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Abstract

Obliquely propagating exact localized nonlinear dust-acoustic waves are
investigated in a hot magnetized two-ion-temperature dusty plasma consist-
ing of a negatively charged, extremely massive, hot dust £uid and ions of
two di¡erent temperatures. The reductive perturbation method has been
employed to derive the Korteweg-de Vries (K-dV) equation which admits
a solitary wave solution for small but ¢nite amplitude limit. It has been shown
that the presence of a second component of ions modi¢es the nature of
dust-acoustic solitary structures and may excite solitary dust-acoustic holes
(solitary waves with density dip) in such a dusty plasma system. Under certain
conditions, holes (solitary waves with density dip ) are more favourable than
positive (density) solitons (solitary waves with density hump). The e¡ects
of dust £uid temperature, obliqueness, and external magnetic ¢eld on the
properties of these dust-acoustic solitary structures are also brie£y discussed.

1. Introduction

Nowadays, wave phenomena in dusty plasmas (plasmas with
extremely massive and highly charged dust grains [1^4]) have
received a considerable attention because of its vital role
for understanding electrostatic/electromagnetic disturbances
in laboratory and astrophysical plasma systems (such as, com-
etary environments, asteroid zones, planetary rings,
interstellar medium, circumstellar disks, dark molecular
clouds, nebulae, proto-stars, supernova remnants, earth's
environment, etc.).

It has been shown that the presence of static charged dust
grains modi¢es the existing plasma wave spectra [5^10],
whereas the dust charge dynamics introduces new eigen
modes [11^19]. The low phase velocity (in comparison with
the electron and ion thermal velocities) dust-acoustic mode
[11,19], where the dust particle mass provides the inertia
and the pressures of inertialess electrons and ions give rise
to the restoring force, is one of them. Recently, motivated
by these theoretical and experimental studies [11,19] of these
low phase velocity dust-acoustic waves, we [20,21] have studied
nonlinear dust-acoustic waves in a two-component
unmagnetized dusty plasma consisting of a negatively
charged cold dust £uid and Maxwellian [20] and
non-Maxwellian [21] distributed ions. As the e¡ects of dust
£uid temperature, second component of lighter species,
obliqueness, and external magnetic ¢eld, which have not been
considered in these earlier investigations [11,20,21], drastically
modify the properties of electrostatic solitary structures
[22^25], in the present study we have extended these earlier
works [11,20,21] to obliquely propagating dust-acoustic soli-
tary structures in a hot magnetized two-ion-temperature
dusty plasmawhich consists of a negatively charged extremely
massive dust £uid, and ions of two di¡erent temperatures.

The manuscript is organized as follows. In Sec. 2 we have
described the governing equations. The Korteweg-de-Vries
equation for electrostatic potential and its stationary solution
have been derived in Sec. 3. Finally, a brief discussion has been
presented in Sec. 4.

2. Governing equations

We consider a dusty plasma system, which consists of
extremely massive, micron-sized, negatively charged, hot dust
£uid and ions of two di¡erent temperatures Tic and Tih, in
presence of an external static magnetic ¢eld (B0jj ẑ). Thus,
at equilibrium we have:

ni0h � ni0c � Zdnd0; �1�

where ni0h and ni0c are equilibrium ion number densities at
two di¡erent temperatures Tih and Tic, respectively. nd0 is
the equilibrium dust particle number density and Zd is the
number of electrons residing on the dust grains.The dynamics
of the low phase velocity (lying between the ion and dust
thermal velocities, viz., vtd � vp � vti) dust-acoustic
oscillations is governed by [11,20,24]
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where n is the dust particle number density normalized to nd0 ;
u is the dust £uid velocity normalized to the dust-acoustic
speed Cd� (ZdTeff/md)1=2 with md being the mass of
negatively charged dust particles and Teff � ni0/(ni0c/Tic�
ni0h/Tih); f is the electrostatic wave potential normalized
to Teff/e with e being the magnitude of the electron
charge; ac�Teff/Tic� a(1 � m)/(a � m) and ah�Teff/Tih�
(1 � m)/(a � m) with a�Tih/Tic and m� ni0h/ni0c;
s�Td/(ZdTeff ) with Td being the dust £uid temperature.
The time and space variables are in units of the dust
plasma period oÿ1pd � (md/4pnd0 Z2

de
2)1=2 and the e¡ective

Debye length lDeff � (Teff/4pZdnd0e2�1=2, respectively.
ocd� (ZdeB0/md)/opd is the dust cyclotron frequency
normalized to opd.
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We have assumed here that the electron number density is
su¤ciently depleted during the charging of the dust grains,
on account of the attachment of the background plasma
electrons on the surface of the dust grains. This scenario is
relevant to a number of space dusty plasma systems [1,14,20],
for example, planetary rings (particularly, Saturn's F-ring
[14,20]), and laboratory experiments [19].

