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Abstract

A self-consistent theory for the properties of fast magnetosonic solitons at the

bow shock is presented. The solitons are found to be associated with the

enhancement of local plasma density and magnetic field moving with

supersonic speed. The magnetic field enhancement (soliton amplitude) is

found to be 10 times its background value. The corresponding soliton size is

estimated as � 100 km:

1. Introduction

Recent observations made from Cluster satellites [1] have
detected the evidence of fast magnetosonic shocklets of size
� 100 km and amplitude 10 times the background values at
the bow shock. The shocklets have observed here as
localized pulse-like enhancements of local plasma density
and magnetic field which move with supersonic speeds (viz.
� 250 km=s). They have been observed to appear in the
region where the ratio between the kinetic and magnetic
field pressures is sufficiently high (i.e. � > 3). Our aim in
this letter is to provide a self-consistent theory for the
properties of fast magnetosonic solitons that may exist at
the bow shock. These solitons will turn into shocklets
observed at the bow shock by Cluster satellites [1] when
anomalous dissipation introduced by nonthermal fluctua-
tions or wave-electron interaction [2] are considered in our
theory.
We consider nonlinear plane waves with constant profile

propagating in a collision-free, fully ionized, quasi-neutral,
magnetized plasma containing isothermal electron and ion
fluids. We choose a frame of reference moving with the
wave, and formulate the problem as a one-dimensional
steady state problem [3] in which all physical quantities
(viz. electron or ion number density n; electron fluid
velocity ve; ion fluid velocity vi; magnetic field B) depend
on one spatial coordinate (e.g. x). We assume that all the
physical quantities tend to their equilibrium (constant)
values at x ¼ �1; i.e. at x ¼ �1, n ! n0; ve;iðvx; vey;iy,
vez;izÞ ! ve0;i0 ðv0; 0; 0Þ, BðBx0;By;BzÞ ! B0ðBx00;Bz0Þ:
Then the continuity and the momentum equations for ion
and electron fluids together with Maxwell’s electromag-
netic equations are reduced to Nu ¼ 1;

_uui �
�

�
x̂x� €bb�

1

�2
ðx̂x� _bbÞ � bþ

1

M 2
x̂x _NN ¼ 0; ð1Þ

@

@�
ðubÞ � cos �

@ui
@�

þ
1

!ci
x̂x�

@ _uui
@�

¼ 0; ð2Þ

where N ¼ n=n0; ui ¼ vi=v0, u ¼ vx=v0, b ¼ B=B0,
B0 ¼

p
B2
0x þ B2

0z
, M ¼ v0=Ci, � ¼ v0=VA, � ¼ ðme=miÞ

1=2,
Ci ¼ ½ðTe þ TiÞ=mið1þ �2Þ�

1=2 is the acoustic speed,
VA ¼ B0=½4�n0mið1þ �2Þ�

1=2 is the Alfvén speed, � is the
angle between the directions of the ambient magnetic field
B0 and the wave propagation, TeðTiÞ is the electron (ion)
temperature, and the dot over a quantity represents the
derivation of that quantity with respective T; a newly
introduced independent variable defined by
d=dT ¼ ud=d�; � ¼ x=L;L ¼

ffiffiffiffiffiffiffiffiffi
�i�d

p
is the geometric mean

of the electron-Larmor radius �i ¼ VA=!ce and the ion-
Larmor radius �d ¼ VA=!ci with !ce ð!ciÞ is electron (ion)
gyro-frequency. Now, substituting x; y; and z-components
of ui (obtained from (1)) and N ¼ 1=u into y and z-
components of (2), we obtain

b2y þ b2z ¼ sin2� �
2�2

u
ðu� 1Þ u�

1

M 2

� �
; ð3Þ

€bby þ A�
_bbz � ðu� A�Þby ¼ 0; ð4Þ

€bbz � A�
_bby � ðu� A�Þbz ¼ ðA� � 1Þ sin �; ð5Þ

where A� ¼ ð��1 � �Þ cos �=� and A� ¼ cos2 �=�2: It is not
possible to solve analytically (3)–(5) for obliquely propa-
gating electromagnetic waves. We, therefore, restrict
ourselves to two typical special cases, namely the parallel
propagation (� ¼ 0) and the perpendicular propagation
(� ¼ 90�).

2. Parallel propagation ð� ¼ 0Þ

We first consider the parallel propagation ð� ¼ 0Þ for which
we can reduce (3)–(5) to a single equation for u alone

1

2

du

d�

� �2

¼
u2b2?uM
2�2

1� u2 þ
2

M 2
ln u�

�2b2?
4�2

� �
; ð6Þ

where b? and uM are functions of u; i.e. b? ¼
p
b2y þ b2z ¼

��½2ð1� uÞðu� 1=M 2Þ=u�1=2, uM ¼ ðu2 � 1=M 2Þ
�2, and

� ¼ ð�þ ��1Þ=� ¼ ð�þ ��1Þ
ffiffiffi
2

p
=M

ffiffiffi
�

p
: To find an analy-

tic condition for the existence of solitary wave solutions of
(6), we first let u ¼ 1þ v and then write it in a form of an
energy integral [4]

1

2

dv

d�

� �2

þVðvÞ ¼ 0; ð7Þ

where the pseudo-potential VðuÞ can be expressed, after
expanding it to the third order in a Taylor series in v; as

