990)
®rst reported theoretically the existence of extremely
low phase velocity (in comparison with the electron
and ion thermal velocities) dust±acoustic waves where
the dust particle mass provides the inertia and the
thermal pressures from the electrons and ions give rise
to the restoring force. Rao et al. (1990) have studied
the dust±acoustic solitary waves in an unmagnetized
dusty plasma (with a cold dust ¯uid) by using the
reductive perturbation method which is only valid for
a small but ®nite amplitude limit. Recently, motivated
by these theoretical and experimental studies (Rao et
al., 1990; Barkan et al., 1995) of low phase velocity
dust±acoustic waves, Mamun et al. (1996) have investi-
gated nonlinear dust±acoustic waves in a two-com-
ponent unmagnetized dusty plasma consisting of a
negatively charged cold dust ¯uid and Maxwellian
ions. The e�ects of the dust ¯uid temperature and
non-thermal distribution of ions, which were not con-
sidered in the earlier investigations (Rao et al., 1990;
Mamun et al., 1996), drastically modify the properties
of the large amplitude electrostatic solitary structures.
Therefore, in the present work, we have generalized
these earlier works (Rao et al., 1990; Mamun et al.,
1996) to a hot non-thermal dusty plasma consisting of
a hot dust ¯uid and a non-thermally distributed ion,
and studied the e�ects of the dust ¯uid temperature
and the non-thermal distribution of ions on the arbi-
trary amplitude compressive (density hump) and rare-
factive (density dip) electrostatic solitary structures
that have been found to coexist in such a non-thermal
dusty plasma model.

This paper is organized as follows. The basic
equations are given in Section 2. The coexistence of
one-dimensional arbitrary amplitude compressive and
rarefactive electrostatic solitary structures have been
studied by the pseudo-potential approach in Section 3.
This study has then been extended to three-dimen-
sional structures in Section 4. Finally, a brief discus-
sion is given in Section 5.

2. Governing equations

We consider a dusty plasma system consisting of
warm adiabatic dust ¯uid and non-thermally distribu-
ted ions. Thus, at equilibrium we have ni0 ' Zdn0,
where ni0 and n0 are the background ion and dust par-
ticle number densities, respectively, and Zd is the num-
ber of electrons residing on the surface of the
negatively charged dust grains. It has been assumed
that Zdn0 � ne0, where ne0 is the background electron
number density. This means that the electron number
density is highly depleted during the charging of the
dust grains, because of the attachment of the back-

ground plasma electrons to the surface of these extre-
mely massive dust grains (Goertz, 1989; Shukla and
Silin, 1992). It should be noted that in practice, a free
electron population (i.e., ne0$ 0) always exists in any
dusty plasma system. However, the value of ne0 varies
depending on the dusty plasma system considered; for
example, in the F-ring of Saturn there is a situation
where Zdn0 � ne0 is valid (Goertz, 1989; Shukla and
Silin, 1992). This is due to the attachment of the back-
ground plasma electrons to the surface of the extre-
mely massive dust grains during their charging
processes. Thus, our assumption Zdn0 � ne0 is valid
for such a dusty plasma situation or for the investi-
gation of an extremely low phase velocity wave whose
phase velocity (vp) is much smaller than the ion-ther-
mal velocity (vti), i.e., vp � vti (Barkan et al., 1995;
Mamun et al., 1996). The dynamics of low phase vel-
ocity (lying between the ion and dust thermal vel-
ocities, viz, vtd � vp � vti� dust±acoustic oscillations
are governed by (Rao et al., 1990; Mamun et al., 1996)�
@n

@t

�
� r�nu� � 0, �1�

@u

@ t
� �u � r�u � rjÿ s

n
rP, �2�

@P

@ t
� u � rP� gPr � u � 0, �3�

r 2j � nÿ ni, �4�
where n (ni) is the dust particle (ion) number density
normalized to n0 (ni0); s � Td=�ZdTi� with Td (Ti)
being the dust (ion) temperature; u is the dust ¯uid vel-
ocity normalized to the dust±acoustic speed Cd �
�ZdkBTi=md�1=2 with kB and md being the Boltzmann
constant and dust particle mass, respectively; P is the
ion pressure normalized to �n0kBTd�; g=(2+N )/N
with N being the number of degrees-of-freedom (which
has a value of one for the one-dimensional case and
three for the three-dimensional case); j is the electro-
static wave potential normalized to kBTi/e, with e
being the electron charge; the space variable is normal-
ized to the dust Debye length lDd��kBTi=4pZdn0e

2�1=2
and the time variable is normalized to the dust plasma
period oÿ1pd � �md=4pz2d n0e

2�1=2: The ions are assumed
to be non-thermally distributed. We model the non-
thermal ion distribution function by following Cairns
et al. (1995) and express the ion density ni as

ni � �1� bj� bj2�eÿj, �5�

b � 4a
1� 3a

, �6�
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where a is a parameter determining the non-thermal
ions (Cairns et al., 1995) present in our non-thermal
dusty plasma model. It should be mentioned here that
for a=0, ni reduces to the Maxwellian ion distribution
(Mamun et al., 1996).

