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Abstract

The coupling between dispersive magnetoacoustic waves and a radiative

thermal mode in a high-� plasma has been considered within the framework of

a two-fluid model. A new dispersion relation has been derived and analyzed

numerically to show a new class of radiation loss associated instability of

coupled magnetoacoustic and radiative thermal modes. The results can have

relevance to wave and instability phenomena in tokamaks where the plasma-�

is sufficiently high.

About fifty years ago, Parker [1] first introduced an idea of
a thermal instability (also referred to as the radiative
condensation instability), which is consequence of radiative
heating and cooling in gases. Twelve years later Field [2]
provided a consistent, complete and detailed physical
interpretation of this instability, and explained its impor-
tant applications in a number of astrophysical objects, viz.
solar prominences, interstellar clouds, planetary nebulas,
etc. Thermal or radiative condensation instabilities have
now become a problem of wide interest not only because of
their important applications in astrophysical phenomena
mentioned above, but also because of their vital role in
understanding many observed phenomena [3–5] in fusion
plasma devices (tokamaks).
A number of theoretical investigations has been made of

radiative condensation instabilities in uniform [6] and
nonuniform/collisional [7–9] plasmas by using an electro-
static approximation and by considering the coupling of
longitudinal electrostatic perturbations with the radiative
thermal mode. However, the electrostatic approximation is
only valid for low-� plasmas and for high-� plasmas the
coupling of the radiative thermal mode with the transverse
electromagnetic perturbations (e.g., shear Alfvén waves,
magnetoacoustic waves, etc.) can be significant. Shukla et
al. [10] considered the coupling of shear Alfvén waves with
the radiative thermal mode, and investigated the radiative
Alfvén condensation instability in a uniform magnetized
plasma. Recently, Goswami et al. [11] have extended the
analysis of Shukla et al. [10] to a nonuniform magneto-
plasma. These investigations [10,11] are again concerned
with low-� plasmas, and are relevant to the coupling of the
radiative thermal mode with shear Alfvén waves, but not to
that with magnetoacoustic waves. However, for a high-�

plasma, with the radiative thermal mode the coupling of
magnetoacoustic waves is more relevant than that of shear
Alfvén waves. Therefore, in the present paper we investi-
gate the coupling of magnetoacoustic waves with the
radiative thermal mode which is valid for both low- and
high-� plasmas. We employ the two fluid model, together
with an appropriate electron energy equation, to derive a
dispersion relation which exhibits the modification of the
magnetoacoustic waves due to electron temperature
perturbations. The latter contain radiation losses that are
responsible for two types of instabilities we have found in
this investigation.

We consider a fully ionized, two-component (electron–
ion) plasma embedded in a homogeneous magnetic field
ẑzB0; where ẑz is the unit vector along the z-direction. We
assume that the plasma obeys the quasineutrality condi-
tion, i.e., ne ¼ ni; where ne ðniÞ is the electron (ion) number
density. We consider a small amplitude electromagnetic
perturbation in such an electron–ion plasma, which may be
described by the following linearized coupled equations

@2tUi �
V2

A

!ce
r � @2tB� V 2

Aðr � @tBÞ � ẑz

� C 2
srðr �UiÞ þ C 2

er@tTe þ C 2
i r@tTi ¼ 0; ð1Þ

@tBþ ẑzðr �UiÞ � ðẑz �rÞUi þ
1

!ci
r � @tUi ¼ 0; ð2Þ

@tðÔOe ��TÞTe þ ð@t ��nÞr �Ui ¼ 0; ð3Þ

ÔOiTi þ r �Ui ¼ 0; ð4Þ

where @t ¼ @=@t; ÔOe;i ¼ ð3=2Þ@t �De;i
k r2

k �De;i
? r2

?;Ui is the
ion fluid velocity, B is the wave magnetic field normalized
by its equilibrium value B0;Te and Ti are the perturbed
electron and ion temperature normalized by their equili-
brium values Te0 and Ti0; respectively, VA ¼ B0=½4�n0ðme

þmiÞ�
1=2 is the Alfvén speed, !ce ¼ eB0=mec ð!ci ¼ eB0=micÞ

is the electron (ion) gyrofrequency, Cs ¼ ½ðTe0 þ Ti0Þ=ðme

þmiÞ�
1=2, Ce ¼ ½Te0=ðme þmiÞ�

1=2, Ci ¼ ½Ti0=ðme þmiÞ�
1=2,

De
k ¼ 3:2V2

Te=�e ðD
e
? ¼ 4:7V 2

Te�e=!
2
ceÞ is the electron ther-

mal diffusivity along (across) ẑz; Di
k ¼ 3:9V 2

Ti=�i ðD
i
? ¼

2V 2
Ti�i=!

