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Solutions for spine reconnective annihilation are presented which satisfy exactly the
three-dimensional equations of steady-state resistive incompressible magnetohydro-
dynamics (MHD). The magnetic flux function (A) and stream function (¥) have

the form
A= Ao(R) sing + Ay (R)Z, ¥ = \I’o(R) sin ¢ + \Iil(R)Z,

in terms of cylindrical polar coordinates (R, ¢, z). First of all, two nonlinear fourth-
order equations for A; and ¥, are solved by the method of matched asymptotic
expansions when the magnetic Reynolds number is much larger than unity. The
solution, for which a composite asymptotic expansion is given in closed form, pos-
sesses a weak boundary layer near the spine (R = 0). These solutions are used to
solve the remaining two equations for Ag and ¥y. Physically, the magnetic field is
advected across the fan separatrix surface and diffuses across the spine curve. Dif-
ferent members of a family of solutions are determined by values of a free parameter
(v) and the components (Bpge, B.e) and (vge,vze) of the magnetic field and plasma

velocity at a fixed external point (z,y, z) = (0, 1,0), say.

1 Introduction

Magnetic reconnection is a basic process that is responsible for many dynamic
processes in laboratory, space, solar and astrophysical plasmas. The theory of
two-dimensional reconnection is now well developed and most of the current interest
has turned to beginning to address the three-dimensional problem (Priest & Forbes,
2000), which has many different aspects, (eg. Lau & Finn, 1990, Schindler et al,
1988, Hornig & Rastéitter, 1998).

Exact solutions to the MHD equations for magnetic annihilation in two and
three dimensions were first discovered by Sonnerup & Priest (1975), in which a

stagnation-point flow carries straight field lines into a one-dimensional current sheet



where the magnetic field diffuses through the plasma. The two-dimensional model
was generalised by Craig & Henton (1995) to give solutions for two-dimensional
reconnective annihilation, in which the magnetic field lines have an X-type topology
but the electric current is one-dimensional and the field lines diffuse across the
separatrix along which the current lies. These solutions were themselves generalised
further in a two-fold manner by Priest et al (2000).

Reconnection in three dimensions occurs at a null point in a conmbination of two
ways (Priest & Titov, 1996). Spine reconnection takes place when the current, and
therefore the magnetic dissipation, concentrates along an isolated field line (called
the spine) that goes to or from the null. Fan reconnection takes place when the
current concentrates instead in a surface of field lines (called the fan) that go to or
from the null in the opposite sense to the spine.

Craig et al (1995) discovered an exact solution for reconnective fan annihilation,

which consists of a three-dimensional sheared stagnation-point flow of the form
vy =—x, vy, =Ky—Fy(z), v,=(1-K)z—F.(z),
with a magnetic field
B =M+ Gy(2)y + G,(2)z.

In this regime,

A

F=-—"_
1— A2

G,
and the functions Gy (x) and G (z) are given by solving

n

1
2l + (1 - K)G: = — 755G

where G' = dG/dz.
Craig & Fabling (1996) also discovered solutions for spine reconnective annihi-

lation which can be written in cylindrical polar coordinates (R, ¢, z) in the form

v, = =2z + Af(R) cos(m¢), vr =R, 1)
B, = —2Xz + f(R)cos(m¢), Bgr = AR, (2)
where f(R) satisfies
! 2
2+ By = 0 (14 - ). )



and in this case, f' = df /dR. Flow across the fan produces a cylindrical diffusion
region of radius ~ 7'/2 with a linearly increasing field surrounding the spine, outside
which the field falls off as R~2.

The purpose of the present article is to present some new exact solutions for
spine reconnective annihilation that are much more general than the previous Craig-
Fabling solutions and to find explicit expressions for them to leading order in 7. Af-
ter presenting the basic equations and the form for the new solutions in terms of the
variables Ay, ¥, Ag and ¥y (Section 2), we change the variables to (a1, %1, ag, %o, )
to simplify the equations. In section 3 we give the boundary-layer solutions of the
nonlinear equations for a; and 1)1, while in section 4 we use the solutions found in
section 3 to solve the equations for ag and vy. The basic properties of the solutions

are developed in sections 5 and 6.