VðvÞ ¼
1

2
ð�2 � 4Þ

� �
v 2 þ

1�M 2ð�2 � 3Þ

M 2 � 1

� �
v 3 þ � � � : ð8Þ
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It is clear from (8) that VðvÞ ¼ dVðvÞ=dv ¼ 0 at v ¼ 0.
Therefore, solitary wave solutions of (6) exist if (i)
ðd2V=dv 2Þv¼0 < 0, so that the fixed point at the origin is
unstable, and (ii) ðd3V=dv 3Þv¼0 > ð<Þ0 for solitary waves
with v > ð<Þ0. The nature of these solitary waves, whose
amplitude tends to zero as the Mach number M tends to
its critical value, can be analytically obtained by the
inspections of the quadratic and cubic terms of the
pseudo-potential VðvÞ. The critical value of M is that
which corresponds to the vanishing of the quadratic term.
At the same time, if the cubic term is positive (negative),
there is a well on the positive (negative) side of v. The
inspection of the quadratic term ð�2 � 4Þ=2 clearly
indicates that solitary wave solutions of (6) exist if and
only if � < 2 or M > Mc ¼ ð��1 þ �Þ=

ffiffiffiffiffiffi
2�

p
. whereas the

inspection of the cubic term ½1�M 2ð�2 � 3Þ�=ðM 2 � 1Þ

provides that for � ¼ 2 the cubic term is always negative,
i.e. solitary waves with negative v can only exist. We have
shown the parametric regime (variation of Mc with �) for
which solitary wave solutions of (6) exist (cf. upper plot of
Fig. 1). The upper plot of Fig. 1 shows that the solitary
wave solutions of (6) exist for the parametric regime
corresponding to the outside the Mc vs. � curve. We have
then numerically solved the nonlinear differential Eq. (6)
and found the solitary profiles representing the enhance-
ment of plasma particle number density N ¼ n=n0 (cf.
middle plot of Fig. 1) and magnetic field b? ¼ B=B0 (cf.
lower plot of Fig. 1) for plasma parameters corresponding
to bow shock viz. � ¼ 5, and M ¼ 15 > Mc (since
Mc ¼ 13:57 for � ¼ 5). The lower plot shows that the
magnetic field enhancement (soliton amplitude) 10 times
its background value.

Fig. 1. The variation Mc with � (upper plot). The solitary profiles

associated with plasma density n=n0 (middle plot) and B=B0 (lower plot)

for � ¼ 5 and M ¼ 15.

Fig. 2. The variation Mc with � (upper plot) and the solitary profiles

associated with plasma density n=n0 (middle plot), and B=B0 (lower plot)

for � ¼ 5 and M ¼ 15.
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3. Perpendicular propagation ð� ¼ 90�Þ

When we consider the perpendicular propagation
ð� ¼ 90�Þ, (2) and (3) for by and bz are decoupled, and
for simplicity we may assume that by ¼ 0, i.e. b ¼ bz. Thus,
from (1)–(3) we have a single equation for u alone

1

2

du

d�

� �2

¼
u2b2zuM

�2

ln u

M 2
�
u2 � 1

2
�
bz � 1

�2

� �
; ð9Þ

where bz is a function of u, i.e. bz ¼ �½1�
2M2

Aðu� 1Þðu� 1=M 2Þ=u�1=2. To find an analytic condition
for the existence of solitary wave solutions of (9), we again
follow the same method as we did in the case of parallel
propagation, i.e. we first let u ¼ 1þ v and write in form of
an energy integral given by (7), where the pseudo potential
VðvÞ, after expanding to the third order in a Taylor series in
v, can be expressed as

VðvÞ ¼
1

2
ð"1 � 1Þ

� �
v 2 þ

"1�
2

M 2
� "2

� �
v 3 þ � � � ; ð10Þ

where "1 ¼ 2=�ðM 2 � 1Þ and "2 ¼ ð1þ 3M 2Þ	21�=6� 1=2"1.
As before, by the inspection of quadratic and cubic term we
can show that solitary wave solutions of (9) exist if
M > Mc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2=�

p
, and that solitary waves with nega-

tive v can only exist. We have shown the variation of Mc

(the minimum value of M above which solitary wave
solutions of (6) exist) with � (cf. upper plot of Fig. 2). The
upper plot of Fig. 2 shows that the solitary wave solutions
of (9) exist for the parametric regime corresponding to the
outside the Mc vs. � curve. We have also numerically
solved the nonlinear differential Eq. (9) for solitary profiles
of the plasma density n ¼ N=N0 and the magnetic field
bz ¼ B=B0 for plasma parameters corresponding to bow
shock (viz. � ¼ 5 and M ¼ 1:25 > Mc since Mc ¼ 1:16 for
� ¼ 5). The numerical results are depicted in middle and
lower plots of Fig. 2. These show that for perpendicular
propagation the enhancements of local plasma particle
number density and magnetic field are � 11%:

4. Summary

To summarize, we have shown the existence of supersonic
ðM > 1Þ magnetosonic solitons associated with the
enhancements of local plasma density and magnetic field
propagating in both parallel and perpendicular to the
ambient magnetic field for parameters corresponding to
bow shock [1]. We have found that the magnetic field
enhancement (soliton amplitude) is extremely high in
parallel propagation and it is 10 times its background
value. We have also estimated the width � of such a
soliton-like large magnetic field enhancement correspond-
ing bow shock plasma parameters [1] as
� ’ 20c=!pi ’ 100 km: The slotitary structures that we
predicted here will turn into shock-like structures observed
at the bow shock by Cluster satellites [1] when anomalous
dissipation introduced by nonthermal fluctuations or wave-
electron interaction [2] are taken into account in our
present theory.
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