3. One-dimensional solitary structures

In this section we will con®ne ourselves to a
study of arbitrary amplitude solitary waves in our
non-thermal dusty plasma model for one-dimen-
sional structures. The basic equations, in the one-
dimensional case where g=3, can be expressed as
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� @

@x
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To obtain a solitary wave solution, we make all the
dependent variables depend on a single independent
variable x=xÿMt, where M is the Mach number
(the velocity of the solitary wave normalized to the
dust±acoustic speed Cd). Considering the steady state
condition, i.e., (@/@t )=0, we can write our basic set of
equations as
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Now, under the appropriate boundary conditions, viz,
j4 0, u4 0, P4 1 and n4 1 at x421, Eqs. (11)
and (13) can be integrated to give

n � 1

1ÿ u=M
, �15�

P � n3: �16�

If we substitute Eq. (15) into Eq. (12) and then multi-
ply this by two, we obtain
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Again, multiplying Eq. (13) by s/M one can write

s
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Now, subtracting Eq. (17) from Eq. (18), one obtains
a di�erential equation which has the form
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The integration of this equation yields

3
s
M

Puÿ 3s�Pÿ 1� � 2Muÿ u2 � 2j � 0, �20�

where we have used the same boundary conditions,
viz, j4 0, u4 0, P4 1 and n4 1 at x421. Sub-
stituting u and P as obtained from Eqs. (15) and (16),
respectively, into this equation one can obtain a quad-
ratic equation for n 2 as

�3s�n4 ÿ �3s�M2 � 2j�n2 �M2 � 0: �21�
Therefore, the solution of this equation for n is given
by
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where
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���������������
3s=M2

p
,
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0

q
: �23�

The substitution of this expression for n into Eq. (14)
gives
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The qualitative nature of the solutions of this equation
is most easily seen by introducing the Sagdeev poten-
tial (Sagdeev, 1966). Therefore, Eq. (24) takes the form

1

2

�
dj
dx

�2

�V�j, M, s, a� � 0, �25�

where the Sagdeev potential V(j, M, s, a ) is given by

V�j, M, s, a� � ÿ�1� 3b�1� j� � bj2�eÿj
ÿM2 �����
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and C1 is an integration constant which we will choose
in such a manner that V(j, M, s, a )=0 at j=0. It is
important to note here that we cannot consider the
limit s 4 0, in the Sagdeev potential V(j, M, s, a ) in
its present form. To consider this limit s 4 0, we
express y as

y � ln

24 s2
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It is also important to note that the condition for the
dust density to be real, j 1� 2�j=M2s2

1 � jr2s0=s2
1 ,

must always be satis®ed. Using Eq. (28) we can express
the Sagdeev potential V(j, M, s, a ) as
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Now, we consider again our general Eq. (25), which
can be regarded as an ``energy law'' for an oscillating
particle of unit mass with velocity dj/dx and position
j in a potential V(j, M, s, a ). The solitary wave sol-
utions of Eq. (25) exist if: (i) (d2V/dj 2)j=0 < 0, so
that the ®xed point at the origin is unstable; and (ii) V
< 0 when 0 < j < jmax for positive solitary waves
and 0 > j > jmin for negative solitary waves, where
jmax (jmin) is the maximum (minimum) value of j for

which V(j, M, s, a )=0. Some more general results
can be obtained as follows. The nature of these soli-
tary waves, whose amplitude tends to zero as the
Mach number M tends to its critical value, can be
found by expanding the Sagdeev potential to third-
order in a Taylor series in j. The critical Mach num-
ber is that which corresponds to the vanishing of the
quadratic term. At the same time, if the cubic term is
negative, there is a potential well on the negative side
and if the cubic term is positive, there is a potential
well on the positive side. Therefore, by expanding the
Sagdeev potential V(j, M, s, a ) given by Eq. (29)
around the origin, the critical Mach number at which
the second derivative changes sign can be found as

Mc �
��������������������������������������������������������������

1

2�1ÿ b� �1�
������������������������������
1� 12s�1ÿ b�

p
�

s
: �30�

At this critical value of M, the third derivative will be
positive, i.e., solitary waves with positive potential
(rarefactive solitary waves) will exist if