2 Form for new exact solutions

2.1 Basic equations

The basic MHD equations for steady incompressible three-dimensional flow are the

induction equation,
V x (v xB)+7V?B =0 (4)

and the equation of motion

B B
v-V)v=-V p+—>+ B-V)—, 5
plv- v ==V (p 5 ) + (B V) Q
where
V-B=V-v=0, (6)

in terms of the magnetic field B and the plasma velocity v. The plasma density (p)

and magnetic diffusivity () are assumed uniform and the electric current is
1
j=-V xB.
7

The equations (6) may be satisfied identically by writing the velocity and mag-

netic field in terms of the flux function (A) and stream function (¥) as
B=-Vx(4¢), v=-Vx (4.

In what follows we set L, = 1, u = 1, p = 1 without loss of generality, since this is
equivalent to rescaling distances with respect to the distance (L.) from the origin

at which v = ve, rescaling the density with respect to p and absorbing u in B.



2.2 Proposed new solutions

The form for the new solutions that we seek in cylindrical polar coordinates (R, ¢, z)

is
A=Ap(R)sing + A;(R)z, ¥ =Ty(R)sin¢g+ ¥;(R)z,
with four free functions of R. The corresponding magnetic field and velocity are
B=-Vx(49), v=-Vx(¥j),
and have components

Br=A:, By=0, B,=—-Agsing— A4,z (7)

vp=U1, vy=0, v,=—Uysing— Uz, ()

where f = R-'d(Rf)/dR.
The steady state induction equation (4) and the curl of the momentum equation

(5) can be used to show that

dA,

AT, — U A + g =0, (9)
—(0)2 + wl% + (A1) - Al% = —k, (10)
(Alqio Uy A+ n%) .: %Ao, (11)
ml% G, - Al% © dgdy =0, (12)

where k is a constant of integration. There are eight natural boundary conditions
that we impose, namely, B = v = 0 at the origin and B = B, and v = v, at
the external point (z,y,z) = (0,1,0) or, in terms of the flux function and stream
function, 4;(0) = ¥;(0) = 0, A;(1) = Bre, ¥1(1) = vge, 40(0) = ¥((0) = 0,
Ao(l) = —B,, and \I}O(l) = —Vse.

These equations simplify greatly by making the substitutions a = RA,y = R¥

and s = R?/2, for which the equations become

d d d?
alﬂ _ 1£—|—2778 |

ds ds ds® 0, (13)



d’(bl 2 d2¢1 da1 2 d2a1
— _— _— _— — e 4
( ds ) o ds? * ds g2 k, (14)

_ 1 da
T 25 ds’

d ( d’l/)o dao 2 d2a0)

o\ Mg " Vg TS (15)

d®tho  dipo diy d?ag  dag day
—— =0. 1
ds? ds ds o ds? + ds ds 0 (16)

The boundary conditions are now a;(0) = 11(0) = 0, a1(1/2) = Bge, ¥1(1/2) =
VRe, (dag/ds)(0) = (dio/ds)(0) = 0, (dag/ds)(1/2) = —B,. and (di)y/ds)(1/2)

—Vze-

(1

3 Solution for a; and ¢,

We seek the solution of (13) and (14) subject to the given boundary conditions by
using the method of matched asymptotic expansions, with an outer solution over
most of the range (0 < s < 1/2) and an inner (boundary-layer) solution near s = 0.
We are able to show that the outer solution is a uniformly valid solution to leading
order for all s in the range 0 < s < 1/2. A Taylor-series expansion about s = 0

gives
a; = a8+ aast +azs® + ...,
_ 3 4 5
= e
P = Y118 + P138° + Y148* + Y158° +

which is used later to start the numerical integration of the equations from s = 0.
The inner boundary condition results in the cofficients a;2 = a1z = Y12 = 0 for the

2

relevent terms in s2 and s3. The absence of these terms in the Taylor expansions

implies that d®a; /ds3(0) = 0. Also, substitution into the differential equations gives

the relation a?, — ¥?, = —k.

