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Abstract

A theoretical investigation has been made of dust-acoustic solitary waves in
an unmagnetized three-component dusty plasma which consists of a nega-
tively charged dust Ñuid, free electrons and trapped as well as free ions. It is
found that owing to the departure from the Boltzmann ion distribution to
a trapped ion one, the dynamics of small but Ðnite amplitude dust-acoustic
waves is governed by a modiÐed Korteweg-de Vries equation. The latter
admits a stationary dust-acoustic solitary wave solution which has larger
amplitude, smaller width, and higher propagation velocity, than that
involving adiabatic ions. The e†ects of trapped ions and free electrons on
these dust-acoustic solitary waves are discussed. The present investigation
should be useful in understanding some nonlinear features of the dust-
acoustic waves which have been observed in a recent numerical simulation
study.

Nowadays, there has been a great deal of interest in under-
standing di†erent types of collective processes in dusty
plasmas. It has been found that the presence of static
charged dust grains modiÐes the existing plasma wave
spectra, whereas the dust charge dynamics introduces new
eigenmodes in dusty plasmas. Rao et al. [1], for example,
were the Ðrst to report theoretically the existence of
extremely low phase velocity (in comparison with the elec-
tron and ion thermal velocities) dust-acoustic waves in an
unmagnetized dusty plasma whose constituents are an iner-
tial charged dust Ñuid and Boltzmann distributed electrons
and ions. Thus, in the dust-acoustic waves the dust particle
mass provides the inertia, whereas the restoring force comes
from the pressures of inertialess electrons and ions. A recent
laboratory experiment [2] has conclusively veriÐed the
theoretical prediction of Rao et al. [1] and reported some
nonlinear features of the dust-acoustic waves. Recently, we
have studied nonlinear dust-acoustic waves in a two-
component dust plasma consisting of a negatively charged
dust Ñuid and Maxwellian [3] or non-Maxwellian [4] dis-
tributed ions. The present study has extended our earlier
work to a three-component dusty plasma which consists of
a negatively charged dust Ñuid, Boltzmann distributed elec-
trons and free as well as trapped ions [5, 6] which has been
found to exhibit by the numerical simulation studies on
linear and nonlinear properties of dust-acoustic waves [7].

We consider a three-component dusty plasma consisting
of extremely massive, micron-sized, negatively charged iner-
tial dust grains, Boltzmann distributed electrons, and ions

with trapped particles. Thus, at equilibrium, we have ni0 \
where and are the unperturbedZd nd0 ] ne0 , ni0 , nd0 ne0

ion, dust and electron number densities, respectively and Zd
is number of charges residing on the dust grains. The
dynamics of low phase velocity (lying between the ion and
dust thermal velocities, viz., dust-acousticvtd> vp > vti)
oscillations is governed by [3]
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where is the dust particle number density normalized tond
is the ion number density normalized to is thend0 , ni ni0 , ud

dust Ñuid velocity normalized to the dust-acoustic speed
and / is the electrostatic wave potentialCd \ (Zd Ti/md)1@2,

normalized to where is the ion temperature, is theTi/e, Ti md
mass of negatively charged dust particulates and e is the
magnitude of the electron charge. with beinga \ Ti/Te , Te
the electron temperature, and The time andb \ ne0/ni0 .
space variables are in the units of the dust plasma period

and the Debye lengthupd~1\ (md/4nnd0 Zd2 e2)1@2 jDd \
respectively.(Ti/4nZd nd0 e2)1@2,

To model an ion distribution with trapped particles we
employ the trapped ion distribution function of Schamel
[5, 6], which solves the ion Vlasov equation. We have
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where the subscript f (t) represents the free (trapped) ion
contribution. It may be noted here that the distribution
function, as presented above, is continuous in velocity space
and satisÐes the regularity requirements for an admissible
BGK solution [5]. Here, the velocity v is normalized to the
ion thermal velocity and p, which is the ratio of free ionvti
temperature to trapped ion temperature is a(Tif) (Tit),
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parameter determining the number of trapped ions. It has
been assumed that the velocity of nonlinear dust-acoustic
waves is small in comparison with the ion thermal velocity.

Integrating the ion distribution functions over the veloc-
ity space, we readily obtain the ion number density asni
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If we expand this for small amplitude limit and keep theni
terms up to /2, it is found that is same for both p [ 0 andnip \ 0 and is Ðnally given by
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We now follow the reductive perturbation technique [8]
and construct a weakly nonlinear theory for the dust-
acoustic waves with small but Ðnite amplitude, which leads
to a scaling of the independent variables through the
stretched coordinates [5, 6]

m \ e1@4(x [ v0 t),
q\ e3@4t,

H
(8)

where e is a smallness parameter measuring the weakness of
the dispersion, is the nonlinear wave phase velocity nor-v0
malized to We can expand the perturbed quantitiesCd . nd ,

and / about their equilibrium values in powers of e,ud
including terms of e3@2 :
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Next, substituting eqs (7)È(9) into eqs (1)È(3) one can obtain
the lowest order continuity equation, momentum equation,
and PoissonÏs equation which in turn can be solved as

and Tond(1)\ ud(1)/v0\[/(1)/v02 v0\ J(1 [ b)/(1 ] ab).
next higher order of e, we have a set of equations which read
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Now, using eqs (10)È(12) one can easily eliminate (Lnd(2)/Lm),
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Equation (13) is a modiÐed Korteweg-de Vries (K-dV) equa-
tion, exhibiting a stronger nonlinearity, smaller width, and
larger propagation velocity of the nonlinear wave.

The stationary soliton-like solution of this modiÐed K-dV
equation can be obtained by transforming the independent
variables m and q to q\ q, where is a con-f\ m [ u0 q, u0
stant solitary wave velocity normalized to the dust-acoustic
speed and imposing the appropriate boundary condi-Cd
tions for localized disturbances, viz. /] 0, (d//df)] 0,
(d2//df2) ] 0 at f] ^O. Thus, one can express the sta-
tionary solution of this modiÐed K-dV equation as

/(1)\ [/m(1) sech4 [(m [ u0 t)/d], (15)

where the amplitude and the width d are given by/m(1)
and respectively. The solu-/m(1)\ (15u0/8A)2 d \ J16B/u0 ,

tion (15) also stands for if we replace bynd(1) /m(1)
As and b \ 1 are always valid,[/m(1)(1[ b)/(1 ] ab). u0 [ 0

there exist solitary waves with negative potential only, i.e.
solitary structures with enhanced density only. The solution
(15) shows that as increases, the amplitudeu0 o/m(1) o
increases while the width d decreases. It is seen that as o p o

increases, the amplitude decreases for p \ 0 (a vortex-like
excavated trapped ion distribution [5]) and increases for
p [ 0. It is clear that as a > 1 (for realistic case), the
amplitude increases and the width decreases with the
increase of b (number of background free electrons). It is
obvious that the dust-acoustic solitary waves in our dusty
plasma model di†er from the usual K-dV solitons [8] by
their polarity, width, speed and the power of sech. Due to
the e†ect of the trapped ions, we have found soliton-like
structures of smaller width and larger velocity.

In conclusion, we stress that the results of the present
investigation should be useful in understanding the nonlin-
ear features of localized electrostatic disturbances in labor-
atory and space plasmas, in which negatively charged dust
particulates, free electrons, and ions with trapped particles
are the plasma species. The present work can also provide a
guideline for interpreting the most recent numerical simula-
tion results [7], which exhibit the simultaneous presence of
nonthermal ion distributions and associated dust-acoustic
localized wave packets.
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