Sa < 0,

Sa � 1

2S 2
0

�
1� 19

s
S0

�
ÿ 1

6
,

S0 � 1

2�1ÿ b� �1�
������������������������������
1� 12s�1ÿ b�

p
�: �31�

This gives us a very simple criterion for analysing the
range of di�erent parameters, viz a and s, for which
the compressive (solitary waves with negative poten-
tial) and rarefactive (solitary waves with positive po-
tential) solitary waves coexist. It is clear from Eqs.
(29)±(31) that the Sagdeev potential V(j, M, s, a ), the
critical Mach number Mc (which we can now de®ne as
that minimum value of M above which compressive,
as well as rarefactive solitary waves exist), and Sa

(which determines the criterion for the coexistence of
compressive and rarefactive solitary waves) depend
nonlinearly on s, i.e., on the dust ¯uid temperature. It
is obvious that for cold dust ¯uid (s=0), the minimum
value of a for which compressive and rarefactive soli-
tary waves coexist is 00.155 and that for a=0.2 the
critical Mach number (the minimum value of the
Mach number above which the compressive and rare-
factive solitary waves coexist) is

���
2
p
: Fig. 1 shows how

the minimum value of a, for which compressive and
rarefactive solitary waves coexist, changes with s, i.e.,
with dust ¯uid temperature. This shows that as the
dust ¯uid temperature increases, we need more non-
thermal ions in order for rarefactive solitary waves to
exist. We have already shown that for a=0.2 the criti-
cal Mach number is

���
2
p

, but due to the e�ect of the
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dust ¯uid temperature this value changes. Fig. 2 shows
how the critical Mach number changes with a and s.
It can be seen that as the dust ¯uid temperature
increases, the critical Mach number (Mc) increases. It
is observed that for cold dust ¯uid, i.e., s=0, and for
a=0.2 (a value which we shall continue to use in the
rest of our numerical illustrations), the compressive
and rarefactive solitary waves are found to coexist
when the Mach number passes the value

���
2
p ' 1:414,

but for s=0.02, the rarefactive solitary waves do not
exist until the Mach number exceeds the value 1.435.
Fig. 3 shows the behaviour of the Sagdeev potential
V(j, M, s, a ) when the Mach number passes from
1.43 to 1.45. This shows that when the Mach number
exceeds the value 1.435, a potential well forms on the
positive j-axis, resulting in the existence of rarefactive
solitary waves. To ®nd what happens on the negative
side, we plot curves for the same set of parameters on
a larger scale. This is shown in Fig. 4 where it is seen
that compressive solitary waves also exist.

Now, to see what happens when the dust ¯uid tem-
perature is further increased, we numerically study the
behaviour of the Sagdeev potential V(j, M, s, a ) and
®nd the parameters for which compressive and rarefac-
tive solitary waves may coexist. These are displayed in
Figs. 5 and 6. It is seen from Fig. 5 that when
s=0.04, rarefactive solitary waves no longer exist for
M = 1.45 (we have already found that, for the value
less than this, rarefactive solitary waves exist when
s=0.02), but when this value is exceeded, the rarefac-

tive solitary waves can exist. Fig. 6, where the beha-
viour of the Sagdeev potential is shown for the same
set of parameters on a larger scale, shows what hap-
pens on the negative j-axis. It is shown that as we
increase the dust ¯uid temperature, we need a higher
Mach number in order to obtain the coexistence of
compressive and rarefactive solitary waves. Fig. 7
shows the e�ects of the dust ¯uid temperature on po-
tential pro®les for two (compressive and rarefactive)
solitary wave solutions found by solving Poisson's
equation with exactly the same parameters, but di�er-
ent initial conditions. It is found that as the dust ¯uid
temperature increases, the amplitude of both the com-
pressive and rarefactive solitary waves decrease,
whereas their width increases.

4. Three-dimensional solitary structures

The solitary structures discussed up to now are one-
dimensional. In this section, we will focus our atten-
tion to three-dimensional solitary structures, since the
structures observed in space are certainly not in®nite
in two directions. A very simple three-dimensional
analogue of the structures, discussed in the previous
section, can be constructed by assuming that they are
moving parallel to a strong magnetic ®eld. If the dust
Larmor radius is small compared to the size of the
structure, we can just consider the dust particles to be
a beam ¯owing along the ®eld lines (in the rest frame

Fig. 1. E�ect of the dust ¯uid temperature on the minimum value of a for which compressive and rarefactive solitary waves coexist.
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of the structures). Then the dust density n just depends
on the potential, as before, and is given by Eq. (22).
We also assume that the ions have the same kind of
adiabatic response and that the one-dimensional distri-
bution, considered up to now, is obtained by integrat-
ing over the parallel degrees-of-freedom. Thus, the ion
density ni is also the same and is directly given by Eq.
(5). Therefore, under these assumptions, Poisson's
equation, Eq. (4), can be expressed in the spherically
symmetric case as

d2j
dr2
� 2

r

dj
dr

� ÿ�1� bj� bj2�eÿj � s1���
2
p

s0

241� 2j
M2s2

1

ÿ
��������������������������������������������
1� 2j

M2s2
1

�2

ÿ4s
2
0

s41

s 351=2

, �32�

Fig. 2. E�ect of the dust ¯uid temperature on a variation of the critical Mach number with a.