3.1 Outer solution

The outer solution can be obtained by expanding in powers of 7 and matching terms

of the same order in 7. The first of these terms can be found by setting n = 0 in

d ¢1
2 —
s <a1 ) 0

which may be integrated using the outer boundary conditions to give

(13), giving

_ VURe a
= 1-
BRe

(1 (17)
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Figure 1: The variation of A and A with the parameter ~.

Eliminating ; from (14) gives a second-order equation in a; that may be solved
to give three different forms for the solution depending on the values of a positive
parameter, v, in terms of which

4(1}%56 — B%Be)

k= 2

> 0. (18)
If vy =1, we have
a1 = 2BRes, 11 = 2UReS. (19)

If v < 1, then by using a new parameter, A, such that (sin A)/\ = v, we obtain

sin(2\s) sin(2As)

ay Re sin A ) ¢1 URe sin A ) ( O)
If vy > 1, then
sinh(2As) sinh(2As)
— il S’ = - 21
@1 = Bre sinhA ’ Y1 = VRe sinhA '’ (21)

where the new parameter, A, is such that (sinh A)/A = 4.

The variation of A and A with v is shown in figure 1.

The solutions (20), (19) and (21) satisfy, for any value of 7, both the outer
and the inner boundary conditions. However, if v # 1, they do not satisfy the
full equations (13) and (14) with n # 0. For example, they have d®a; /ds3(0) # 0,
whereas we saw from the series expansion about s = 0 that d3a; /ds®(0) = 0. Hence
a boundary layer near the origin is needed to bring d®a; /ds® down to zero as the

origin is approached and so accommodate this implicit boundary condition.



3.2 Inner solution

The boundary-layer equations are obtained by rescaling the dependent and inde-

pendent variables in (13) and (14) in the following way
ap =ndy, 1 =mn1, §=ns. (22)
The resulting equations in place of (13) and (14) are
i —rdn + 25a," =0, (23)
and
(1) + 4" + (@) —aa” = -k, (24)

where f' = df /d5. The boundary conditions for the inner solution become d; (0) = 0,
$1(0) =0, d@"(0) = 0 and 4, (0) = 6r*¢us.
Setting

@ = an+ndi, Y1 =Yus+ 0y,
and substituting into (23) and (24) reduces them to a pair of linear equations
an (301 — 1) — ¥ (861" — d@r) — 286" =0, (25)
and
¢11(§¢~1” - 21511) —a11(8d" —2d1") =0, (26)

for which the boundary conditions are

~ ~ ! ~

a1(0) = ¢1(0) = a1'(0) =41 (0) =0, Y1 (0) = 6t1s.
Equation (26) can be integrated twice to give
Y111 — andr = Y1135, (27)
Using this to eliminate ¢; from (25) and with 02 = —k/4)11, we then find
25a1" + 02 (3d," — d1) + 2a119135° = 0. (28)
This can be manipulated to yield

d dl 1 0'2 _ 8 3 02
pr (;) = —a11¢13§—2exp (—73) /0 t°exp (71‘ dt, (29)

which may be integrated to give an explicit solution for dj .



Expanding for small § gives

- a _
m=_:%2¢+”w
2
Y 3 a1 P13 4
= § — —=——85 4+ ....
Y1 =Yns 1201,
Expanding instead for large § gives
- a _ 12a _ _ _
= — 1(1;513 3+ ;%3 52 4+ 0 (510g(3)),

2 2
1 =113 (1 it ) 55— 712(111%3 52 + O (5log(3)) -
ot

- o211
3.3 Matching

In order to match the inner and outer solutions (29) and (20), (19) and (21), we
now express the inner solution in terms of the outer variable (s) and expand for

small 7, so that
a1 = a118 — al;—;ﬁBSS*'O(U)- (30)

Similarly, we expand the outer solution in terms of the inner variable for small 7.
When v < 1 we obtain

_ 2\Bre _ 4NBre

1
sin A 5 3sin A (31)

Clearly the two solutions (30) and (31) can be matched provided

2ABp. 2%
sin A ’ 13- 3¢11 ’

ail =

The outer solution (20) represents a composite solution to leading order.