2
ciÞ is the ion thermal diffusivity along (across)

ẑz;VTe ðVTiÞ is the electron (ion) thermal speed, �eð�iÞ is the
electron and ion collision frequency, �T ¼ �n�1

e0 ð@L=
@TeÞTe0

;�n ¼ T �1
e0 ð@L=@neÞne0 ;L accounts for the heating

H and the cooling C so that L ¼ H� C; ne0 ðni0Þ is the
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equilibrium electron (ion) number density, meðmiÞ is the
electron (ion) mass, and c is the speed of light in vacuum.
We now assume that the perturbation mode propagates

in the x� z plane, i.e., all perturbed quantities (B;Ui;Te

and Ti) are proportional to exp½�i!tþ iðkxxþ kzzÞ�; where
kx ðkzÞ is the x ðzÞ component of the wave vector k and ! is
the wave frequency. Therefore, for low-frequency waves
! � !ce; we can reduce (1)–(4) to a matrix

Dxx 0 Dxz

0 Dyy 0

Dzx 0 Dzz

0
BBB@

1
CCCA

Bx

By

Bz

0
BBB@

1
CCCA ¼ 0; ð5Þ

where

Dxx;zz ¼ 1þ k2z;xl
2
e

� �
!2 �

k2z;xV
2
Að!

2 � k2zC
2
TÞ

!2 � k2C 2
T

;

Dyy ¼!2 1þ k2l2e
� �

� k2zV
2
A;

Dxz ¼Dzx ¼ �kzkxl
2
e !2 �

!2
cið!

2 � k2zC
2
TÞ

!2 � k2C 2
T

� �
;

C 2
T ¼C 2

s þ �eC
2
e þ �iC

2
i ;

�e ¼
!� i�n

3!=2� i�T þ iDe
kk

2
z þ iDe

?k
2
x

;

�i ¼
!

3!=2þ iDi
kk

2
z þ iDi

?k
2
x

;

9>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>;

and le ¼ c=!pe is the electron skin depth. From (5) we have
two classes of dispersion relations. These are

!2 1þ k2l2e
� �

’ k2zV
2
A; ð7Þ

and

!2 1þ k2l2e
� �

¼
k2V 2

Að!
2 � k2zC

2
TÞ

!2 � k2C 2
T

: ð8Þ

Equations (7) and (8) represent the modified dispersion
relations for the shear Alfvén waves and the slow/fast
magnetosonic waves, respectively. The shear Alfvén waves
is modified by the electron inertial effect (via le), but not by
the electron or ion temperature fluctuation effect. On the
other hand, the slow/fast magnetosonic waves are sig-
nificantly modified by the electron inertial effect as well as
by the electron or ion temperature fluctuation effects (via
CT). It is obvious that if we neglect these effects, from (7)
and (8) with kx ¼ 0 (i.e., kz ¼ k), we just have the shear
Alfveń waves ! ¼ kVA; in which the magnetic pressure
ðB2

0=4�Þ gives rise to the restoring force and the plasma
mass density ðne0me þ ni0miÞ provides the inertia. The term
‘‘shear’’ is referred, because these waves do not compress
either the magnetic field or the plasma number density, but
bends (shears) the magnetic field lines. We note that for
finite obliqueness ðkx 6¼ 0Þ this mode reduces to the
compressional Alfvén mode which causes compression of
both the plasma density and magnetic field lines. When we

consider the perpendicular propagation ðkz ¼ 0Þ the mode
represented by (7) and slow magnetosonic mode defined by
(8) disappear, but (8) provides only the dispersion relation
for the fast magnetosonic waves in which the sum of the
magnetic and thermal pressures gives rise to the restoring
force and the plasma mass density ðne0me þ ni0miÞ provides
the inertia. Our interest here is to examine the combined
effects of the electron inertia ðleÞ and electron and ion
temperature fluctuations on the fast magnetosonic waves
propagating perpendicular to the external magnetic field
(kz ¼ 0 and kx ¼ k). The dispersion relation for the fast
magnetosonic waves in this case, therefore, becomes

3

2
!3 � i�T!