Fig. 3. The behaviour of the Sagdeev potential V(j, M, s, a ) for a=0.2, s=0.02 and a series of Mach numbers, 1.43 (top) in steps of 0.005 to

1.45 (bottom).
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where the space variable r is normalized to the Debye
length lDd. We will now numerically solve this
equation and ®nd spherically symmetric structures that
exist as solutions of this equation. It is important to
note here that, in our numerical solutions of this
equation, the condition for dust particle density to be
real, j 1� 2�j=M2s2

1 � jr2s0=s2
1 , must always be

valid. The potential pro®les for a spherically symmetric
solution of this equation are illustrated in Fig. 8.

These plots also show the e�ects of the dust ¯uid tem-

perature on these radial pro®les. The most obvious

change, found by comparing these radial pro®les with

one-dimensional structures (discussed in the previous

section), is that there is a larger hump in the potential

for the same parameters. It is also seen that as we

increase the dust temperature, this hump in the poten-

tial decreases.

Fig. 4. The behaviour of the Sagdeev potential V(j, M, s, a ) on a larger scale for a=0.2, s=0.02 and a series of Mach numbers, 1.43 (top) in

steps of 0.005 to 1.45 (bottom).

Fig. 5. The behaviour of the Sagdeev potential V(j, M, s, a ) for a=0.2, s=0.04 and a series of Mach numbers, 1.45 (top) in steps of 0.005 to

1.47 (bottom).
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5. Discussion

Motivated by the recent theoretical investigation
(Rao et al., 1990) and experimental observation (Bar-
kan et al., 1995) of low phase velocity dust±acoustic
waves, Mamun et al. (1996) have studied nonlinear
dust±acoustic waves in a two-component unmagne-
tized dusty plasma consisting of a negatively charged
cold dust ¯uid and Maxwellian ions. The present in-

vestigation is mainly concerned with the e�ects of the
dust ¯uid temperature and non-thermal ion distri-
bution on these solitary structures.

It has been shown that a suitable distribution of
non-thermal ions in a dusty plasma system may change
the nature of the dust±acoustic solitary waves and may
support the coexistence of large amplitude compressive
and rarefactive solitary waves. It is obvious that for
cold dust ¯uid (s=0), the minimum value of a for

Fig. 6. The behaviour of the Sagdeev potential V(j, M, s, a ) on a larger scale for a=0.2, s=0.04 and a series of Mach numbers, 1.45 (top) in

steps of 0.005 to 1.47 (bottom).

Fig. 7. Potential pro®les for a=0.2, M=1.455, s=0 (solid curve), s=0.02 (dotted curve) and s=0.03 (dashed curve).
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which compressive and rarefactive solitary waves coex-
ist is 00.155 and that for a=0.2 the critical Mach
number (the minimum value of the Mach number
above which the compressive and rarefactive solitary
waves coexist) is

���
2
p
: It is found that as we increase

the dust ¯uid temperature, we need more non-thermal
ions and a higher Mach number in order for rarefac-
tive solitary waves to exist. It has also been shown
that as the dust ¯uid temperature rises, the amplitude
of both the compressive and rarefactive solitary waves
decrease, whereas the width of these solitary waves
increase. Three-dimensional structures have also been
studied. The most obvious change is that there is a lar-
ger hump in the potential for the same parameters. It
is also seen that as we increase the ion temperature,
this hump in the potential decreases. It should be men-
tioned that for cold dust ¯uid (s=0) and for Maxwel-
lian ion distribution (a=0), our results for one-
dimensional solitary structures completely agree with
those obtained by Mamun et al. (1996).

It may be stressed here that the results of the present
investigation should be useful for understanding the
nonlinear features of localized electrostatic disturb-
ances in a number of astrophysical dusty plasma sys-
tems, such as planetary ring systems (viz, Saturn's
rings, Goertz, 1989; Bliokh and Yaroshenko, 1985;
Smith et al., 1982), cometary environment (viz, Hal-
ley's comet, Angelis et al., 1988; Grard et al., 1986),
the interstellar medium (Goertz, 1989), etc., where
negatively charged warm dust particulates and ther-

mally or non-thermally distributed ions are the major
plasma species.

It may be pointed out that the results of this study
should also be important in understanding some non-
linear behaviour of electrostatic waves in Saturn's
rings and Halley's comet proposed in the pioneer
papers of Bliokh and Yaroshenko (1985) and Angelis
et al. (1988).

It may also be added that the e�ects of obliqueness,
external magnetic ®eld and inhomogeneity in the
plasma density on these arbitrary amplitude solitary
structures, and their time evolution and stability analy-
sis are also problems of great importance, but beyond
the scope of the present work.
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