When v > 1, the same solution is obtained but with A and A? replaced by A
and (—A?) respectively. Finally, when v = 1 we find that the solution a; = 2Bg.s
is valid everywhere.

The numerical solutions for a; and ¥ to the full equations (13) and (14) are
shown in figure 2, which gives the v < 1 solutions with n = 0.01, Br, = 2, A = 2
and k& = 500. The top part of figure 3 shows the boundary layer for n = 0.01 with
the inner solution (dotted line) and the outer solution (dashed line) imposed over
the numerical solution (solid line). The bottom part shows that the boundary layer
varies in width for different values of 7. The lowest curve is for 7 = 0.001, the next
two curves are for = 0.003 and = 0.01 and the uppermost curve is for n = 0.03.

The width of the boundary layer in each case is approximately 7.
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Figure 2: (Top) a1 as a function of s for n = 0.01, Bre = 2, A = 2 and k = 500. (Bottom)

11 as a function of s for n = 0.01, Bre = 2, A = 2 and k = 500.

4 Solution for ay and

Having found the solutions to leading order for a; and 1);, we now seek the solution
of (15) and (16) for ap(s) and g (s) subject to the conditions that (dag/ds)(0) =
(dipo/ds)(0) = 0.

Again, solving the equations by the method of matched asymptotic expansions,

we start with the Taylor-series expansions for ag and 9. These are

ag = ago +a0333 +G,()4S4 +...,

Yo = thoo + Yo28” + Yo35° + Poas + ... .

We set ago and 19 to zero to avoid a singularity at R = 0 when we change back
to the original coordinates. All the other coefficients can be found in terms of ¥z

and the coefficients a1 and 113 of the Taylor series for a; and ;.
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Figure 3: (Top) d*a1/ds® as a function of s shows the boundary-layer nature of the
solution. The solid curve is the full numerical solution, the dashed curve is the outer
solution and the dotted curve the inner solution. (Bottom) d*a1/ds® as a function of s for
the values n = 0.001, 0.003,0.01 and 0.03 that increase from left to right as the width of

the boundary layer increases. All other parameters are as in figure 2.

4.1 Outer solution

To find the solution to leading order, again we set 7 = 0 and obtain

d dlpo dao _
s (d— ‘%E) =0

After integrating and using the boundary conditions for a; and %, this becomes

which gives

do _ Yrdao _ Vre dao
ds a1 ds  Bpge ds

10



Eliminating dipg/ds from (16) with v < 1 we find

d2a0 . dao
75 sin(2As) — QAE cos(2As) = 0. (32)

Integrating this and applying the outer boundary conditions, (dag/ds)(1/2) = —B,.
and (dio/ds)(1/2) = —v,, produces

dag B.csin(2As)  dipo _ vz sin(2Xs)

ds _ simx 0 ds sin\ ' (33)
and so, after integrating,
= D2 (cos(2s) 1), = groi (cos(2hs) ~ 1) (34)
907 Ixsin A O T B0 T oxsinn R T
When v = 1, we obtain
ao = —B..s%, o = —v..5% (35)
When v > 1 we find instead
ze — UZC _
ap = —m(cosh(QAs) —1), o= A snh A sinhA(cosh(QAs) 1). (36)

Again, we choose ag(0) = 10(0) = 0 to avoid a singularity at R = 0 in the original

coordinates.

4.2 Inner solution

Again, setting a = na, 1 = ¢ and s = 15, equations (15) and (16) imply

7

_ _ ao’
(dﬂﬁol — 1#1(1_01 + 25@0”) = 2—(;, (37)
and
v — o 1 — dide” + do'dar’ =0, (38)

with boundary conditions dy’(0) = ' (0) = 0, dp” (0) = 0 and " (0) = 2nthos.
Again, ¢’ = dz/ds.
Then putting

do = ndo, Yo = Yo,
d = and+n%d, Y1 =v¥us+ P,

we obtain the linear equations

7

~ 1
_ ! — —~n ao
<a115¢0 — Y 8dy’ + 25dy =25

11



and
_~n ~ ! — o~ ~ 1
Y118%0 —Yuo —addy + andy =0. (40)

Integrating (40) and using the boundary conditions do”’ = 0 and do = 2oa gives

the relation
Do — a1y’ = 2114095. (41)
Using it to eliminate 1p~ol from equation (39) we find
48%dy"" + (20%5° + 45)dy" + (2075 — 1)do’ = —8a1190252, (42)

where 02 = —k/41; as before.
Solving for small 5 gives

L 8a11to2

_ =3
15 T4+,

IS
S

and

8‘1%1 Po2 3

P g
Yo = Y023 45%13 +.