2 � k2
3

2
C 2

s þ C 2
i þ C 2

e þ
3V 2

A

2ð1þ k2l2eÞ

" #
!

þ ik2 C 2
s þ

2

3
C 2

i þ
V 2

A

1þ k2l2e

 !
�T þ C 2

e�n

" #
¼ 0; ð9Þ

where k2xD
e;i
? � !2;�2

T have been assumed. It is obvious
from (9) that for !=k � VA;Cs;Ce;Ci; kle � 1; � � 1;
and �n � �T we obtain a purely growing radiative
condensation instability with a growth rate � ’ 2�T=3:
However, in high-� plasmas these approximations are not
valid. Therefore, to examine instability of the perturbation
waves with phase speed comparable to the Alfvén or ion–
acoustic speed (in a high beta plasma case) we must have to
find real and imaginary solutions (for !) of (9). We have
numerically, solved (9) and found its real and imaginary
solutions for typical high-� (e.g., tokamak edge) plasma
parameters [12]: Te0 ¼ Ti0 ’ 100 eV, B0 ’ 2� 104 G,
ne0 ¼ ni0 ’ 5� 1014 cm�3: The numerical results are dis-
played in Figs. 1–3. We have found in our numerical
analysis that for a range of high-� plasma parameters the
dispersion relation (9) has one positive real root and two

Fig. 1. Showing the real solutions of Eq. (9) for typical high-� plasma

parameters given in the text. The upper (lower) plot represents the

dispersion properties of the wave with frequency ! > ð<Þ!ci:
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positive imaginary roots. Figure 1 shows the positive root
of the dispersion relation (9). The upper (lower) plot of
Fig. 1, therefore, represents the dispersion properties of
the waves with frequency smaller (larger) than ion
gyrofrequency. We have found that the real frequency is
not affected by the radiative heating or cooling processes
(!T or�n). Figure 2 (3) shows the effects of�n ð�TÞ on two
positive imaginary roots. The upper (lower) plots of Figs. 2
and 3 show the variation of the growth rate of a fast (slow)
growing unstable mode with kle for different values of �n

and �T: For typical high-� plasma parameters with
�n=!ci ¼ 0:1 and �T=!ci ¼ 0:7; the fast and slow growth
rates are found to be �0:4!ci and �0:02!ci; respectively.
We have found that at �n ¼ �T the slow growing unstable
mode disappears and it turns out to be a damped mode.
Figure 2 shows that as we increase �n; the growth rate of
the fast (slow) growing unstable mode increases
(decreases), while Fig. 3 shows that as we increase �T;
the growth rate of both the fast and slow growing unstable
modes increases.
To summarize, we have investigated the coupling

between dispersive magnetoacoustic waves and the radia-
tive thermal mode in a high-� plasma. It is found that
radiation losses can give rise to two types of instabilities,
one grows with a slow rate ð�0:02!ciÞ and the other grows
with a fast rate ð�0:4!ciÞ: The growth rate of the slow
growing unstable mode increases with �T; but decreases
with �n: On the other hand, the growth rate of the fast
growing unstable mode increases with both �T and �n:
This means that �T has a destabilizing role in both slow

and fast growing modes, but �n has a stabilizing role in the
slowly growing mode and destabilizing role in the fast
growing mode.
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Fig. 2. Showing the effects of �n on two imaginary solutions of Eq. (9)

for typical high-� plasma parameters given in the text and for

�T=!ci ¼ 0:7;�n=!ci ¼ 0:1 (solid curve), �n=!ci ¼ 0:2 (dashed curve),

and �n=!ci ¼ 0:3 (dotted curve). The upper (lower) plot shows how the

growth rate of the fast (slow) growing unstable mode changes with �n:

Fig. 3. Showing the effects of �T on two imaginary solutions of Eq. (9)

for typical high-� plasma parameters given in the text and for

�n=!ci ¼ 0:3;�T=!ci ¼ 0:7 (solid curve), �T=!ci ¼ 0:8 (dashed curve),

and �T=!ci ¼ 0:9 (dotted curve). The upper (lower) plot shows how the

growth rate of the fast (slow) growing unstable mode changes with �T:
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