3. Korteweg-de Vries equation

To study dust-acoustic solitary waves in the dusty plasma
model under consideration, we construct a weakly nonlinear
theory [26] of the dust-acoustic waves with small but ¢nite
amplitude which leads to the scaling of the independent
variables through the stretched coordinates [22, 26]

x � E1=2�lxx� lyy� lzzÿ v0t�;
t � E3=2t;

�5�

where E is a small parameter measuring the weakness of the
dispersion, v0 is the wave phase velocity normalized to Cd;
lx, ly, and lz, are the directional cosines of the wave vector
k along the x, y, and z axes, respectively, so that
l 2x � l 2y � l 2z �1.

We can expand the perturbed quantities n, uz, and f about
their equilibrium values in powers of E by following Refs.
[20,21] and [26]. To obtain the x and y components of dust
electric ¢eld and polarization drifts, we can expand the
perturbed quantities ux;y by following a standard technique
[22] where the terms of E3=2 are included.Thus, we can expand
n, ux;y;z, and f as [20,22,26]

n � 1� En�1� � E2n�2� � . . . ;

ux;y � 0� E3=2u�1�x;y � E2u�2�x;y � . . . ;
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�6�

Now, using (5) and (6) in (2) ^ (4) one can obtain the ¢rst order
continuity equation, the z-component of the momentum
equation and Poisson's equation which, after simpli¢cation,
yield
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We can write the ¢rst order x- and y-components of the
momentum equation as
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These, respectively, represent the x- and y-components of the
electric ¢eld drift. These equations are also satis¢ed by the
second order continuity equation.

Again, using (5) and (6) in (3) and (4), and eliminating u�1�x;y ,
we obtain the next higher order x- and y-components of the
momentum equation and Poisson's equation as

u�2�y � ÿ
lyv0
o2

cd
1� 5

3
s

� �
@2f�1�

@x2
; �9�

u�2�x � ÿ
lxv0
o2

cd
1� 5

3
s

� �
@2f�1�

@x2
; �10�

@2f�1�

@x2
� n�2� � f�2� ÿ 1

2
�a2c � a2hm
1� m

� �
�f�1��2: �11�

The ¢rst two of these equations, respectively, denote the y- and
x-components of the dust polarization drift. Similarly,
following the same procedure one can obtain the next higher
order continuity equation and z-component of the
momentum equation as
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Now, using (7) ^ (13), one can eliminate n�2�, u�2�z , and f�2� and
can obtain.
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This is the K-dVequation with coe¤cients A and D given by
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The steady state solution of this K-dVequation is obtained by
transforming the independent variables x and t to Z� xÿ u0t
and t� t, where u0 is a constant velocity normalized to Cd,
and imposing the appropriate boundary conditions, viz.,
f! 0, df�1�=dZ! 0; d2f�1�=dZ2! 0 at Z!�1. Thus,
one can express the steady state solution f�1� � f of this K-dV
equation as

f � fm sech2��xÿ u0t�=d�; �16�
where the amplitude fm and the width d (normalized to lDd)
are given by

fm � 3u0=A;

d �
�������������
4D=u0

p
:

)
�17�

As u0 > 0, it is clear from (7), (15)^(17) that if S < 0, there
exists solitary waves with negative potential or compressive
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solitary waves, i.e., solitary waves with density hump
referred to as positive (density) solitons and if S > 0, there
exists solitary waves with positive potential or rarefactive
solitary waves, i.e., solitary waves with density dip referred
to as solitary dust-acoustic (density) holes. It is obvious from
(15) that for m� 0 (which means that only one type of ion
species is present), S is always negative, i.e., there exists soli-
tary waves with negative potential or compressive solitary
waves, i.e., positive (density) solitons only. But for suitable
values of m and a, S may become negative, i.e., solitary
waves with positive potential or rarefactive solitary waves,
i.e., dust-acoustic solitary (density) holes may exist. Figure
1, representing a curve S� 0 in parameter space �m; a�;
shows these two regions, S < 0 region corresponding to
dust-acoustic compressive solitary structures, i.e., positive
(density) solitons and S > 0 region corresponding to

dust-acoustic rarefactive solitary structures, i.e., solitary
dust-acoustic density holes. It is shown here that as we
increase the dust £uid temperature we need higher values
of m or a in order to have dust-acoustic solitary holes in
such a dusty plasma system. It is obvious from (15) and (17)
that the amplitude of these solitary structures is inversely
proportional to lz but is independent of the external
magnetic ¢eld. Figures 2 and 3 show how the amplitude
of these solitary structures changes with s, m, and a. It
is seen that the amplitude increases with s and m but
decreases with a. It is found that the width is a nonlinear
function of the external magnetic ¢eld (ocd), the
obliqueness (lz�cos y), and the dust £uid temperature s.
Figures 4 and 5 show how the width d of these solitary
structures vary with dust-cyclotron frequency (ocd), propa-
gation angle (y) and dust £uid temperature (s).

Fig. 1. Plot of S � 0 in parameter space (a, m� for s � 0 (curve 1), s � 0.05
(curve 2), and s � 0.1 (curve 3).

Fig. 2. fm is plotted against s for u0 � 1.0, m � 30, lz � 0.9, a � 20 (curve 1),
a � 21 (curve 2), and a � 22 (curve 3).

Fig. 3. fm is plotted against s for u0 � 1.0, a � 20, lz � 0.9, m � 30 (curve 1),
m � 35 (curve 2), and m � 40 (curve 3).

Fig. 4. d (normalized to lDd) is plotted against y (in degree) for u0 � 1.0,
s � 0.01,ocd � 0.02 (curve1),ocd � 0.03 (curve 2), andocd � 0.04 (curve 3).
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4. Discussion

The reductive perturbation method has been employed to
study the e¡ects of the second component of ions, the
obliqueness, the external magnetic ¢eld, and the dust £uid
temperature on electrostatic solitary structures that have been
found to exist in a two-ion-temperature magnetized dusty
plasma. It has been found that the presence of a second
component of ions modi¢es the properties of the
dust-acoustic solitary structures and may excite dust-acoustic
solitary holes in such a two-ion-temperature dusty plasma
model. It has also been shown that as we increase the dust
£uid temperature, we need higher values of a or m in order
to obtain these dust-acoustic holes.

It has been observed that as we decrease lz, i.e., increase the
propagation angle y, the amplitude (fm) of both types of soli-
tary structures excited increases and tends to1when y is 90�,
and that the width (d) increases with y for its lower range (i.e.
from 0� to � 45�), but decreases for its higher range (i.e. from
� 45� to 90�). It should be mentioned here that the reductive
perturbation method used is only valid for small but ¢nite
amplitude limit, but not for large y which makes the wave
amplitude large enough to break the condition En�1� < 1.

It is noticed that the width of the solitary structures is inde-
pendent of m (the ratio of the number of hot ions to that of cold
ones) and a (the ratio of hot ion-temperature to cold
ion-temperature) but their amplitude is a nonlinear function
of them. It is found that the amplitude increases with m
but decreases with a. It is seen that the magnitude of the exter-
nal magnetic ¢eld has no e¡ect on the amplitude of the soli-
tary waves. However, it does have an e¡ect on the width of

these compressive and rarefactive solitary waves. It is shown
that as we increase the magnitude of the external magnetic
¢eld, the width of these solitary structures decreases, i.e.,
the external magnetic ¢eld makes the solitary structures more
spiky. It is observed that as we increase the dust-£uid
temperature, both the amplitude and the width of these soli-
tary structures increase.
It may be stressed here that the results of this investigation

should be useful for understanding the nonlinear features
of localized electrostatic disturbances in laboratory and space
plasmas, in which negatively charged hot/cold dust £uid and
ions of two di¡erent temperatures (cold and hot) are the major
plasma species.
To conclude it may be added that the time evolution and

stability analysis of these solitary structures are also problems
of great importance but beyond the scope of the present work.
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