Solving for large s gives

. a2 o | 3ai1tboz _ _
dg=—— 55 + pn 5+ O(log(s)),

and

o = Yoz (1 i ) 82 4 390Y02 0 | 105(5)).

a ¢1102 ¢1104
4.3 Matching

We now express the inner solution in terms of the outer variable s and expand for

small 7, so that

ap = _611(17_12&0282 +0(n). (43)

Similarly, we expand the outer solution in terms of the inner variable for small 7.

When v < 1 we obtain

AB.e
=— 44
ao sin A\ (44)
Clearly, these solutions match if
AkB,.

Yoz =

all’lﬁn sin A ’

12



and the outer solution (34) is a composite solution to leading order. Again, for
the v > 1 solutions, substitute A for A into the sinh solutions as for a; and ;.
When v = 1, we obtain ¢g2 = —kB,./(a11%11). Figure 4 shows numerical solutions
to the equations (15) and (16) and the second derivative of ag to demonstrate the

boundary-layer nature of the solution.

5 Properties of solutions

In this section, figures showing the behaviour of the leading order composite solu-
tions are presented. In cylindrical polar coordinates, in order to find the streamlines
of the flux function or stream function, we can use the fact that RA = constant or

RU = constant along a streamline in a plane of constant ¢.

5.1 The case y=1

Consider first the case where v = 1, so that

a1 = 2BRes, W1 = 2UReS,

ag = _Bze327 'QbO = —1}2682,
which, when converted back to the original variables, gives

A1 = BgreR, ¥ =ugR,
Ag = _%BzeR:;: Yo = _%vzeR37

and so the magnetic flux function (A) and the stream function (¥) are
A=-1B..R¥sing + BreRz, ¥ =—1v,.R3sing+vg.Rz,
with magnetic field and velocity components

Bg = BgreR, B,= BzeR2 Sin¢ — 2Bge2,

VR = VReR, v, = v..R?sin¢ — 2ug.z.

The above condition for streamlines then gives us

C1

z:a1R2sin¢+R2,

(45)

where oy = B,./(4BRe) Or v, /(4vge) and ¢; is a constant.

The solution (45) is plotted in figure 5, with ¢; = 0.02, 0 or —0.02. These show the
field or flow lines within the cylinder contained by R = 1 and —1 < z < 1. The
field lines point radially out from the centre, when Bg, > 0, coming up or down
the spine first when ¢; # 0 and the flow lines point radially into the centre along

the fan, when vg, < 0, and then going up or down the spine.

13
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Figure 4: (Top) ao as a function of s. The parameters are the same as previously, with
vze = b also. (Middle) 1o as a function of s. The parameters are the same as previously.
(Bottom) d>ao/ds> as a function of s with 7 = 0.01 displaying the boudary-layer nature of

the solution.
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Figure 5: (Top) Streamlines for the case v = 1 and ¢; = 0.02. (Middle) Streamlines for

the case ¥ =1 and ¢1 = 0. (Bottom) Streamlines for the case ¥ =1 and ¢; = —0.02.
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5.2 The case v < 1

Now consider the case where v < 1, so that

sin(2\s)
sin A

sin(2As)
sin A

, Y1 = URe

a1 = Bpge )

Bze _ Vse
ap = 53— ~(cos(2As) — 1), ¢ho = 5o (cos(2Xs) — 1),

which, in terms of the original variables becomes

B sin(AR?) _ sin(AR?)
A =P g T R
B,. (cos(AR?)—1)

_ - vze (cos(AR?) —1)
~ 2XsinA R »0

Ao ~ 2xsin A R ’

and so the magnetic flux function (4) and the stream function (¥) are

B, (cos(AR?)—1) . sin(AR?)
A= Zrsina R Sing+ Brep iy
vz (cos(AR?)—1) | sin(AR?)
T S Ay Ty

with magnetic field and velocity components

B sin(AR?) _ sin(AR?) | 2)\Bg. )
BR = BReW, Bz = Bzem s1n¢— Y COS()\R )Z,
sin(AR?) sin(AR?)

2\URe 9
= — = Vpe———"ginp — ———% cos(AR?)z.
UR=VReTpGnA 0 P T T gina né sin A\ (AR")z

Using the condition for streamlines, we obtain
2 = ay cot(AR?) sin ¢ + ¢5 cosec(AR?), (46)

where ay = —B,./(2ABR.) or —v./(2\vg.) and ¢ is a constant.

The solution (46) is shown in figure 6, with co = 0.08, 0 or —0.08. Again, the
magnetic field lines point up or down the spine towards the null and radially out
along the fan when Br, > 0. The flow lines point radially in along the fan and out

along the spine when vg, < 0.

5.3 The case 7> 1
Now consider the case where v > 1, so that

B sinh(2As) " sinh(2As)
M= PReTgmmA 0 YT YR ginhA

16
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Figure 6: (Top) Streamlines for the case v = 0.45 and c; = 0.08. (Middle) Streamlines for

the case v = 0.45 and ¢z = 0. (Bottom) Streamlines for the case v = 0.45 and ¢, = —0.08.

17



B, _ Vze
ag = —m(cosh(QAS) — 1), ¢0 = oA sinh A (COSh(?AS) 1),
or in terms of the original variables,
: 2 ; 2
A, = Bp, sinh(AR?) T sinh(AR?)

Rsinh A °’ 1= URe Rsinh A °

_ B:e (cosh(AR?) —1)
2A sinh A R

vse  (cosh(AR?) —1)

Ao = " 2Asinh A R ’

) Uy =

Thus the magnetic flux function (A4) and stream function (¥) are

_ B,. (cosh(AR?)—-1) |, sinh(AR?2)
A= " 2Asinh A R sing + Bre Rsinh A
2\ _ - 2
T vze  (cosh(AR?) —1) sin g + sinh(AR?)

T 2Asinh A R VRe pGnh A

with magnetic field and velocity components

_ sinh(AR?) _ sinh(AR?) . 2ABg. 2
Br = B Rsinh A ’ B. = =B sinh A in¢ - sinh A cosh(AR")z,
_ sinh(AR?) B sinh(AR?) . 2Avg, 5
VR = 'URem, Vy = —’Uzem 1n¢ - m COSh(AR )Z
The streamlines in a plane of constant ¢ are
2 = ag coth(AR?)sin ¢ + c3 cosech(AR?), (47)

where ag = B,./(2ABge) or vs./(2Avg.) and ¢ is a constant.

The solution (47) is shown in figure 7, with ¢3 = 0.08, 0 or —0.08.

6 Comparison of solutions

6.1 The solutions of Craig & Fabling

In dimensional units, the solutions of Craig & Fabling (1) and (2) can be written

for our purposes as

vy = —2VRe2 + Bre f(R)sing, vr = vgeR, (48)

B, = —2BRez + f(R) sin ¢7 Bgr = BgeR, (49)

where substituting a sine function for a cosine function and setting m = 1 loses no
generality but allows us to fix an external point at (z,y,z) = (0,1,0) where the

velocity and magnetic field are ve and Be to provide a direct comparison with the

18
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Figure 7: (Top) Streamlines for the case v = 1.8 and ¢s = 0.08. (Middle) Streamlines for

the case v = 1.8 and ¢3 = 0. (Bottom) Streamlines for the case v = 1.8 and ¢3 = —0.08.
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generalised solutions in this article. At the external point, we can see that B, v,
and Bpg, are not independent but are related by B,. = v,./Bgr. = f(1) in order
to satisfy the boundary conditions (Bg = BRe,VR = URe, By = Bie,V; = vze) at
the external point. In addition, A and Bg, cannot be imposed arbitrarily since the
boundary condition on Bg implies that A = Bgr.. This means that we can impose
only three of A, vge, Bre,V.e and B,.. In contrast, the new solutions presented in
this article are such that all four of the external boundary conditions can be imposed,
as well as the extra parameter, . This represents a two-fold generalisation of the
Craig-Fabling solutions.

Setting v = 1 and explicitly inserting it into (7) and (8), we can see that this
reduces to the Craig-Fabling solution as written in (48) and (49), with Ay(R) =
—f(R) and ¥o(R) = —Bg, f(R) satisfying both (3) and (11).

6.2 Differences between the 2D and 3D cases

Equation (12) has a right-hand side identically equal to zero, whereas the equivalent
two-dimensional equation (Priest et al, 2000, equation (2.5)) has a non-zero right-
hand side. The reason is that the parts of curl of the momentum equation (M),

relating to equation (12), in three dimensions have R and ¢ components of

cos d¥ .o dA . -
Mg = R¢ (-‘I’ld—RO + ¥y + Ald—R? - AOAI) ; (50)
N dv . - ddy .
M¢ = (sm ¢)?R (lI’ld—_RO - lI;()lIll - Ald—.RO + A0A1> ) (51)

which are equal to zero, whereas in two dimensions it only has a z-component,

namely

d <—1/11 d*vo  dipo dipr d*Ay  dAp dA1> ’ (52)

= — =4 A
2T de dx? + dr dx +A dxz? dr dx

which is also equal to zero. Thus in three dimensions, the R-component (50) gives
(12) with the right hand identically zero, while the ¢-component (51) gives the
derivative of (12). In two dimensions, however, the z-component (52) integrates to

give equation (2.5).

6.3 The width of the current tube

In order to estimate the width of the current tube extending up the z-axis, we

consider B, (R,0) which is governed by Ay. In terms of the variables (a,,s) we
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may eliminate ¥y and 1, from equation (15) using the fact that in the composite
solutions for a; and 1 there is the relation ¢y = (vge/BRre)a1. The result is the

following equation for ag

Foo, {1y Kl (Ko LY du Code_
ds® s 2ns | ds? 2ns ds  4s2 | ds ns ds
where K = (B%, — v%,)/(Brevre) and C = (BgeBie — URevze)/(BreVRe). In
order to estimate a langth-scale (1) for the width of the spine current, we compare
the highest derivative term (which gives rise to the boundary layer) in an order of
magnitude way with the second term. In doing so we can make the approximations
s ~ 8o, a; ~ (2BRreso)/v and (d®ag/ds3)/so ~ (d?ag/ds*) where sq = 12/2. To
within a numerical factor, we then find the expression
S0 = 7327 ’URe2 s
Re ~ VRe

or in terms of the original variables

- ( 217y vRe )1/2.
Bhe = Vhe
This has exactly the same form as the two-dimensional case when the z-components
are replaced by the R-components (Priest et al, 2000, equation (5.7)). It can be
seen that this represents a scaling of the thickness of the current tube relative to

the case v = 1 by a factor of /2

. Thus the current tube widens as < increases or
as Bg. approaches |vg|. The relationship between ! and « for varying (Bge/vre)

is shown in figure 8.

7 Conclusions

Exact solutions to the nonlinear MHD equations are extremely rare, but are of
great value since their properties may be examined in a transparent way and they
may give insights about the general physical behaviour of a plasma. In the subject
of three-dimensional MHD reconnection only two such solutions have been previ-
ously discovered, namely the reconnective fan annihilation regime (Craig et al 1995)
and the reconnective spine annihilation regime (Craig & Fabling 1996). Here we
have presented a two-fold generalisation of the basic spine reconnective annihila-
tion solutions to leading order in 7, where n (<« 1) is the dimensionless magnetic

diffusivity.
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Figure 8: The variation of the current tube width (I) with v and |Bgre/vre|- Starting
from 0.25 on the bottom curve, 7 increases in steps of 0.25 up to a value of 2 on the top

curve.
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